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Preface

The 29th International Workshop on Graph-Theoretic Concepts in Computer
Science (WG 2003) was held in the Mennorode conference Center in Elspeet, The
Netherlands. The workshop was organized by the Center for Algorithmic Systems
of the Institute of Information and Computing Sciences of Utrecht University.
The workshop took place June 19-21, 2003. The 72 participants of WG 2003
came from universities and research institutes from 18 different countries and
five different continents.

The workshop looks back at a long tradition. It was first held in 1975, and
has been held 20 times in Germany, twice in Austria, and once in Italy, Slova-
kia, Switzerland, and the Czech Republic, and has now been held for the third
time in The Netherlands. The workshop aims at uniting theory and practice by
demonstrating how graph-theoretic concepts can be applied to various areas in
computer science, or by extracting new problems from applications. It is devoted
to the theoretical and practical aspects of graph concepts in computer science.
The goal is to present recent research results and to identify and explore di-
rections of future research. The talks given at the workshop showed how recent
research results from algorithmic graph theory can be used in computer science
and which graph-theoretic questions arise from new developments in computer
science.

A total of 78 papers were submitted to the workshop. The program com-
mittee represented a wide scientific spectrum. In a careful reviewing process,
with four reports per submission, the program committee selected 30 papers for
presentation at the workshop. A number of very good submissions had to be
rejected due to a lack of space in the program schedule. The referees’” comments
and the numerous fruitful discussions during the workshop were taken into ac-
count by the authors of these conference proceedings. In addition, there were
two fascinating invited talks by A. Schrijver and M. Fellows. The social program
of the workshop included a visit to the National Park ‘De Hoge Veluwe,” with a
visit to the Kroller-Miiller museum.

With much pleasure, I thank all those who contributed to the success of WG
2003: the authors who submitted their work to the workshop, the speakers, the
program committee members, and all referees. Thanks are also due to Jan van
Leeuwen, for support and advice, to the members of the administrative staff
of the Institute of Information and Computing Sciences of Utrecht University
for their help, to magician Willem Tel who amazed the participants during the
conference dinner, and to the helpful personnel of the Mennorode conference
Center . Last, but certainly not least, special thanks go to the organizational
committee, Gerard Tel, Marinus Veldhorst, and Thomas Wolle, for their many
efforts.

Utrecht, August 2003 Hans Bodlaender
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Blow-Ups, Win/Win’s, and Crown Rules:
Some New Directions in FPT

Michael R. Fellows

School of Electrical Engineering and Computer Science
University of Newcastle, University Drive, Callaghan NSW 2308, Australia
mfellows@cs.newcastle.edu.au

Abstract. This survey reviews the basic notions of parameterized com-
plexity, and describes some new approaches to designing F'PT algorithms
and problem reductions for graph problems.

1 Introduction — The Basic Ideas

The collection of methods for classifying problems as fixed-parameter tractable,
for designing F'PT algorithms, for designing better FPT algorithms and transfer-
ing these results to practical implementations, and for describing FPT problem
transformations to prove lower bound and intractability results, has developed
with surprising vigor — yet it still seems we are far from having the “basic
vocabulary” of effective FPT algorithm design techniques worked out.

Most parameterized problems in FPT have seen a trajectory of improvements
through many approaches. An example is the following parameterization of the
Max LEAF SPANNING TREE problem, defined by declaring: (1) the input to the
problem, (2) the parameter, and (3) the question.

MAX LEAF SPANNING TREE [
Input: A graph G and a positive integer k; Parameter: k; Question: Does G
have a spanning tree with at least k leaves?

The parameter can be anything. A different parameterization is:
MAX LEAF SPANNING TREE II
Input: A graph G and a positive integer r; Parameter: The treewidth of G;
Question: Does G have a spanning tree with at least r leaves?

The parameter doesn’t have to be small to be interesting:
MAX LEAF SPANNING TREE III
Input: A graph G and a positive integer r; Parameter: The number of vertices
of GG; Question: Does GG have a spanning tree with at least r leaves?

The parameter may be geared to any kind of mathematical insight:
MAX LEAF SPANNING TREE IV
Input: A graph G and a positive integer k; Parameter: k; Output: A spanning
tree for G having a number of leaves that is within a factor of (1 + 1/k) of the
maximum number possible.

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 1-I2] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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2 M.R. Fellows

Parameterizing on the number of leaves can be done in more than one way:

MAX LEAF SPANNING TREE V
Input: A graph G on n vertices and a positive integer k; Parameter: k; Ques-
tion: Does G have a spanning tree with at least n — k leaves?

The trajectory for MAX LEAF SPANNING TREE I includes:
e A quadratic FPT algorithm based on the Graph Minor Theorem [FL92] having
a ridiculously fast-growing parameter function.
e The first linear time FPT algorithm for the problem due to Bodlaender had
a parameter function of f(k) = (17k*)! or thereabouts [Bod93]. This was based
on depth-first search and bounded treewidth.
e A linear time FPT algorithm by Downey-Fellows with f(k) = (2k)**, based
on a quadratic (in k) problem kernelization [DE95a].
e An improved linear time FPT algorithm due to Fellows, McCartin, Rosamond
and Stege [FMRS00] with parameter function f(k) = (14.23)%, based on linear
kernelization and catalytic branching.
e The current best F'PT algorithm for the problem, due to Bonsma, Briiggemann
and Woeginger, running in time O(n® + 9.4815%k3), based on a reduction to a
problem kernel of size bounded by 4k, using a substantial result from extremal
graph theory [BBW03].

The parameterized complexity framework is a two-dimensional framework
for complexity analysis, where the first dimension is the overall imput size n.
The parameter k represents some other aspect(s) of the computational problem.

Definition 1. A parameterized language L is a subset L C X* x X*. For (x,k) €
L we refer to k as the parameter.

Definition 2. A parameterized language L is fized-parameter tractable (FPT) if
it can be determined in time f(k)q(n) whether (z,k) € L, where n = |(z, k)|, g(n)
is a polynomial in n, and f is a computable function (otherwise unrestricted).

These central ideas recently have been reintroduced by Impagliazzo, Paturi
and Zane [IPZ98[Woe03|, who propose a new notation for FPT results. If a pa-
rameterized problem is in FPT via an algorithm with a running time of f(k)q(n),
they write this as O*(f(k)), focusing attention on the exponential complexity
contribution of the parameter.

Definition 3. A parameterized language L is many:1 parametrically reducible
to a parameterized language L' if there is an FPT algorithm that transforms
(z,k) into (2',k") so that: (1) (x,k) € L if and only if (', k') € L', and (2)
k' = g(k) (for some recursive function g).

The main parameterized classes are organized in the hierarchy:
FPTCM[1]CW[]CW[2]C---CW[P]C AW[P]C XP

X P is the class of parameterized problems solvable in time f(k)n¢ (%) where
f and g are unrestricted functions.
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The CLIQUE problem (parameterized by the size of the clique) is W[1]-
complete [DF99], and is a frequent source problem for W[1]-hardness reductions.
W1] is strongly analogous to NP because the k-STEP HALTING PROBLEM FOR
NONDETERMINISTIC TURING MACHINES (with unlimited nondeterminism) is
complete for W[1] ([DF95b] + [CCDE97]).

What is known about the five different parameterizations of the classic MAX
LEAF SPANNING TREE problem?

About MAX LEAF I and Related Problems. This has an FPT algorithm
with running time O*(9.4815%) [BBW03]. Where will the cascade of progress on
this problem stop?

There are two main games being played in FPT algorithms research:

(1) The f(k) game. This is the game emphasized by the O*(f(k)) notation.
Improvements generally depend on three things, in some mix:

e More powerful preprocessing/kernelization data reduction rules.

e Better concrete branching strategies for the exhaustive analysis of the kernel.
e More sophisticated methods of analysis.

(2) The kernelization game. The goal is to produce smaller problem kernels.
Success depends on a mix of the first and third of the above.

The PLANAR DOMINATING SET problem provides some examples. An
O*(11%) FPT algorithm was described in [DF99]. This was improved to O*(8%)
by Alber, et al. [AFFFNRSOI]. The algorithm did not change, only the anal-
ysis. By more powerful reduction rules, a linear problem kernel was proved in
[AENQO2] — but this does not yield any improvement in the f(k) game over the
O*(8%) algorithm.

Both games are worth playing — both lead to better understanding of the
problem structure afforded by the fixed parameter value — both may lead to
new strategies for practical implementations [ALSSO3/DRST02].

About Max Leaf Spanning Tree II and Related Problems. Here the pa-
rameter is the treewidth of G. We know by Bodlaender’s O*(235%”) algorithm for
structural parsing of graphs of treewidth at most k [Bod96|, together with dy-
namic programming, that this parameterization is FPT. Treewidth is an almost
universal parameter leading to FPT algorithms.

About Max Leaf Spanning Tree IIl and Related Problems. Here the
parameter k is the number of vertices of GG. This is clearly in FPT by brute
force! and might not seem interesting. But it is, because there are new “lower
bound” techniques for proving qualitative optimality results for FPT algorithms.
Combining results of [CJOI] and [DEPRO3|, it is now known that while VER-
TEX COVER admits an O*(20%)) FPT algorithm (where the parameter k, as
here, is the number of vertices), this cannot be improved to O*(2°(*®)) unless
FPT = M]J1]. A similar result holds for MAX LEAF SPANNING TREE III. By
parameterizing on such things as the number of vertices, these new methods
allow us to prove lower bound results in the area of “worst-case exponential”
algorithms.

About Max Leaf Spanning Tree IV and Related Problems. Here we are
parameterizing by the goodness of approximation. If we had an FPT result for
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this problem, then we would have a special kind of PTAS (an EPTAS [CT97])
where the exponent of the polynomial does not depend on the goodness of the
approximation.

Recent PTAS results include:

— The PTAS for the EUCLIDEAN TSP due to Arora [Ar96| has a running time
of around O(n3°%/€). Thus for a 20% error, we have a “polynomial-time”
algorithm that runs in time O(n!°%).

— The PTAS for the MULTIPLE KNAPSACK problem due to Chekuri and
Khanna [CKO00] has a running time of O(n2(°e(1/9/<)) Thus for a 20%
error we have a “polynomial-time” algorithm that runs in time O(n?375000),

— The PTAS for the MAXIMUM SUBFOREST PROBLEM due to Shamir and
Tsur [ST98] has a running time of O(n2" " ~!). For a 20% error we thus
have a “polynomial” running time of O(n?58267391),

— The PTAS for the MAXIMUM INDENDENT SET problem on geometric graphs
due to Erlebach, Jansen and Seidel [EJS01] has a running time of
O(n#/m1/E+2)*(1/€+1))  Thys for a 20% error, O(n532804),

Viewed in the parameterized framework, these results only establish that
the analogs of MAX LEAF SPANNING TREE IV are in XP. In the case of the
EUucLIDEAN TSP problem, Arora later found an FPT algorithm (an EPTAS)
[Ar97]. Whether the other problems listed above admit FPT algorithms, or are
W{1]-hard, is a significant open problem. MAX LEAF SPANNING TREE IV turns
out to be hard for W[P].

About Max Leaf Spanning Tree V and Related Problems. This is an
example of a dual parameterization, a notion introduced by Khot and Raman
[KRO0O]. Note that a graph has a spanning tree with at least n — k leaves if
and only if has a connected dominating set having at most k vertices. This
problem turns out to be complete for W[2]. Khot and Raman noticed that quite
frequently “dual” parameterized problems behave oppositely, with one being
FPT and the other hard for W1]. Exceptions are now known, but this seems to
be a strong tendency for natural problems in NP. CLIQUE and VERTEX COVER
(parameterized by the number of vertices in the solution), are dual, with the
former being W{1]-complete and the latter being FPT. DOMINATING SET is
W2]-complete, while its parametric dual is in FPT.

2 M]J1] and Blow-Ups

There is a new class of parameterized problems seemingly intermediate between
FPT and W11}
FPT C M[1] CW[1]

M]1] may turn out to be a better primary reference point for intractability
than W1]. There are two natural “routes” to M[1].
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The Renormalization Route to M]1].
There are O*(2°)) FPT algorithms for many parameterized problems, such as
VERTEX COVER. In view of this, we can “renormalize” and define the problem:

klogn VERTEX COVER
Input: A graph G on n vertices and an integer k; Parameter: k; Question:
Does G have a vertex cover of size at most klogn?

The FPT algorithm for the original VERTEX COVER problem, parameterized
by the number of vertices in the vertex cover, allows us to place this new problem
in X P. It now makes sense to ask whether the klogn VERTEX COVER problem
is also in F'PT — or is it parametrically intractable? It turns out that klogn
VERTEX COVER is M|[1]-complete.

The Miniaturization Route to M[1].
We certainly know an algorithm to solve n-variable 3SAT in time O(2"). Con-
sider the following parameterized problem.

MINI-3SAT
Input: Positive integers k and n in unary, and a 3SAT expression F having at
most klogn variables; Parameter: k; Question: Is F satisfiable?

Using our exponential time algorithm for 3SAT, MINI-3SAT is in XP and we
can wonder where it belongs — is it in FPT or is it parametrically intractable?
This problem also turns out to be complete for M1].

Dozens of renormalized FPT problems and miniaturized arbitrary problems
are now known to be M[1]-complete [DFPRO03]. However, what is known is quite
problem-specific. For example, one might expect MINI-MAX LEAF to be M[1]-
complete, but all that is known presently is that it is M[1]-hard. It is not known
to be W{1]-hard, nor is it known to belong to W{1].

The following theorem would be interpreted by most people as indicating
that probably FPT # M[1]. (The theorem is essentially due to Cai and Juedes
[CJ01], making use of a result of Impagliazzo, Paturi and Zane [IPZ98].)

Theorem 1. FPT = M][1] if and only if n-variable 3SAT can be solved in time
20(n)'

M]1] supports convenient although unusual combinatorics. For example, one
of the problems that is M[1]-complete is the miniature of the INDEPENDENT SET
problem defined as follows.

MINI-INDEPENDENT SET

Input: Positive integers k and n in unary, a positive integer r < n, and a graph
G having at most klogn vertices.

Parameter: k

Question: Does G have an independent set of size at least r?

The following example of a blow-up reduction (from [DEFPR03]) displays
some of the combinatorial possibilities.

Theorem 2. There is an FPT reduction from MINI-INDEPENDENT SET to ordi-
nary parameterized INDEPENDENT SET (parameterized by the number of vertices
in the independent set).
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Proof. Let G = (V, E) be the miniature, for which we wish to determine whether
G has an independent set of size r. Here, of course, |V| < klogn and we may
regard the vertices of G as organized in k£ blocks Vi,...,Vy of size logn. We
now employ a simple but useful counting trick that can be used when reducing
miniatures to “normal” parameterized problems. Our reduction is a Turing re-
duction, with one branch for each possible way of writing r as a sum of k terms,
r =1y 4+ ---+ ri, where each r; is bounded by logn. The reader can verify
that (logn)¥ is an FPT function, and thus that there are an allowed number of
branches. A branch represents a commitment to choose r; vertices from block V;
(for each i) to be in the independent set.

We now produce (for a given branch of the Turing reduction) a graph G’
that has an independent set of size k if and only if the miniature G has an
independent set of size 7, distributed as indicated by the commitment made
on that branch. The graph G’ consists of k cliques, together with some edges
between these cliques. The ith clique consists of vertices in 1:1 correspondence
with the subsets of V; of size ;. An edge connects a vertex = in the ith clique
and a vertex y in the jth clique if and only if there is a vertex u in the subset
Sz C V; represented by z, and a vertex v in the subset Sy, C V; represented by
y, such that uv € E. Verification is straightforward.

The hypothesis that FPT # M[1] has many interesting consequences based
on similar arguments. The next theorem is due to recent work of Chor, Fellows
and Juedes.

Theorem 3. If FPT # M]I1] then determining whether a graph has a k-element
dominating set (k-element independent set) cannot be solved in time O(n°*)).

Cai and Juedes [CIOT] proved the following path-breaking results, which
established an FPT optimality program of broad applicability.

Theorem 4. If FPT # M|[1] then there cannot be an FPT algorithm for the
general VERTEX COVER problem with a parameter function of the form f(k) =
2°(k) " and there cannot be an FPT algorithm for the PLANAR VERTEX COVER
problem with a parameter function of the form f(k) = 20(Vk) |

It has previously been known that PLANAR DOMINATING SET, parameter-
ized by the number n of vertices in the graph can be solved optimally in time
0*(2°v™) by using the Lipton-Tarjan Planar Separator Theorem. Combining
the lower bound theorem of Cai-Juedes with the linear kernelization result of
Alber et al. [AFN02] shows that this cannot be improved to O*(2°(v™)) unless
FPT = M[1].

3 Win/Win’s and Vertex Cover Structure

Early work on parameterized complexity was motivated by the complexity con-
sequences of the Graph Minor Theorem, that povides a powerful way to classify
problems as FPT. It applies to the following problem:



Blow-Ups, Win/Win’s, and Crown Rules: Some New Directions in F'PT 7

MAX INTERNAL SPANNING TREE
Input: A graph G and an integer k; Parameter: k; Question: Does G have a
spanning tree with at least k internal vertices?

This problem is “governed by bounded vertex cover structure” and in this
setting there is a more general (in this setting) and much easier to prove classi-
fication tool.

Theorem 5. For every fixed k, the family of graphs having a vertex cover of
size at most k is well-quasiordered by ordinary subgraphs. Furthermore, restrict-
ing to this family of graphs, the SUBGRAPH problem (Is H a subgraph of G?),
parameterized by H, is linear time FPT.

Proof Sketch. Suppose there is an infinite bad sequence of graphs of bounded
vertex cover number. Then there is an infinite bad subsequence all having the
same vertex cover number, which we can assume to be k. Order the k vertices of
the vertex cover arbitrarily in any order for each graph. There are finitely many
graphs on k vertices, so there is an infinite bad subsequence where, respecting
vertex orderings, the subgraphs induced by the vertex covers are isomorphic.
Every other vertex of a graph in this bad subsequence is attached to a subset of
the vertex cover, and has no other incident edges. Thus each graph in the infinite
bad subsequence can be described by a census vector of length 2% that counts, for
each subset S of the vertex cover, the number of vertices u in the complement of
the vertex cover such that N(u) = S. By Higman’s Lemma, these census vectors
are well-quasi-ordered by the pointwise ordering of the census numbers. By the
well-quasi-ordering of the census vectors, we reach a contradiction. Also, graphs
that have a vertex cover of size k have pathwidth at most k.

As an application, we can consider the following problem, the parametric
dual of GRAPH k-COLORING:

SAVING k COLORS
Input: A graph G and a positive integer k; Parameter: k; Question: Can G
be colored with n — k colors?

Theorem 6. SAVING & COLORS s in FPT.

Proof. For each fixed k, the graph complements of the no-instances constitute a
lower ideal in the subgraph order. Theorem 5 therefore applies.

The essence of the win/win strategy in FPT algorithm design is to play off
one kind of structure against another. An old example from [FL92]:

Theorem 7. In time O(n) we can find either:
(1) A cycle of length at least k, or,
(2) A tree decomposition of width at most k.

This is just a plain linear time algorithm, there is nothing exponential in k
hiding in the big O. Thus if we are interested in determining whether a graph has
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a cycle of length at least k, either we are done, or “for free” we have a bounded
width tree decomposition.

A Win/Win for Max Internal

A win/win approach to designing an FPT algorithm for MAX INTERNAL SPAN-
NING TREE has recently been described by Prieto and Sloper [PS03]. They de-
scribe an algorithm that in time O(n?) produces either: (1) a vertex cover of size
at most k, or (2) a k-internal spanning tree. The rest of their FPT algorithm is
based on a kernelization rule that can be applied in the situation where there is
a small vertex cover.

A Win/Win for the Dual of Dominating Set

The complement of a dominating set of size n — k is termed a nonblocking set
of vertices (of size k). Faisal Abu-Khazm has described a simple algorithm that
in time O(n?) produces either: (1) a vertex cover of size at most k, or (2) a
nonblocking set of size k. If the outcome is (2), then we are done. If the outcome
is (1), then in O(n) time we can read off a path decomposition of width & as
follows. Let C' denote the vertex cover, and let vy, va,..., be the remaining ver-
tices in any order. Then we can take the sequence of bags of the decomposition
to be: CU{v1},CU{wva},.... Given this path decomposition, we can use the effi-
cient dynamic programming algorithm of Proskurowski and Telle [PT93] for the
MINIMUM DOMINATING SET problem, further improved by Alber and Nieder-
meier [AN02], to get an O*(4%) FPT algorithm for the problem. (This matches
the running time of McCartin’s algorithm [McCO03], obtained by a completely
different route.)

3.1 Crown Rules: A Surprising New Technique for Kernelization

Consider the VERTEX COVER problem, and the reduction rule for this problem
for vertices of degree 1. If (G, k) is an instance of the VERTEX COVER problem
where G has a vertex v of degree 1 with neighbor v # v, then we can reduce
to the instance (G', k') where G’ = G —u — v and k' = k — 1. This simple local
reduction rule admits a global structural generalization.

Definition 4. A crown decomposition of G is a partition of the vertex set of G
into three sets, H, C' and J such that the following conditions hold:

(1) C is an independent set,

(2) H is matched into C, and

(8) H is a cutset, i.e., there are no edges between C and J.

If (G,k) is an instance of the VERTEX COVER problem, and G admits a
crown decomposition, then we can reduce to (G', k") where G’ = G— H — C and
k' = k—|H]|, as a generalization of the degree 1 reduction rule. Presently, it is an
open problem whether determining if a graph has a crown decomposition is in
P, or is NP-complete. However, if we are given: (1) a graph G = (V, E) without
isolated vertices, and (2) a vertex cover V' for G that satifies the inequality
2|V’| < |V| (in other words, the vertex cover is less than half the size of G),
then we can compute a crown decomposition in polynomial time as follows. Let
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V" =V — V', and compute a maximum matching between V' and V”. For
x € V' let m(x) € V" denote the vertex of V" (if any) to which x is matched.
For U C V', define m(U) = {v € V" : 3z € U with m(z) = v}. For W C V" let
NW)={zeV':3y e W,zy € E}. Let Cy = V" —m(V'). The size condition
on the vertex cover V' insures that Cy is nonempty. Note that since V' is a
vertex cover, V' is an independent set in G. Now we iteratively compute:

H1 = N(Co), 01 = m(H1) U Oo,

HQ = N(Cl), Cg = m(Hg) U Ol,

. until a fixed point is reached in two final sets H and C. Now take J =
V — C — H. It is easy to verify (using the fact that m is a mazimum matching)
that we have a nontrivial crown decomposition of G — and thus any instance
(G, k) of the VERTEX COVER problem can be reduced by our crown reduction
rule. It seems that many parameterized problems that are “subject to vertex
cover structure” have reduction rules that are flavors of this approach.

In particular, we can achieve a kernel of size at most 3k for SAVING k£ COLORS
problem by using crown reduction kernelization [CEJ03]. If determining whether
a graph has a nontrivial crown decomposition is in P, then crown reductions
provide a new way of producing a 2k kernel for VERTEX COVER that is different
from (and orthogonal to) the Nemhauser-Trotter algorithm. (If it is NP-hard,
then we can still get a 3k kernel from crown reductions.)

Since the WG Workshop, a way has been found to apply crown reductions
together with another new and widely applicable technique called greedy lo-
calization, introduced by Chen et al. [JZC03] to deliver an improved FPT al-
gorithm for the SET SPLITTING problem. Elsewhere in this volume an O*(72%)
FPT algorithm for the SET SPLITTING problem is described by Dehne, Fellows
and Rosamond [DFR03]. Using greedy localization + crown reduction, this can
be improved to O*(8%). (The details will have to be described elsewhere.)

Data reduction and kernelization rules are one of the primary outcomes of
research on parameterized complexity. After all, whether k is small or not —
and no matter if you are going to do simulated annealing eventually — it al-
ways makes sense to simplify and reduce (pre-process) your input! This humble
activity, because reduction rules frequently cascade, can sometimes lead to unex-
pected success against hard problems on real input distributions. A fine example
of this has been described by Weihe [Weidg].

This survey has only scratched the surface of a few new ideas and develop-
ments in FPT algorithmic techniques. The currently best available comprehen-
sive survey is the recent Habilitationschrift of Rolf Niedermeier, which is highly
recommended [Nie02].
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Abstract. We survey some recent results on finding and counting per-
fect matchings in regular bipartite graphs, with applications to bipar-
tite edge-colouring and the dimer constant. Main results are improved
complexity bounds for finding a perfect matching in a regular bipartite
graph and for edge-colouring bipartite graphs, the solution of a problem
of Erdds and Rényi concerning lower bounds for the number of perfect
matchings, and an improved lower bound for s dimer constant.

1 Finding a Perfect Matching in a Regular Bipartite
Graph

The fastest known algorithms for finding a perfect matching in a general bipartite
graph have running time of order about O(y/n m) (Hopcroft and Karp [12], Feder
and Motwani [8]) or O(n?37%) (Ibarra and Moran [13]). For regular bipartite
graphs, however, faster algorithms are known: Cole and Hopcroft [4] gave an
O(mlogn) algorithm, while Cole [3] gave an O(22O(k)n) algorithm, where £ is
the degree of the vertices. So the latter algorithm is linear-time for any fixed k.
We now describe an easy O(k?n) (= O(km)) algorithm ([17]). Here is the idea
for k = 3.

Let G be a 3-regular bipartite graph. Find a circuit C' in G, by finding a
path Q = vg, e1,v1,..., till we arrive at a vertex v, where we have been before
(that is, vy = v; for some i < k). Next delete from G every second edge of C.
The remaining edges of C' form the middle edges of paths of length 3 in the
remaining graph G’. Replace each such path P by an edge ep connecting the
ends of P. The resulting graph G” is 3-regular and bipartite. Find recursively a
perfect matching M in G”. Replace any edge ep that occurs in M by the two
end edges of P. For each of the other paths P, add its middle edge to M. This
gives a perfect matching in G’, hence in G, as required.

To obtain a linear-time algorithm, one should use in the recursion the tail
Vg, €1, V1, . .., v; of the path @ to find the next circuit in G”. Then the time spent
on running through the tail when finding the successive circuits will not be lost,
and any recursive step takes amortized time |V C|. Since in any recursive step,
the size of the graph reduces also by |V C|, the algorithm is linear-time.

This gives the theorem of Cole [3]:

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 13-B2, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Theorem 1. A perfect matching in a 3-regular bipartite graph can be found in
linear time.

We next describe the extension to k-regular bipartite graphs. This uses a
weighting of the edges.

Let G = (V, E) be a k-regular bipartite graph. Initially, set w(e) := 1 for
each edge e. Next, iteratively, find a circuit C' in G, split the edge set EC of C
into two matchings M and N, in such a way that

Y wle) =Y wle), (1)
ec M eeN
reset w(e) :=w(e) +1if e € M and w(e) := w(e) — 1 if e € N, delete the edges
e with w(e) = 0, and iterate.
Again we find C by following a path, and we keep its tail (if nontrivial) for
the next iteration. Note that the resetting maintains the property

Z w(e) = k for each vertex v. (2)
esv

So as long as there exist edges e with w(e) < k, we can find a circuit. Hence, the
iterations stop if w(e) = k for each edge e. In that case, the edges form a perfect
matching, and we are done.

The key to estimating the running time is considering

> w(e). (3)

ecE

This sum is bounded by $k?|V|. Moreover, in any iteration, this sum increases
by

Y ((wle) +1)* —w(e)®) + Y ((w(e) = 1)° — w(e)?)

ee M eeN
=" (uw(e) +1)+ > (—2w(e) + 1) > [M| + [N| = |EC] (4)
ee M eeN

(by @)). Since the amortized time of any iteration is proportional to |EC/, this
gives an O(k?n) = O(km) running time bound ([17]):

Theorem 2. A perfect matching in a k-regular bipartite graph can be found in
O(km) time.

2 Edge-Colouring

The latter result implies an O(km) algorithm for finding an optimum edge-
colouring of a bipartite graph G, where k denotes the maximum degree. (An
optimum edge-colouring colours the edges with k colours such that each colour
forms a matching.)
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First observe that one trivially obtains an O(k?m) algorithm. Indeed, we can
assume that the bipartite graph G is k-regular (as we can extend G to a k-regular
bipartite graph, in linear time). Then iteratively find a perfect matching in G
and delete it from G. The successive perfect matchings form the colours. This
can be done by applying k times the O(km) algorithm, yielding O (k?m).

However, with a method of Gabow [10], one may speed up this. If k is odd,
find a perfect matching in G and delete it from G. If k is even, find an Eulerian
orientation of G (that is, an orientation such that the indegree in each vertex
is equal to its outdegree). This can be done in linear time. Next split the edge
set E/ of G into the set F; of edges oriented from one colour class of G to the
other, and the set Es of edges oriented in the opposite direction. Then (V, Ey)
and (V, Es) are %kj—regular bipartite graphs, in which we can find optimum edge-
colourings recursively. Combining them gives an optimum edge-colouring of G.
The running time is

O(km + 2(%]{:%771) + 4(ikim) + ) =O0(km). (5)
Hence:

Theorem 3. An optimum edge-colouring of a bipartite graph can be found in
O(km) time, where k is the mazimum degree.

3 Speed-Up of Cole, Ost, and Schirra

The above O(km) algorithm for perfect matching in k-regular bipartite graphs
raises the question if there is a linear-time algorithm, independent of k. This was
resolved positively by Cole, Ost, and Schirra [5], by a refinement of the method
above, utilizing the data-structure of ‘self-adjusting binary trees’. We outline
their method.

A first improvement is not to replace w(e) by w(e) £ 1 for the edges in C,
but by w(e) + «, where « is the minimum weight of the edges in N. So at least
one edge in N gets weight 0.

A second improvement is to store the paths (‘chains’) left in the circuit C
(after removing the edges of weight 0), so that these chains can be used to speed
up later circuit searches. This requires that if in a later circuit search we hit
any such chain, then relatively fast we should be able to identify the ends of the
chain. (If we have to follow the chain vertex by vertex till its end, no gain in
running time is obtained.) This can be done by supplying these chains with the
data structure of self-adjusting binary trees (cf. Tarjan [19]). To get the required
running time, it turns out that these chains should have length at most k2 — in
the case that they are longer, split them into chains of length about k2.

A third improvement is a preprocessing that reduces the number of edges of
the graph from %kn to at most nlog, k. This is obtained as follows. Start with
setting w(e) := 1 for each edge e. Next, successively, for i =0, 1,...,|log, k], do
the following. Consider the set E; of edges of weight 2°. Iteratively (as above)
find a circuit C in F;, split EC arbitrarily into matchings M and NN, and reset
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w(e) == w(e) +2° = 271 if e € M and w(e) := w(e) —2° =0 if e € N. (So in
each iteration, the set E; changes.) In linear time we arrive at the situation that
E; contains no circuits, implying |E;| < n— 1. Then we go over to the case i+ 1.
So we end up with at most (about) nlog, k edges, together with a weighting w
satisfying (2).

For each i, the preprocessing takes time linear in the size of the initial Ej;,
which is at most 27%m. Hence the preprocessing takes O(m) time in total. It
turns out that, using the first two improvements, the rest of the algorithm takes
O(nlog® k) only, which is faster than O(m).

This gives the theorem of Cole, Ost, and Schirra [5]:

Theorem 4. A perfect matching in a regular bipartite graph can be found in
linear time.

With the method described in Section 2, it has as consequence:

Corollary 1. An optimum edge-colouring of a bipartite graph can be found in
O(mlogk) time, where k is the maximum degree.

4 From Finding to Counting Perfect Matchings

We now go over to the problem of counting perfect matchings, or rather giving a
lower bound for their number. We first relate the algorithm described in Section
1, for finding a perfect matching in a 3-regular bipartite graph, to a lower bound
of Voorhoeve [21] on the number of such perfect matchings.

To this end, we modify the algorithm slightly. We may note that when fol-
lowing the path @ in finding the circuit, we can start immediately from the
beginning with removing edges. We don’t have to wait till we have a circuit.
This can be made more precise as follows.

Call a bipartite graph almost 3-reqular if all vertices have degree 3, except for
two vertices of degree 2 (automatically belonging to different colour classes). So
an almost 3-regular bipartite graph arises by deleting one edge from a 3-regular
bipartite graph. Hence a linear-time algorithm for finding a perfect matching
in an almost 3-regular bipartite graph yields the same for 3-regular bipartite
graphs. We describe such an algorithm.

Let G be an almost 3-regular bipartite graph, and let u be any of the two
vertices of degree 2. To find a perfect matching, we can assume that u is not
incident with the other vertex of degree 2, and that it has two distinct neighbours,
x and y say. (Otherwise, there is an easy reduction.)

Let u, s,t be the neighbours of z. Delete edge xs. Then edge uxz becomes the
middle edge of a path P = (y,u,z,t). Replace it by a new edge ep connecting
y and t. Find recursively a perfect matching M in the new graph G’. If ep is in
M, replace it by yu and «t. If ep is not in M, add ux to M. We end up with a
perfect matching in G.

As each iteration takes constant time, and as it reduces the number of vertices
by 2, this gives a linear-time algorithm. This might be easier to implement than
the algorithm described earlier, since only local operations are performed.
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This method is in fact inspired by the method of Voorhoeve [21] to prove
that any 3-regular bipartite graph has at least

)" (6)

perfect matchings, where, for convenience, n denotes half of the number of ver-
tices. To prove this bound, it suffices to show that each almost 3-regular bipartite
graph has at least (%)" perfect matchings. Again, choose a vertex u of degree 2,
and we may assume that it has two distinct neighbours of degree 3. (Otherwise,
there is an easy induction.) Let ey, .. ., e4 be the edges incident with a neighbour
of u but not with u. For ¢ = 1,...,4, let G; be the graph obtained from G by
deleting edge e;. Denote the number of perfect matchings in any graph H by
7w (H). Then, by induction,

m(Gi) = (5)" " (7)

for i = 1,...,4, since replacing the path of length 3 through u by a new edge,
gives an almost 3-regular bipartite graph H; with 2(n — 1) vertices and with
w(H;) = 7(G;). Moreover,

7T(G1)—|-"'—|-7'l'(G4)237'1'(G)7 (8)

since each perfect matching M in G is maintained in precisely three of the G; (as
M contains precisely one of 1, . . ., e4). Combining (IZ) and @) gives 7(G) > (3)",
as required.

Incidentally, this may look like an exact inductive calculation of 7(G), but
strict inequality is obtained in the reduction if u has no two distinct neighbours
of degree 3.

So we have proved the theorem of Voorhoeve [21]:

Theorem 5. Any 3-reqular bipartite graph on 2n vertices has at least (%)" per-
fect matchings.

With this, Voorhoeve answered a question posed by Erd8s and Rényi [6]
whether there exists an exponential lower bound on the number of perfect match-
ings in 3-regular bipartite graphs. (The best bound proved before is only linear
in n.)

Erdés and Rényi formulated their question in terms of permanents, which
relates to the Van der Waerden conjecture (which was not yet proved when
Voorhoeve gave his bound). The permanent of an n X n matrix A = (a; ;) is

perA := Z H Qi m(i)s 9)

T =1
where the sum ranges over all permutations 7 of {1,...,n}. Soif A is nonnegative
and integer, and we make the bipartite graph G with colour classes {u1, ..., un}
and {vq,...,v,} and with a; ; edges connecting u; and v; (for ¢,j =1,...,n),

then perA is equal to the number of perfect matchings in G.
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Call a matrix k-reqular if it is nonnegative and integer and if each row sum
and each column sum is equal to k. Then Erd6s and Rényi asked for an expo-
nential lower bound for the permanents of 3-regular matrices.

The Van der Waerden conjecture (van der Waerden [22]) asserts that the
permanents of any n x n doubly stochastic matrix is at least

n!

et (10)
(A matrix is doubly stochastic if it is nonnegative and each row sum and each
column sum is equal to 1.) The value ([IQ) is attained if all entries of the matrix
are equal to % Van der Waerden’s conjecture remained open for more than
half a century, despite considerable research efforts, and was finally proved by
Falikman [7].

For each k-regular matrix A, the matrix %A is doubly stochastic and satisfies
per%A = k~"perA. So Van der Waerden’s conjecture implies that the permanent
of any k-regular matrix is at least

nnl
Ml (Eyn, (11)

nn e

(This consequence in fact can be seen to be equivalent to Van der Waerden’s
conjecture.) Hence also Falikman’s theorem implies an exponential lower bound
on the number of perfect matchings in 3-regular bipartite graphs. The lower
bound (%)™ was proved by Bang [1] and Friedland [9], thus also providing a
solution of Erdds and Rényi’s question.

It can be proved that the ground number % in Voorhoeve’s bound is best
possible ([18]). To this end, let 3 be the largest real such that each 3-regular
bipartite graph on 2n vertices has at least u3 perfect matchings. So ug > %.

To prove the reverse inequality, fix n, and consider the collection G of 3-
regular bipartite graphs with colour classes {u1,...,u,} and {v1,...,v,} and
with (labeled) edges e1, ..., es,. Then

6] = ((3””)2. (12)

3In

Indeed, it is equal to the square of the number of ordered partitions of {1,...,3n}
into n classes of size 3.

We can also precisely count for how many graphs G in G, a given subset M
of {1,...,3n} of size n forms a perfect matching in G:

<n!(222)!)2. (13)

Since M can be chosen in (*") ways, this implies that the number of pairs G, M
with G € G and M is a perfect matching in G is equal to

(?’D (n!(é?!)z . (14)
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By and by definition of u3, ([I4) has as lower bound:

() (15)

oo ()5 @B)) s

(The latter limit uses Stirling’s formula.) So p3 = 3.

Therefore,

5 General k

Erdés and Rényi also asked for the value, for any k, of the largest real ux such
that each k-regular bipartite graph G on 2n vertices has at least uj perfect
matchings. So by Falikman’s theorem (in fact, already by the results of Bang
and Friedland), ug > % On the other hand, the same method as just described
gives ([18])

(k— 1)kt
P < T2 (17)
In [18] it was also conjectured that equality holds:
(k — 1)kt
He = gz (18)

This in fact was be proved in [16]. Hence:

Theorem 6. FEach k-regular bipartite graph with 2n vertices has at least

perfect matchings.

In contrast with the simplicity of Voorhoeve’s method for the case k = 3, the
proof for general k is highly complicated. It is based on a technique of assigning
weights to the edges of the graph similar to the algorithm for finding a perfect
matching in a k-regular bipartite graph described in Section 1.

Let us briefly relate this bound to Falikman’s bound. Both bounds are asymp-
totically best possible, in different asymptotic directions. Let p(k,n) denote the
minimum permanent of k-regular n x n matrices. (Equivalently, of the minimum
number of perfect matchings, taken over all k-regular bipartite graphs with 2n
vertices.) So

e = inf pu(k,n) '/ (20)
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Then in one asymptotic direction one has by (I8):

_ En)t/r 1 E—1\""!
inf plk,n) " = Thk = (k) . (21)

=T (22)

Note that both in (21]) and in (22)), the right-hand term converges to 1/e, if k or
n tends to infinity.

6 Application to the 3D Dimer Constant

We finally apply the lower bound described in Theorem [@ to obtain a better
lower bound for the 3-dimensional dimer problem. This is one of the classical
unsolved problems in solid-state chemistry. For integers d, n, consider the ‘block’
Hg,p, which is the graph with vertex set {1,... ,n}?, two vertices being adjacent
if and only if their Euclidean distance is 1. In this context, an edge is called
a dimer, and a perfect matching a dimer tiling. Let t4, denote the number of
dimer tilings of Hg . So tq,, > 0 if and only if n is even.
Hammersley [11] showed that

. 1
Ag := lim @ny log tq.on (23)

n—oo (2n

exists. In fact

. 1 1
nh_}rrgo W logtgon = blip W log tg on. (24)
Otherwise, there exists a k such that
1
liminf ———logtg,2n 7 logta 2. (25)
n—oc (2n)d (Qk)
However,
n |d
td,Qn Z (td,Qk)L%J ) (26)

since Hg 2y, contains L%jd disjoint copies of Hy 2, such that the rest has a perfect
matching. This implies that the left-hand side in is at least

n d
hnrglogf (on) 7 log ta o, (27)
which is equal to the right-hand side of (25) — a contradiction.
So Ay is defined. For d = 2, the value of Ay was determined precisely by
Kasteleyn [14] and Temperley and Fisher [20]:

e (=)
Ay = — zg Gy = 1-29156090..... (28)
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The proof uses the fact that Hs , is planar, and that the graph therefore has a
‘Pfaffian’ orientation, making it possible to count dimer tilings by calculating a
determinant.

For dimensions larger than two, no such orientation exists, and no exact
formula for A4 is known. Since Hg,, is bipartite and ‘almost’ 2d-regular, one
could try to apply the results obtained earlier. In fact one has:

Theorem 7. \; > %log,ugd. To see this, for each ¢ € {1,...,d} and each

j € {1,2n}, let M; ; be a perfect matching in the subgraph of Hg s, spanned by
{wef{l,....2n} | z; = j}. (29)

(So this set represents a ‘face’ of Hgap.) Let Hd o, be the 2d-regular bipartite
graph obtained from Hg o, by adding parallel edges for the edges in the M; ;.
Then H' d.2n has more perfect matching than Hy 2, has, but not too much more:

)d—l

(Hy,) < 270" m(Hazn). (30)

This follows from the facts that we have added d(2n)?~! parallel edges, and that
adding any such edge at most doubles the number of perfect matchings.

Since 7(Hy 5,) > u(2" /% (by definition of ji24), we have
d—1 n)4
m(Han) > 274Cm " u 02, (31)
Therefore,
1 —d(2n)4=1 (2n)?%/2 d10g2
Ad > SUp o N @n)d 5 log (2 () 2 ) = SUP( log p2q — o )
= % log H2d;, (32)

proving Theorem 7.
Evaluation for d = 3 by using u = 5°/6%, gives the best known lower bound
for As:
Az > 0.44007584 . . .. (33)

The best known upper bound is due to Lundow [15]: 0.457547 . ... Computational
experiments of Beichl and Sullivan [2] suggest that A3 = 0.4466 + 0.0006.
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Abstract. The graph ordering problem here addressed derives from in-
dustrial applications where one can associate vertices with process steps
and edges with jobs. A linear layout of the vertices corresponds then to a
production schedule, and one wants to find a layout minimizing the aver-
age completion time of the jobs. We prove that the problem is NP-hard
in general and is polynomial on trees. We then provide a 2-approximate
algorithm and investigate necessary conditions for optimality. On this ba-
sis, we devised a combinatorial branch-and-bound algorithm and tested
it on random graphs with up to 100 nodes.

1 The Problem

Consider the production of m different part types achieved with a process or-
ganized into n subsequent steps. Each step produces some part types, and the
completion time C; of the i-th part type (i = 1,...,m) is defined as the time
when the part type is consolidated, that is when the last step producing that
part type is over. A problem then arises of finding an order of the n process steps
which optimizes some performance indicators related with work-in-process.

There are areas (for example cutting stock, see [3]) where this kind of problem
makes sense even under such simplifying assumptions as:

i) each part type is produced in exactly two process steps;
i1) process steps have all the same duration.

A nice feature of assumptions (i) and (i) is that they allow to describe the
problem data by means of a symmetric graph G = (V, E) with n vertices and
m edges. A vertex (an edge) of G represents a process step (a part type), an
edge links two vertices whenever the corresponding part type is produced by
the corresponding steps, and a permutation o : V' — {1,...,n} defines an order
in which the steps can be executed. We can associate with o such performance
indicators as

— the work-in-process w(co), where w; (o) is the number of in-process part types
between step (i — 1) and step i, 1 <1 < n;

— the permanence p(o), where p,,,(0) = |o(u) — o (v)] is the time spent by part
type wv in the system.

A general problem is then to (a) minimizing ||w(o)||, or (b) minimizing ||p(o)||
over all the permutations o of V', where ||.|| is a suitable norm. It is easy to see
that:

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 23-B3, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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— if ||.|| is the Lyax norm, then (a) defines the MIN CUT LINEAR ARRANGEMENT
(or cUTWIDTH) problem and (b) the BANDWIDTH problemn;

— if ||.|| is the Ly norm, then both (a) and (b) define the MINIMUM LINEAR
ARRANGEMENT problem.

All of the three above are well known NP-complete problems, see [4]. In partic-
ular, CUTWIDTH (respectively: BANDWIDTH; MINIMUM LINEAR ARRANGEMENT)
is NP-complete on planar graphs with degree < 3 (respectively: trees with de-
gree < 3; bipartite graphs), but can be solved in polynomial time on trees (re-
spectively: interval graphs; trees and De Bruijn graphs), and admits a log?(n)-
approximate (respectively: 1og11/ ?(n)-approximate; log(n)-approximate) polyno-
mial algorithm. For a survey on the layout problems see Silvestre [§].

Besides work-in-process and permanence, other meaningful indicators for
graph orderings can be drawn from the theory of scheduling, in particular from
1-machine scheduling problems (see [7]). For example, one can minimize the
makespan Cpax, or the flow (or mean completion) time > C; of the lots, or
again, if individual due dates dy,...,d,, are associated with the lots, the maxi-
mum lateness L,y or the average lateness > L; of the lots, or the total number
> h; of tardy lots, etc. To the best of our knowledge, however, none of these in-
dicators has been considered yet in the literature. In this paper, we will focus on
a graph ordering problem with the objective of minimizing the flow time ) C;.

1.1 Formalization

Let G = (V, E) be an undirected graph with n vertices and m edges. Let n(uv) =
1if wv € E and n(uv) = 0 otherwise, and for any v € V' let N(v) indicate the set
of vertices u such that n(uv) = 1. Further, let o : V — {1,...,n} be a bijection
identifying a linear order of the vertices of G. For any i € {1,...,n} and for any
olet Ei(o) = {uv € E : 0(u) < o(v) = i} indicate the set of edges with one
extreme of order ¢ and the other of order < 4. The edges in E;(0) are said to be
entering the i-th vertex of o. Define the cost of o as:

n

calo) = i-eio) (1)

i=1

where ¢;(0) = |E;(0)| (from now on, for any given orders o, o*, ... we will write
for simplicity e; = ¢;(0), ef = e;(c*) and the like; clearly, >-"" ; e; = m and
e; <i—1,i=1,...,n). Notice that by assumption (i), if edge (part type) uv
terminates on the i-th vertex (process step), then i represents the completion
time of uv. Hence cg(0) correctly represents the flow time of the schedule. The
problem is:

Problem 1. Find an order o* such that o* < cg(o) forall o : V — {1,...,n}.

In the rest of paper we investigate properties of optimal solutions (Sect. [2),
evaluate the problem complexity (Sect. B]), provide an approximation algorithm
(Sect. Hl), and devise on this basis a branch-and-bound scheme (Sect. [H).
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2 Some Properties

In this section we investigate some properties of Problem [ Some of these prop-
erties will be used as preliminary results to establish the problem complexity
(Sect. B), and to derive dominating rules applied in the branch-and-bound algo-
rithm (Sect. B)).

Similarly to the optimal solutions of BANDWIDTH, MIN CUT LINEAR AR-
RANGEMENT, MINIMUM LINEAR ARRANGEMENT, an optimal solution ¢* of Prob-
lem [[ has the following monotonicity property:

Proposition 1. Let o* be optimal for G = (V,E). Then for any v € V,

e € E and optimal orders o of G — v, 6 of G — e, it results that cg_,(0) <

ca(0*) and cg—.(7) < cg(o™).

Proof. The first inequality is trivial. For the second, suppose by contradiction

cG—e(7) > cg(0™). But in turn, obviously cg(0*) > c¢g_.(0*); hence & would be

non-optimal on G — e. O
Unlike the above classical ordering problems, instead, the reverse of an opti-

mal sequence o* for Problem[dl is generally non-optimal. Moreover, it is easy to
see that o* has the following properties.

Proposition 2. Let o* be optimal for G, and let o*(u) = k, o*(v) = k + 1.
Then
e = €py1 — n(uw) (2)

Proof. Write the cost of ¢* as
cg(o™) =C(0") + ke + (kK + 1)eg

where C(c*) denotes the contribution to cg(c*) due to the arcs entering the
first kK — 1 and the last n — k — 1 vertices of o*. Consider then the order o
obtained from o* by swapping u and v. Clearly, the contribution C'(c*) to the
cost remains unchanged, and

i) if uv € E, then e; =€} for i =k, k+ 1;
it) if uv € E, then e, = ef — 1 and epq1 =€, +1

In the former case, one has

cg(0") —calo) =
= kep+ (k+1)epyy — ke +(k+ e =

*

_ k%
—6k+1—6k .

In the latter

Cg(O'*) 70@(0) =
= keg+(k+1Depy — [klegy — D+ (k+1D(ep+1)] =

% *
=Cpy1 e — 1
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Since ¢* is optimal, the above quantities must be < 0, which is true if and only
if ef > ey —n(uw). O

The above proposition has the following, immediate corollary.

Proposition 3. In an optimal order o*, let o*(u) =n—1 and o*(v) = n. Then

deg(u) > deg(v).

Proof. By Proposition B, deg(u) = e_; > eX = deg(v) if uv € E, and deg(u) =

ef_1+1>e =deg(v) if uv € E. 0
Proposition Blcan be used in two ways: if v has already been fixed at position

n, then we can exclude all the vertices with degree < deg(v) from the (n — 1)-th

position; moreover, we can exclude from the n-th position all the vertices with

maximum degree which are not adjacent to any other vertex with maximum
degree.

Proposition 4. Let o* be optimal for G = (V,E), and o*(v) = n for some
v€e€V. Then N(v) 5 N(u)Vu € G.

Proof. Indirectly suppose that N(v) D N(u). Let o(u) = i, and define

— B;UBy = N(u) where By (Bs) is the set of vertices adjacent to both v and
v, preceding (following) the position 7 in the sequence o*,

— AjUAs = N(v)\ N(u) where A; (Asg) is the set of vertices only adjacent to
v, preceding (following) the position ¢ in the sequence o*.

Consider now the sequence & where v is swapped with u. Then:
c(0) —c(0”) = i([Ar| + |B1]) + ¢(B2) + ¢(A2) + n(|Bi| + [B2]) + (3)

—n(|B1| + [Bz]) — n(|A1] + [A2|) — [ B1| — ¢(B2)
= |A1|(i —n) + c(A2) — n|]A2| <0

Then there exists a solution which has u in the last position and is better than
o*. a

As an immediate consequence of Proposition [, if G has a vertex v of degree
1, then there exist an optimal solution o* with o*(v) = n.

Proposition 5. Let o* be optimal for G = (V, E), and c*(v) = n for some
v € V. If d is the minimum degree of G and k = deg(v), then

p o VIT8nd 1)~ 1 @

2

Proof. Let u be a vertex of G with deg(u) = d, and let 0*(u) = 4. Consider
the sequence & where u and v are swapped. Denote as ¢(c*(u)) the cost due to
all the edges incident on u in ¢*: in particular ¢(c*(u)) > id, since in the best
case the other extreme of each edge incident on u lies before u in ¢*; similarly,
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c(a(v)) < X%, .4, since in the worst case the other extremes of all edges
incident on v lie consecutively in positions n,n —1,...,n — k. Then,
c(0) = c(07) = ¢(a(v)) + c(a(u)) — c(0™(v) — c(™(u)) ()
But
c(a(u) = c(o™(u)) < d(n—1i)

(F©) —cle* (@) < Y i—nk=n— @
i=n—k
and therefore
c(a)—c(o*)gnd—idJrn_@ -

Since o* is optimal, the swap between the i-th and the n-th vertex of ¢* leads
to no improvement, i.e., ¢(7) — c¢(0*) > 0, or equivalently, i <n+ % — k(];i;rl). In
particular, as no assumptions are made on the position 7 of vertex wu, it follows

n  k(k+1)
LS YA
n+ pi 5y = 0 (7)
and this happens if (#) holds. O

It is easy to see that the properties in Propositions[3 through BEldo not dominate
each other.

Finally, for any order o, o*, ..., denote as Vi, V7, ... the set of the u € V
such that o(u) <k, 0*(u) <k, ..., and let Gy, G5, ... denote the subgraph of G
induced by such vertices.

Proposition 6. An order o* which is optimal for G is also optimal for G,
k=1,...,n.

Proof. One has
k
ca(o) =Y ief +C(o%) .
i=1
where C(0*) denotes here the contribution to cg(o*) due to the last n—k vertices

of o*. Assume by contradiction ¢* non-optimal for G}, that is, there exists an
order o : V¥ — {1,...,k} such that

k k

. . x
g 1e; < E re; .
i=1 i=1

But then the extension & of o to V where the last n — k vertices have the same
order as in o* would cost

k
cq(a) = Ziei +C(o") < cg(a™) ,
i=1

contradicting the optimality of o*. a
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3 Complexity Results

This section is devoted to establish the computational complexity of Problem

Theorem 1. Problem[d is NP-hard.

To prove Theorem [I] we need some preliminary results. The first relates the
cost function (@) of Problem [] to the cost function g (o) of MINIMUM LINEAR
ARRANGEMENT:

Lemma 1. Let

d6(0) =Y o(v)degg (v) (3)
veV
where degq(v) denotes the number of edges of G that are incident to v € V.
Then for any graph G and any order o one has

ca(0) = 316a(0) +da(o)] 9)

Proof. The objective of MINIMUM LINEAR ARRANGEMENT is to minimize the
total number 5 (o) = ||[w(0o)||1 of edges appearing in the (n—1) cuts separating
the first ¢ vertices from the remaining (n —4), ¢ = 1,...,n — 1. Considering that
an edge from the i-th to the j-th vertex of o appears in (j — i) cuts, one can

write
n

€alo) = ke — > kldegg (o™ (k) — ex]
k=1 k=1
i.e., the thesis. a

In order to introduce the second result, recall that a cut of a connected graph
G = (V, E) is a minimal subset C' of E whose removal disconnects G. Finding a
cut C' with maximum number of edges is a well-known NP-hard problem called
SIMPLE MAX CUT, see [A]. The second result then states that

Lemma 2. MINIMUM LINEAR ARRANGEMENT remains NP-hard even when re-
stricted to graphs with all vertices of odd degree.

Proof. By reduction from SIMPLE MAX CUT. First, we prove that SIMPLE MAX
CUT remains NP-hard even when restricted to graphs with all vertices of odd
degree. Let G = (V, E) be an instance of SIMPLE MAX CUT, and let P C V be
the set of vertices with even degree. Now, match P with a set P’ of |P| new
vertices. The resulting graph G’ has |E| + | P| edges, the new vertices have all
degree 1 and those originally in V' have odd degree: thus all vertices of G’ have
odd degree. Let C be a cut of G, {V4, V2} be the corresponding bipartition of V,
and P/ be the mates of PNV, in P’, i = 1,2. Clearly, the cut of G’ associated
with the bipartition {V; UPj, Vo U P{} has |C|+ |P| edges and, as it can be easily
checked, is maximum for G’ if and only if C is maximum for G.

Based on the above and on [5], we next provide a similar restriction to MIN-
IMUM LINEAR ARRANGEMENT. Let G = (V, E) be an instance of SIMPLE MAX
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CUT restricted to graphs with all vertices of odd degree. Since all degrees in G
are odd, n = |V| is even. Hence n? is also even. Construct an instance G’ of
MINIMUM LINEAR ARRANGEMENT by taking the complement G of G, adding to
it a complete graph @ with n* vertices, and joining each vertex of G to n* — 1
vertices of Q. Let @ be the vertex of QQ which is not joined to any vertex of G.
Since n is even, every v € V in G has odd degree and n* — 1 is odd, it follows
that all vertices in G have odd degree. Also, since both n and n* are even, all
the vertices of @ have odd degree. Thus, all the vertices of G’ = (V', E’) have
odd degree. Using an argument similar to [5], it is then easy to show that G
admits a cut of at least k edges if and only if there exists a linear arrangement
f:V' = {1,2,...,n* + n} of G’ such that f(u) =1 and

We are now in a position to prove Theorem [Il.

Proof of Theorem [Il By reduction from MINIMUM LINEAR ARRANGEMENT. Let
G = (V,E), |V| = n, be an instance of such a problem restricted as in Lemma
The basic idea of the proof is to construct an instance G’ of Problem [ by

i) adding to G a complete graph @) with ¢ vertices and an empty graph R with
r vertices;

i1) choosing ¢, and connecting @, R to G so that in any sequence minimizing
cer all the vertices of @ (of R) precede (follow) the vertices of G.

To this aim, first set ¢ = 2n + 5. To compute a suitable value of r, define

dy = maxycy{degg(v')} — degg(v), for all v € V. Since the degree of all the

dy

vertices in G is odd, d, is even. Set then r = =25Y— + n. Finally, join each

vertex v of G to % + 1 arbitrary vertices of @), and to % + 1 vertices of R so as
to have every vertex of R with degree 1 in G’. Notice that the degree of every
vertex of @) (of R) is greater than (less than or equal to) that of any other vertex
in G'. Moreover, the vertices of G’ — (Q U R) (i.e., those originating from G)
have all the same degree d < n + 2.

Let us now prove that Problem [[] admits an optimal solution o* such that

o*(v) < q forallve@ (10)
g+n<o*(v)<g+n+r forallveR (11)

In fact, suppose by contradiction that in an optimal sequence ¢ some consecutive
vertices of @) are preceded by some uy ¢ Q. Denote by U = {uq,...,ux} the
rightmost set of such vertices. Assume o(ug) = p, and let e, +; denote the number
of edges entering w; in o (i =0,1,...,k). Then the contribution of U U {ug} to
cqr equals Zf:o (p+ i)epys. If we move ug after uy, this contribution becomes
Zle (p+i—1)(epsi — ai)—&—(p—&—k:)(ep—Zf:l a;) where a; = 1 if u; is adjacent to
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ug, and 0 otherwise. The difference between the former and the latter expression
of the contribution is then non-positive if and only if Ele 2p+k+i—1a;+
Zle ept+i < kep. But sincee, <d <n+2andey; > g—k+i—1fori=1,...,k,
when ¢ > 2n + 5 it results that Zle epri —key > 52—k —1) —k(n+2) =
k(q— %) > 0 for any k between 1 and ¢. Thus ¢ can be improved by moving
ug after ug, and therefore is non-optimal. Finally, inequality () directly follows
from Proposition @l

If we now compute the cost of o* using equality () of Lemmal[ll we observe that
the second term of the right hand side equals d¢(0™) = 3_,co 0" (v) dege (v) +

A" (q+ D)+, (g +n+1i) = Y0t (v) degg (v)+dn(g+ 252 ) +r(g+n+
%) and is therefore independent on how vertices in G are sequenced. Moreover,
since each vertex of GG is incident to the same number of vertices toward @) and
R by construction, the contribution of the edges with one extreme in G and the
other in Q U R to &g is also independent of how vertices in G are sequenced.

Thus, the restriction of ¢* to these vertices minimizes £g. a
Although Problem [[]is NP-hard in general, it is polynomial on trees.

Proposition 7. Let G = (V, E) be a tree. Then for any optimal permutation c*
of V.one hase; =1 fork=2,...,n.

Proof. There always exists an order o* with e; = 1 for all 2 < ¢ < n. Suppose
indirectly o* non-optimal, that is, there exists an order o such that ¢(o) < ¢(c*).
Let 2 < kq,...,ks < n be the indexes of o such that ek, > 1, foralll1 <j<s
and some s > 1. Let ¢ = Zle er,- Then, there exist p > ¢ — s + 1 indexes
J1 <...<Jp <kssuch that e; =...=¢;, = 0. In fact, if there are less than p
vertices preceding o0~ (k,) and with no entering edges, then the forest induced
on G by the first ks vertices has more than ks — 1 edges. Hence, it follows that
c(o)—c(o*) > >0 kiler, — 1) —p=>7_, ex, (ki —1) — 1 > 0 (contradiction).
O

Proposition 8. Let G = (V,E) be a tree with n vertices. Then cg(c*) =
n(n+1)
2

— 1 for any optimal permutation o* of V.
Theorem 2. Let G = (V, E) be a tree with n vertices. Then an optimal solution
can be computed in O(n) time.

Proof. Every depth-first visit provides a solution obeying to Proposition[/] O

4 A 2-Approximation Algorithm

Let degq(u1) > dega(uz) > ... > dega(uy). It is easy to see that although every
non-increasing degree order & = (ug, ..., u,) fulfils the necessary conditions for
optimality expressed by Propositions. bl such an order can be non-optimal,
see Fig. [l However, since & minimizes expression () and cg (o) = M
¢ might be a good solution for Problem [ In fact we can prove the following
approximation result.

)
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Theorem 3. Any algorithm ranking the vertices of G by non-increasing degree
s a 2-approximation algorithm.

Proof. Take a sequence ¢* minimizing ¢ and a non-increasing degree order &.
On the one hand we have

ca(0) < 6a(0) (12)
since e; < deg(01(i)) for all 4. On the other hand, by Lemma [Tl

dg(0”)  96(9)

*) >
ca(o”) = 9 = 9 (13)
since d¢(6) < dg (o) for any sequence o. Then, by inequalities (I2))-(I3])
Cg(a'> < 26@(5) _
ca(o*) = da(o)
O

Observe however that in a non-increasing degree order the vertex position
is decided regardless of the number of entering arcs, which yet directly affect
the solution cost. In fact, despite the above approximation result, computational
tests show that non-increasing degree orders are usually not very good on general
graphs. To take entering arcs into account one can apply the following algorithm,
which performs significantly better in practice:

Algorithm MiniDEO (input: G; output: &)

Gp = G

for k£ :=n down to 1
ug := a minimum degree vertex of Gy;
Gk,1 = Gk — Uk

end for;

6’ = (Ul,’ug, R 7’“’”)

end algorithm.

The (generally not unique) output sequence 6 = (ug,...,u,) of Algorithm
MiniDEQO is called a minimum degree elimination order. Such sequences have
been studied in [T] with respect to the problem of finding a so-called weak k-visit
of a graph. Also minimum degree elimination orders can be non-optimal (see
Fig.[), although they fulfil the necessary conditions for optimality 2H5

5 An Exact Algorithm

Linear ordering problems admit several formulations in terms of 0-1 linear pro-
gramming. Among them, tournaments formulations [6] can be enforced by sev-
eral known facets and valid inequalities, see [2]. However, some manipulations
are needed to use tournaments variables in Problem [II, since the objective func-
tion is quadratic, and the weakness of the lower bounds obtained by the resulting
formulation discourages the application of an LP-based branch-and-bound algo-

rithm. For this reason we here focus on a combinatorial enumeration scheme.
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W‘

a. A non-optinmal m ni num
degree elimnation order

b. A non-opti nal
non-increasi ng degree order

===

c. An optimal solution

Fig. 1. Both non-increasing degree and minimum degree elimination orders can be
non-optimal.

5.1 A Combinatorial Branch-and-Bound Scheme

The implicit enumeration of the search space is done on a tree, where the i-th
level (i =1,...,n—1) identifies all the partial solutions o; assigning 4 vertices of
G to the last ¢ positions. Branching corresponds to deciding the (n—i)-th vertex
in the order. Hence, a partial solution has in general (n — ¢) branches, that is
as many as the order of the subgraph G,,_; induced on G by the vertices whose
order is still undetermined. The search space is reduced both by upper and lower
bounds, and by applying dominating rules directly deriving from Propositions.
BBl The exploitation of the above rules allows us to determine optimal solution
on sparse (dense) random graphs with up to 100 (50) nodes.

Upper and Lower Bounds. Algorithm MiniDEO yields the upper bound.
Lower bounds are computed by applying Lemma [0, and relaxing the topology
of G:

— MinLA Lower Bound: Let ¢* be an optimal solution, & a lower bound
for MINIMUM LINEAR ARRANGEMENT, and ¢ a minimum degree elimination
order of G. Since min,{dg (o)} = d¢(5), by Lemma [[a lower bound is given
by

LB1A(G) = 566 (6) + 66()] (1)

For a survey about lower bounds for MINIMUM LINEAR ARRANGEMENT prob-
lem see Silvestre [§].
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— Clique Lower Bound: If d > 0 is the minimum degree of GG, by Proposition
Pl the number of entering arcs on the last n — d vertices is at least

en=d,en_1=d—1,...,eh_q=0 (15)

A lower bound is then obtained by compacting the m = m—Z?:l 1 remaining
arcs as far as possible toward the order. Let K be the clique with n =
| v Ir8m 1+8mJ nodes. The lower bound is given by the optimal cost of K, plus
the cost of the remaining arcs computed on node 72+ 1, plus the cost of @):

LBC(G):Z[i~(i—1)}+(ﬁ+1)-( Z)-‘rz (n—d+1i)] (16)

Summarizing, the lower bound is LB = ¢(0;) + max{LBpa (Gn—:), LBc(Grn-:)}.

Dominating Rules. Propositions [B] through [ can be exploited to reduce the
search space of the enumeration scheme. At level i, let v be the vertex fixed at
the (n — i+ 1)-th position and denote with G,,_; the subgraph induced on G by
the vertices whose order is still undetermined. Then

— by Proposition B, the search for the (n — i)-th vertex is restricted to the
vertices of Gp—i+1 = Gp—; U {v} having degree greater than or equal to the
degree of v in G,—;41.

— By Proposition H if N(u) D N(w), then u can be cut off, for each pair
of vertices u,w of Gp_;. If N(u) = N(w), then u can also be cut off if
label(u) < label(w) by applying a lexicographic rule.

— By Proposition Bl if d is the minimum degree of G,,_; then we can restrict

1+8(n—i)(d+1)—1
2

the search to all the vertices of G,,_; with degree <

A further dominating rule is to maintaining, among all the partial solutions with
the same set of fixed vertices, only the one with minimum cost.
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Abstract. This paper is concerned with the graph searching game: we
are given a graph containing a fugitive (or lost) entity or item; the goal
is to clear the edges of the graph, using searchers; an edge is clear if it
cannot contain the searched entity, contaminated otherwise. The search
number s(G) of a graph G is the smallest number of searchers required
to “clear” G. A search strategy is monotone (m) if no recontamination
ever occurs. It is connected (c) if the set of clear edges always forms a
connected subgraph. It is internal (z) if the removal of searchers is not
allowed (i.e., searchers can not jump but only move along the edges).
The difficulty of the “connected” version and of the “monotone internal”
version of the graph searching problem comes from the fact that none
of these problems is minor closed for arbitrary graphs, as opposed to all
known variants of graph searching. We prove that there is a unique chain
of inequalities linking all the search numbers above. More precisely, for
any graph G, s(G) = is(G) = ms(G) < mis(G) < ¢s(G) = ics(G) <
mes(G) = mics(G). The first two inequalities can be strict. Motivated
by the fact that connected graph searching and monotone internal graph
searching are both minor closed in trees, we provide a complete charac-
terization of the set of trees that can be cleared by a given number of
searchers. In fact, we show that, in trees, there is exactly one obstruction
for monotone internal search, as well as for connected search, and this
obstruction is the same for the two problems. This allows us to prove
that, for any tree T', mis(T') = ¢s(T') and ¢s(T') < 2 s(T') — 2, using that
ics(T) = mes(T). This implies that there are only two different search
numbers, and these search numbers differ by a factor of 2 at most.

1 Introduction

Imagine a group of k+1 friends visiting a large bookstore, and assume that one of
them gets separated from the k others, who are now looking for him in the store.

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 34-fH, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Searching Is Not Jumping 35

The search for the lost friend is made difficult by the height and placement of the
shelves, and by the complex topology of the store occupying several buildings, on
several floors, connected by many stairs and bridges. It is also made difficult by
the behavior of the lost friend who, as opposed to what is recommended in this
situation, starts moving sporadically in the store, also looking for his friends.
The question that arises among the group of k “searchers” is whether they are
enough to eventually find their “fugitive” friend. For instance, if the bookstore
would be displayed as a path, then & = 1 searchers would be enough. But if
the bookstore is displayed as a ring, then 2 searchers are required, otherwise
the fugitive could perpetually escape from the unique searcher. Let G be the
graph corresponding to the map of the bookstore. We address the problem of
computing the minimum number of searchers required to find the fugitive in
G, and determining the strategy they have to follow to achieve the goal. This
problem is known as graph searching. However, the search strategy developed
by our group of friends must satisfy an additional crucial property: it must be
“internal”, in the sense that searchers must follow the corridors of the bookstore,
as they cannot jump over the shelves, nor pass through the walls. The strategy
should have also other desirable properties: it should be “monotone”, in the sense
that searchers don’t want to check several times the same part of the bookstore;
and it should be “connected” as searchers certainly prefer not to split in several
groups that could lose contact from each other.

The searchers consult the literature available at the bookstore. They find
that, according to Lapaugh’s theorem [10], monotonicity can be assumed for
free. However they observe that this monotone strategy is not internal nor nec-
essarily connected. Hence, the group of searchers start doubting whether the
classic definition of graph searching is realistic. Subsequently they start wonder-
ing how much does it cost (in term of number of searchers) to impose internality.
In this paper, we show that it may cost more than the classic search but not
more than imposing connectedness: if k searchers can find the fugitive accord-
ing to a connected strategy, then they can also find it according to a monotone
internal strategy. This paper studies more thoroughly the relationships between
monotone, internal, and connected search strategies.

1.1 Statement of the Problem

More formally, in the graph searching problem we are given a graph whose edges
are all “contaminated”, and a set of “searchers”. The goal is to obtain a state
of the graph in which all edges are simultaneously “clear”. To clear an edge e =
{u, v}, a searcher must traverse the edge from one end-point u to the other end-
point v. A clear edge is preserved from recontamination if either another searcher
remains in u, or all other edges incident to u are clear. In other words, a clear edge
e is recontaminated if there exists a path between e and a contaminated edge,
with no searcher on any node of the path. In the standard setting of the graph
searching problem, the basic operations, called search steps, are the following:
(1) place a searcher on a node, (2) move a searcher along an edge, and (3) remove
a searcher from a node.
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Graph searching is the problem of developing a search strategy, that is a
sequence of search steps that results in all edges being simultaneously clear.
A search strategy for a graph G is minimal if it uses the smallest number of
searchers, which is called the search number of G, denoted by s(G). As far
as practical applications are concerned (e.g., decontaminating a set of tunnels,
capturing an intruder in a network, rescuing a speleologist in a maze of caves,
etc.), the line of investigation is the determination of efficient search strategies
satisfying additional properties, which are desirable or even necessary for some
applications. Three properties are of particular interest.

Internal Search. A search strategy is internalif, once placed, searchers can only
move along the graph edges (i.e., they cannot be removed and placed somewhere
else). It is easy to see that this is equivalent to the case where operation (3) is
not allowed. The minimum number of searchers for which an internal search
strategy exists is denoted by is(G).

Monotone search. A search strategy is monotone if no recontamination ever
occurs. Hence each edge should be cleared only once. The minimum number of
searchers for which a monotone search strategy exists is denoted by ms(G).
Connected search. A search strategy is connected if the set of clear edges
is always connected. The minimum number of searchers for which a connected
search strategy exists is denoted by c¢s(G).

Obviously, for any G, is(G) = s(G) because the removal of a searcher (op-
eration (3)) from a node u, and its placement (operation (1)) later at node v,
can be replaced by a sequence of moves (operation (2)) from u to v. Lapaugh’s
theorem [10] says that, for any G, ms(G) = s(G), that is recontamination does
not help. Interestingly, for internal search, recontamination does help, i.e., there
are graphs G for which is(G) < mis(G), for instance the 22-node tree T ob-
tained from three copies of the complete binary tree of depth 2, by joining
their roots to a new vertex. Similarly, it is easy to check that s(T™) < es(T%),
that is non-connectedness helps too. Now, it can be desirable to mix the three
properties, monotonicity, internality, and connectedness, resulting in the search
numbers mis, mcs, ics, and mics. Obviously, for any G, c¢s(G) = ics(G), and
mes(G) = mics(G) because once a strategy is connected, it is easy to make it
internal as well. It is known [I] that, for trees, all the four numbers cs, mes, ics,
and mics collapse into one because mes(T) = ¢s(T) for any tree T, i.e., recon-
tamination does not help for connected search in trees. Surprisingly, unlike the
case of monotone strategies for which there exist detailed studies and character-
izations, very little is known about connected search strategies and monotone
internal strategies. Unfortunately, the existing techniques and results for the
many variants of the problem (cf. Section[I3)) not only cannot be employed but
do not even provide any direct insight on these two important properties.

1.2 Owur Results

In this paper, we prove a strong difference between traditional search and both
connected and monotone internal searches: connected searches and monotone in-
ternal searches are not minor closed. Nevertheless, we show that there is a unique
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chain of inequalities linking all the search numbers above. More precisely, for
any graph G, s(G) = is(G) = ms(G) < mis(G) < ¢s(G) = ics(G) < mes(G) =
mics(G). Some of this equations are obvious or known (see Section [[LT]). The
main result in this paper is the proof of mis(G) < ¢s(G). To obtain this re-
sult, we extend the notion of crusades defined by Bienstock and Seymour [4],
and use it in a novel way. In fact, we employ it not to prove monotonicity, but
to transform a connected strategy into a monotone internal one with the same
number of searchers. We also show that the first two inequalities can be strict.
In particular, mis # c¢s. The main open problem is whether the last inequality
can be strict or not.

On the other hand, it is easy to see that for all mentioned search problems,
the class of trees that can be cleared with up to k searchers is minor closed.
Therefore, the figure can be more precisely stated. We prove that, for any tree
T, cs(T) <2 s(T) — 2, that is, for any tree T there exists a monotone connected
internal search strategy for T using at most 2 s(T") — 2 searchers, and the upper
bound is tight. We also show that mis(T') = ¢s(T) for any tree T. This and
the result in [I] imply that there are only two different search numbers in total
for trees. These search numbers differ by a factor of 2 at most. We summarize
the situation for trees by the equalities s(T) = is(T) = ms(T) and mis(T) =
cs(T) = ies(T) = mes(T) = mics(T), and the inequalities s(T) < es(T) <
2 s(T) — 2. We provide a complete characterization of the set of trees that
can be cleared by k searchers. This characterization is given both explicitly, in
terms of k-caterpillars (related to the notion of caterpillar dimension of [12]),
and implicitly in terms of minimal forbidden minors. In fact, we show that, in
trees, there is only one obstruction for monotone internal search, as well as for
connected search, and the obstructions for the two problems are identical. This
must be contrasted with the fact that, for traditional search, the number of
obstructions in trees is super-ezponential in the number of searchers [15/20].

1.3 Previous Works

Graph searching refers to a problem that has been throughly and extensively
investigated in the literature, and that describes a variety of application sce-
narios [BJTATA]. In particular, it arises in VLSI design, (see, e.g., [1]), it is also
related to network security for its relation with the capture of an intruder by
software agents [I], and protection from mobile eavesdroppers [d]. Moreover, the
problem and its variants, i.e., node-search, mixed-search, inert-search, etc., are
closely related to standard graph parameters and concepts, including treewidth,
cutwidth, pathwidth, and linear-width [3[I82T]. For instance, s(G) is equal to
the cutwidth of G for all graphs of maximum degree 3 (see [13]), and is equal to
the vertex separation of the 2-expansion of G for all graphs (see [6]). For more
information on graph searching, we refer the reader to the references in the full
version of the paper [2].

Determining whether s(G) < k for arbitrary G and k, is NP-complete [14].
Not surprisingly, the research has focused on restricted classes of graphs (e.g., [I3]
19]), and on bounded search numbers (e.g., see [I520,21]). In particular, for any
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fixed k, the class of graphs that can be cleared with up to k searchers is minor
closed. Therefore, there is a finite number of obstructions for this class [17].
Hence, there is a polynomial-time algorithm for testing whether an arbitrary
graph G satisfies s(G) < k, for a fixed k. Of course, the algorithm requires
the knowledge of the whole set of obstructions. Unfortunately, the number of
obstructions for search grows super-exponentially with &, even for trees [15//20].
More precisely, for any k, there are at least (k!)? obstructions for the class of
trees T such that s(T') < k.

The importance of monotone searching arises in applications where the cost
of clearing an edge by far exceeds the cost of traversing an edge. Lapaugh [10]
has proved that for every G there is always a monotone search strategy that uses
s(QG) searchers. A similar positive result exists also for node-search and mixed-
search [34]. The necessity for connectedness arises, e.g., in applications where
communication between the searchers can occur only within completely clear
areas of the network. Hence connectedness is required for their coordination.
Safety is another motivation for connectedness, as it would always ensure the
presence of secure routes between all the searchers. The problem of determining
minimal search strategies under the connectedness and/or the internality con-
straint is still NP-complete in general (it follows from the reduction in [14], as
observed in [I]). It has been shown in [I] that minimal connected strategies can
however be computed in linear time for trees. The removal of a searcher from a
node z, and the placement of this searcher in another node y, might be difficult
or impossible to implement. In fact, it assumes that a searcher is able to go “out
of the system” and to reenter the system elsewhere. This assumption is clearly
unrealistic e.g., in the case of software mobile agents. In this case the searchers
can only move in the network from site to neighboring site. Actually, it does not
hold even in the original setting of a maze of caves [15]. Hence the importance
of internal search strategies. There are trees for which minimal internal search
strategies require {2(nlogn) moves (i.e., edge traversal) [14], whereas, if the re-
moval of searchers (and their arbitrary placement somewhere else) is allowed,
then, for any graph G, there exists a search strategy that requires at most O(m)
moves in G [I0]], where m is the size of G.

2 Connected vs. Monotone Internal Graph Searching

In this section, we show the following.
Theorem 1. For every graph G, mis(G) < cs(G).

To prove this result, we use the concept of crusade introduced by Bienstock
and Seymour in a novel way, through the new concepts of skeleton and consis-
tency.

According to [4], given a graph G = (V, E), a sequence (Xo, X1,...,X,) of
subsets of edges is a crusade if Xg = @, X,, = E, and |X; \ X;—1| < 1 for any
1 <4 <r. For aset X of edges in a graph G, denote by §(X) the set of nodes
in G having at least one incident edge in X, and at least one incident edge not
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in X. The frontier of a crusade (Xo, X1, ..., X,) is maxj<;<, |0(X;)|. A crusade
is progressive if Xo C X7 C ... C X, and |X; \ X;—1] =1for 1 <i<r.

We say that a crusade is connected if the subgraph induced by X is connected
for any 1 < ¢ < r. One can easily check that the sequence (Xg, X1,...,X,) of
subsets of edges such that Xy = &, and X is the set of clear edges after step
1 of a connected search strategy using < k searchers is a connected crusade of
frontier at most k. Therefore, we have:

Lemma 1. If ¢s(G) < k then there exists a connected crusade of frontier at
most k in G.

Given a crusade C = (Xo,X1,...,X,), we define the skeleton S of C as
the directed graph of r + 1 levels L;, i = 0,...,r such that L; consists of as
many nodes as the number of connected components of X;. There are edges
only between levels of consecutive indices in S (i.e., the nodes in each L; are
independent). More precisely, there is an edge from the node a € L;, representing
a connected component A of X;, to the node b € L; 1, representing a connected
component B of X1, if and only if one of the three following properties holds:
(1) Xi+1 \Xz = @, and B g A, (2) Xi+1\Xi = €; ¢ B and B g A7 (3)
Xiv1\ Xi = ¢; € B and one of the (at most two) connected component(s) of
B\ {e;} is included in A.

Note that the out-degree of a node in a skeleton S can be greater than 1
because a connected component of X; can split in several connected components
of X;t1 due to recontamination. On the other hand, the in-degree of a node is
at most 2 because | X;11 \ X;| <1 (i.e., there is at most one new clear edge in
Xi+1). Hence at most two distinct connected components of level i can merge
into a unique component at level ¢ 4 1. More precisely, there is at most one node
of in-degree 2 at every level of S, and all the other nodes have in-degree < 1.
Note also that all nodes in a skeleton of a progressive crusade have out-degree 1
because X; C X;11, and hence a connected component never splits.

We denote by I'(u) (resp., I'"(u)) the set of edges in S out-going from
(resp., incoming to) node u € S. A node u € S represents a set of edges X in
G. Hence, by extension, we denote by d(u) the set of nodes in §(X). A crusade
C' is k-consistent if its frontier is at most k, and every node u (resp., edge e) of
its skeleton S can be labeled by a positive integer k, (resp., k.) satisfying the
three following conditions: (1) ky > [d(u)| for every u € S§; (2) >_, o, ku < k for
every level L;; and (3) Zeer+(u) ke = ky > ZeEF‘(u) ke.

Observe that the skeleton S of a connected crusade C' is a path. Labeling
every node and edge of S by k makes it k-consistent. Therefore, a connected
crusade of frontier at most k is k-consistent. The main reason for introducing
consistent crusades is actually the following lemma.

Lemma 2. If there exists a k-consistent crusade in G, then there exists a pro-
gressive k-consistent crusade in G.

Proof. The proof is inspired by (2.2) in [4]. Among all k-consistent crusades,
choose a crusade C = (Xo, X1,...,X,) satisfying: (C1) >°I_,(]6(X;)| + 1) is
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minimum, and (€2) >_!_, | X;| is minimum subject to (C1). Let us show that this
crusade is progressive. First, we show that |X; \ X;_1| = 1 for every i > 1. For
the purpose of contradiction, let ¢ be such that | X; \ X;—1] =0, i.e., X; C X;_1.
Then

CI = (X()»le"‘7Xi717Xi+1,"'7Xr)

is a crusade of frontier < k. Let us show that C’ is k-consistent. In a skeleton,
the out-neighbors of a node u are called the children of u, and the out-neighbors
of the children of u are called its grandchildren. We define similarly the notion
of parents and grandparents. The skeleton S’ of C’ can be obtained from the
skeleton S of C by removing level ¢, and connecting every node of L;_; to its
grandchildren in S (see Figure [M). We show that we can label S’ so that the
three conditions for a crusade to be consistent are satisfied. The node-labeling
of 8’ is the node-labeling of S. The edge-labeling of S’ is the edge-labeling of S,
but between L; 1 and L;;;. Edges from L;_; to L;;; are labeled as follows. Let
v € Liy1. Let u be a grandparent of v in S. There can be at most two distinct
paths from u to v in S because the in-degree of v is at most 2. The edge (u,v)
of &' receives the label of (w,v) of S if there is a unique path (u,w,v) from u
to v in S. It receives the sum of the labels of (w,v) and (w’,v) if there are two
paths (u,w,v) and (u,w’,v) from u to v in S. Since |X; \ X;_1| = 0, there is no
node of in-degree 2 in L; of S, and thus this labeling gives k-consistency to S'.
Hence C' is a k-consistent crusade contradicting (C1). Therefore | X; \ X;—1] =1
for every i > 1.

i+1

Fig. 1. Skeleton S’.

Next, we show that X;_1 C X for every ¢ > 1. For that purpose, we first show
that |§(X;—1 U X;)| > [6(X;)| for every ¢ > 1. For the purpose of contradiction,
assume that there exists ¢ such that |6(X;_1 U X;)| < |6(X;)|, and let C” =
(Xo,Xl, - aXi—laXi—l U Xi7Xi+17 - ,X.,»).

C" is a crusade of frontier < k. Let us show that it is k-consistent. As for the
skeleton S’ of C’, the skeleton S” of C” can be obtained from the skeleton S
of C. Replace L; by a copy L} of L;_1, and place edges from each node in L;_;
to its copy L) (see Figure ). If the edge X; \ X;_1 merges two components of
Xi—1, then the corresponding two nodes of L, are merged into one node. Finally,
there is an edge from node «' € L} to all the grandchildren (in §) of its copy
u € L;_1. In Figure &, there are three nodes displayed at level L;_;. There are
six nodes in L; which are replaced by three copies of the three nodes of L; ;.
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The two copies of v/ and u” are merged into a single node u because the two
components corresponding to v’ and u” are connected by X; \ X;_1.

We show that we can label S” so that the three conditions for a crusade to
be consistent are satisfied. The node-labeling of §” is the node-labeling of S for
all nodes of levels j # i. If a node u € L} does not result from the merging of
two nodes v’ and u”, then u receives the label of its original in L;_;. Otherwise
u receives the sum of the labels of the originals of v’ and " in L;_1. The edge-
labeling of S’ is the edge-labeling of S except between levels ¢ — 1, 4, and i + 1.
The edge out-going from any node u of L;_; receives label k,. The setting of the
edge-labeling between levels i and i + 1 is slightly more complex. (Recall that
there is at most one node of in-degree 2 at every level.) At levels ¢ and i + 1,
there is a one-to-one correspondence between edges incoming to nodes with in-
degree 1 in §” and edges incoming to nodes with in-degree 1 in S. Thus, the edge
incoming to a node at level 7 + 1, with in-degree 1 in §”, receives the label of its
corresponding edge in S. Let v be a node at level i +1 of S, with in-degree 2. If v
is still of in-degree 2 in §” (like in Figure [2)), then the two incoming edges of S&”
take the same labels as the corresponding edges in S. Otherwise, the unique edge
incoming to node v in 8" takes the sum of the labels of the two edges incoming
to node v in §. One can easily check that this labeling gives k-consistency to
S”. Hence, C" is a k-consistent crusade, in contradiction with (C1). Therefore,
for every i > 1, |0(X;-1 U X;)| > |0(X5)|.

Now, any pair of edge-sets A and B satisfies submodularity, i.e., |§(ANB)|+

[0(AU B)| < [6(A)| + |6(B)|. Hence, |§(X;—1 N X;)| < |6(X;—1)| for any ¢ > 1.
Let C/” = (XO,Xl, [P ,XZ‘_Q,Xz'_l N Xi,Xi, PN ,Xr).
C" is a crusade of frontier at most k. We show that it is k-consistent using
the same arguments as for C’ and C” (see [2] for more details). From (C2), we
then get | X;_1 N X;| > |X;_1], that is X;_; C X;. Therefore C is a progressive
k-consistent crusade, which completes the proof.

Lemma 3. Let G be a graph such that every edge has one of its extremities
incident to only one other edge. If there is a progressive k-consistent crusade in
G, then mis(G) < k.

The proof proceeds by transformation of a progressive k-consistent crusade
C = (Xo,Xy,...,X,), with skeleton S consistently labeled, into a monotone
internal search strategy that successively clears the edges eq,es,...,e,, where
e; = X; \ X;—1. Intuitively, k, represents the number of searchers in the con-
nected component represented by u. The labels k., e € I'~ (u), represent how the
searchers are distributed among the possibly two connected components whose
merging results in the component represented by u. Due to lack of space, the
proof is omitted. It can be found in [2].

Proof of Theorem[l Let G be any graph with ¢s(G) < k. The l-expansion of G
is the graph H obtained from G by replacing every edge e by two consecutive
edges €’ and e”. We have cs(H) < ¢s(G). Therefore, thanks to Lemma [I], there
exists a connected, and hence consistent, crusade of frontier < k in H. Applying
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i+1

Fig. 2. Skeleton S”.

Lemma 2, we get that there exists a progressive k-consistent crusade in H, and
thus, by Lemma Bl mis(H) < k. We complete the proof by observing that
mis(G) < mis(H). O

We conclude the section by noticing that c¢s and mis can differ significantly
for some graphs, and thus that the inequality of Theorem[Ilcan be strict. Figure Bl
displays a subgraph Gy of the px ¢ mesh, with ¢ = 2k, and p = 61, [ > k. One can
check that mis(Go—e—f)/s(Go—e—f) ~ 3/2, and cs(Go—e)/mis(Go—e) ~ 3/2.
The graph Gy can also be used to show that the class of graphs that can be
cleared by a connected (resp., monotone internal) search strategy using at most
k searchers is not minor closed (see [2] for more details). However, one can easily
check that it is minor closed when restricted to the class of trees.

3 The Case of Trees

In this section, we show that there is a unique obstruction for the class of trees
T such that ¢s(T) < k. Since, for any tree T, mes(T) = es(T) [1], we consider
only the monotone case. Our proof is based on the notion of k-caterpillar and
spine. A spine is a path. A O-caterpillar is also a path, and it is its own spine. For
k > 0, a tree T is a k-caterpillar with spine P if, for every connected component
T’ of T'\ P, the two following properties hold: (1) there is a path P’ such that
T’ is a (k — 1)-caterpillar with spine P’, and (2) one of the two extremities of
P’ is adjacent to P. A 1-caterpillar is hence a subdivision of a caterpillar in
the usual sense, i.e., a path z1,...,z with k; > 0 paths pending from every
x;. Notice that any tree is a k-caterpillar for k large enough. The notion of k-
caterpillar is related to the notion of caterpillar dimension introduced in
(see also [11]). We establish an equivalence between connected search numbers
and k-caterpillars.

Fig. 3. The graph Go
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Given a tree T' and two vertices v, w of T, we denotes by T, the tree T rooted
at v, and by Ty, [w] the subtree of T), rooted at w. Recall that the depth of a rooted
tree T is the maximum distance from its root to the leaves. We denote by By, the
complete binary tree of depth k, and by Dy, the tree obtained by connecting the
three roots of three copies of By_; to a unique new vertex. Finally, we denote
by Ty < T, the relation “T3 is a minor of T5”.

Theorem 2. For any tree T, the following three properties are equivalent:
(1) T is not a (k — 1)-caterpillar;

(2) Dp 2 T;

(3) es(T) > k+ 1.

Proof. We first prove (1)=(2). Let T} and T3 be two trees, rooted at z1 and x5
respectively. We denote by 17 =<,, T> the relation “T} is a xa-rooted minor of
T5”, that is node x is either xo or the result of contracting a series of edges,
some of them containing zo. Now, let T be a tree and v be a vertex of T" such that
By, A, T, k > 1. We claim that T is a (k — 1)-caterpillar and v is an extremity
of its spine. The proof of this claim is by induction on k. If B; £, T then T is
a path with extremity v. If £ > 1 and there is a vertex v such that By A, T,
then there are two cases. If By_1 A, T, then by induction hypothesis, T is a
(k — 2)-caterpillar with v as the first vertex of the spine. If By_1 <, T, then let
S be the set of vertices w such that Bx_1 =<, Tp[w]. S is a path starting at v,
and all the connected components of T'— S are (k — 2)-caterpillars, in which the
corresponding spine starts at the vertex adjacent to one of the vertices of S in
T. Indeed, if z ¢ S and z is adjacent to w € S, then T,[z] is one of the connected
components of T'— S and B,_1 & T,[z]. It hence just remains to show that there
is a vertex v such that By A, T. By contradiction, assume that Dy A T and
for every v vertex of T', By <, T. There is a vertex z with two neighbors, z;
and zo, such that By_1 <., T.[z1] and By_1 <., T.[22]. This implies that either
By, <., T.[z] or By <, T.,[z]. In both cases, we get D), < T, a contradiction.
Next, we prove (2)=(3) by showing that, for any connected search strategy
in Dy, there is a step in which at least k£ + 1 searchers are required to avoid
recontamination. Finally, we prove (3) =-(1). We show by induction on k, that
if T is a k-caterpillar with spine P, then there is a connected search strategy
using k + 1 searchers starting at one extremity of P. (See [2] for more details.)

Corollary 1. For a tree T, cs(T) < k if and only if T is a (k — 1)-caterpillar.
Moreover, the set of obstructions of the class of trees T with cs(T) < k contains
Dy as unique element.

Corollary 2. For any tree T, if s(T) > 2, then s(T) < cs(T) < 2s(T) — 2.
Moreover, for k > 1, ¢s(Dag—1) = 28(Da—1) — 2.

Proof. Let My, be the tree obtained from a complete ternary tree of depth k
by removing one leaf from every set of three sibling leaves. It is shown in [15]
that Mj is an obstruction of the class of graphs G with search number < k. We
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show that, for any k > 1, M} =< Dap_o. By Theorem [2], this implies that, for
every T, ¢s(T) < 2s(T) — 2. To prove that the bound is tight, we show that
CS(DQk_l) = QS(DQk_l) -2 (see [2])

Theorem 3. For any tree T', mis(T) = ¢s(T).

To prove this theorem, we only need to prove that mis(Dy) = k + 1 for all
k > 1 because mis and cs are both minor closed for trees. This follows from the
fact that, for every k, mis(By) = k, and in any search strategy for By using k
searchers, there is a step in which (1) k searchers are involved, (2) none of these
searchers occupies the root, and (3) all edges incident to the root of By, are clear.
(See [2] for more details.)

Remark. Distinct values for s and cs can be achieved for graphs of arbitrary
connectivity. For instance, for a fixed r, the ratio cs(Dy x K,)/s(Dy x K,)
approaches 2 when k goes to infinity.

4 Concluding Remarks and Open Problems

The main open problem is whether recontamination helps for connected search;
that is, whether, for any graph G with ¢s(G) < k, there exists a monotone
connected search strategy using at most k searchers. As observed in [8], all the
standard techniques for proving monotonicity fail for connected search. This
is mainly because all the monotonicity proofs (in any search variant) use as
a kernel argument the fact that the cost of the search can be expressed by a
connectivity function; i.e., a nonnegative valued function on a set S C P(M) that
is invariant over complement and satisfies the submodular property. However,
the intersection of two connected sets is not necessarily connected; hence their
failure for connected search.

Another important open problem is whether the ratio ¢s(G)/s(G) can be
bounded. We proved that for trees cs(T')/s(T) < 2 (cf. Corollary B]). A similar
bound for general graphs, say cs(G)/s(G) < b, would imply that: H < G =
cs(H) < b-es(G). That way, we could derive approximation algorithms for cs
from algorithms for the usual search number s.

Acknowledgements. The authors are thankful to Fedor Fomin for his valuable
help and comments.
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Abstract. Triple graph grammars, an extension of pair graph grammars, were
introduced for the specification of graph translators. We developed a framework
which constitutes an industrial application of triple graph grammars. It solves
integration problems in a specific domain, namely design processes in chemical
engineering. Here, different design representations of a chemical plant have to be
kept consistent with each other. Incremental integration tools assist in propagating
changes and performing consistency analysis. The integration tools are driven by
triple rules which define relationships between design documents.

1 Introduction

Triple graph grammars, an extension of pair graph grammars [1], were introduced at
the WG ‘94 workshop [2]]. Originally, they were motivated by integration problems in
software engineering; later, they were applied to other domains as well. In general, triple
graph grammars may be used for the specification of graph translations, coupling of
graph structures, and consistency maintenance.

This paper reports on an industrial application of triple graph grammars. The Col-
laborative Research Center IMPROVE [3] is concerned with the development of models
and tools for chemical engineering design. In IMPROVE, we have realized a framework
for building incremental and interactive integration tools [415]. The framework has been
developed in close cooperation with an industrial partner (innotec, a Germany software
company, which offers an engineering database system called COMOS PT).

In chemical engineering design, a chemical plant is described from different per-
spectives by a set of interrelated design documents, including various kinds of flow
sheets for describing the chemical process and the components of the chemical plant,
simulation models for steady-state and dynamic simulations, etc. Design proceeds in-
crementally, i.e., the design documents are gradually refined and improved. Throughout
the whole design process, interrelated design documents have to be kept consistent with
each other. Design documents may be represented as graphs in a natural way. Triple
graph grammars are used to define correspondences between graph structures. They
serve as specifications for rule-based integration tools.

Section P briefly recalls triple graph grammars. Section Blintroduces a motivating
example from the chemical engineering domain. SectionH]derives general requirements
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from the motivating example. Section[lpresents our framework for building incremental
and interactive integration tools. Section[d explains how triple rules are defined in this
framework. Section [7lis devoted to implementation issues. Section[§] discusses the way
we have adapted and applied the triple graph grammar approach and the experiences we
made. Section Plcompares related work. Section[T0] presents a short conclusion.

2 Triple Graph Grammars

Pair graph grammars were introduced as early as 1971 by Pratt to specify graph-to-
graph translations [1]]. A pair grammar defines a set of pair productions which modify the
participating graphs and update correspondences between nodes. Triple graph grammars
[2] are an extension of pair graph grammars. They were motivated by the study of
integration problems in software engineering environments [6]. These studies showed
the need for a separate correspondence graph to be placed in between source and target
graph. The terms “source” and “target” denote distinct ends, but do not imply a direction.
A triple production consists of productions operating on source, correspondence, and
target graph, respectively, as well inter-graph mappings which are used to relate elements
of the correspondence graph to elements of the source and the target graph, respectively.
Let us briefly recall some definitions from [2]]:

— A graph is a quadruple G = (V, E, s,t), where V and E are finite sets of vertices
(nodes) and edges, and s,t : ' — V assign source and target nodes to edges.

— A graph morphism from G to G’ is a pair h = (hy, hg), where hy : V. — V/,
hg : E — E' are defined such that they “preserve” source and target nodes.

— A (monotonic) graph production is a pair of graphs p = (L, R), where L C R.

— A graph production p is applicable to a graph G if there is a morphism i : L — G.
Application of p results in a graph G’ which is extended with (copies of) nodes and
edgesin R\ L.

— A triple graph is a structure G = (SG < hgg — CG — hpg — T'G), where SG,
CG@G, and TG denote source, correspondence, and target graph, respectively, and
hsa and hpe are graph morphisms.

— A triple production is a structure p = (sp < hsp — cp — hyp — tp), where sp,
cp, and tp denote source, correspondence and target productions, respectively. hg,
and hy,, are pairs of graph morphisms which map the left-hand and right-hand sides,
respectively.

— A triple production p is applicable to a triple graph G if its component productions
are applicable to the component graphs and the production mappings may be mapped
onto the graph mappings. Application of p results in a triple graph G’ such that the
component productions are applied to the component graphs and the graph mappings
are updated according to the production mappings.

Based on these definitions, the following propositions were proved in [2]:
— A given triple production

p=((SL,SR) < hgp — (CL,CR) — hyp, — (I'L,TR))
may be split into source-local production
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psi = ((SL,SR) + ¢ — (0,0) — e — (0,0))
and a source-to-target production
pst = (SR, SR) < hgp, — (CL,CR) — hy, — (T'L,TR))
such that p = pg; pst.

— A sequence of applications of triple productions p; . .. p, is equivalent to the appli-
cation of all source-local productions p;, ... py,,, followed by the application of
all source-to-target productions p; _, ... Dn.,-

Triple graph grammars are used for the specification of graph-based integration tools
which may be classified as follows:

Synchronous coupling. Source, correspondence, and target graph are modified syn-
chronously by applying triple productions.

Source-to-target translation. Given a source graph SG and a sequence of source-local
productions, apply source-to-target productions, yielding a correspondence graph
CG and a target graph T'G.

Incremental change propagation. Starting from a triple graph G = (SG,CG,TG),
first apply a sequence of source-local productions to SG and then propagate the
changes to C'G and T'G by applying corresponding source-to-target productions.

In the context of this paper, we will focus on incremental change propagation, which
in general may be performed bidirectionally.

3 Motivating Example

Incremental change propagation is essential in chemical engineering design, where
chemical plants are described in design documents from different perspectives. Below,
we focus on a problem which we have been studying in cooperation with an industrial
partner. innotec, a Germany software company, offers an engineering database system
called COMOS PT [7]. In particular, COMOS PT maintains flow sheets describing the
chemical process and the composition of the chemical plant to be designed. The problem
was to integrate COMOS PT with Aspen Plus [8]], a simulation environment provided
by another vendor. In Aspen Plus, simulation models are created (and executed) which
have to be kept consistent with the corresponding flow sheets.

In chemical engineering, the flow sheet acts as a central document for describing the
chemical process. The flow sheet is refined iteratively so that it eventually describes the
chemical plant to be built. Simulations are performed in order to evaluate design alterna-
tives. Simulation results are fed back to the flow sheet designer, who annotates the flow
sheet with flow rates, temperatures, pressures, etc. Thus, information is propagated back
and forth between flow sheets and simulation models. Unfortunately, the relationships
between them are not always straightforward. To use a simulator such as Aspen Plus,
the simulation model has to be composed from pre-defined blocks. Therefore, the com-
position of the simulation model is specific to the respective simulator and may deviate
structurally from the flow sheet.

Figure [Il illustrates how an incremental integration tool assists in maintaining con-
sistency between flow sheets and simulation models. The chemical process taken as
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Fig. 1. Integration between flow sheet and simulation model

example produces ethanol from ethen and water. Flow sheet and simulation model are
shown above and below the dashed line, respectively. The integration document for con-
necting them contains links which are drawn on the dashed line. The figure illustrates a
design process consisting of four steps:

4

. Aninitial flow sheet is created in COMOS PT. This flow sheet is still incomplete, i.e.,

it describes only a part of the chemical process (heating of substances and reaction
in a plug flow reactor, PFR).

. The integration tool is used to transform the initial flow sheet into a simulation model

for Aspen Plus. Here, the user has to perform two decisions. While the heating step
can be mapped structurally 1:1 into the simulation model, the user has to select
the most appropriate block for the simulation to be performed. Second, there are
multiple alternatives to map the PFR. Since a straightforward 1:1 mapping is not
sufficient, the user maps the PFR into a cascade of two blocks.

. The simulation is performed in Aspen Plus, resulting in a simulation model which

is augmented with simulation results. In parallel, the flow sheet is extended with the
chemical process steps that have not been specified so far (flashing and splitting).

. Finally, the integration tool is used to synchronize the parallel work performed in the

previous step. This involves information flow in both directions. First, the simulation
results are propagated from the simulation model back to the flow sheet. Second,
the extensions are propagated from the flow sheet to the simulation model. After
these propagations have been performed, mutual consistency is re-established.

Requirements

From the motivating example presented in the previous section, we derive the following
requirements:
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Functionality. An integration tool must manage links between objects of inter-depend-
ent documents. In general, links may be m:n relationships, i.e., a link connects
m source objects with n target objects. They may be used for multiple purposes:
browsing, consistency analysis, and transformation.

Mode of operation. An integration tool must operate incrementally rather than batch-
wise. It is used to propagate changes between inter-dependent documents. This is
done in such a way that only actually affected parts are modified. As a consequence,
manual work does not get lost, as it happens in the case of batch converters.

Direction. In general, an integration tool may have to work in both directions. That is,
if d; is changed, the changes are propagated into ds and vice versa.

Mode of interaction. While an integration tool may operate automatically in simple
scenarios, it is very likely that user interactions are required to resolve non-deter-
ministic choices.

Time of activation. In single-user applications, it may be desirable to have changes
propagate eagerly. This way, the user is informed promptly about the consequences
of the changes performed in the respective documents. In multi user scenarios,
however, deferred propagation is usually required. In this case, each user keeps
control of the export and import of changes from/to his local workspace.

Integration rules. An integration tool is driven by rules defining which object patterns
may be related to each other. It must provide support for defining and applying these
rules.

Traceability. An integration tool must record a trace of the rules which have been
applied. This way, the user may reconstruct later on which decisions have been
performed during the integration process.

Adaptability. An integration tool must be adaptable to a specific application domain.
Adaptability is achieved by defining suitable integration rules and controlling their
application (e.g., through priorities). It must be possible to modify the rule base on
the fly.

A posteriori integration. An integration tool must work with heterogeneous tools sup-
plied by different vendors. To this end, it has to access these tools via corresponding
wrappers which provide abstract and unified interfaces.

5 Framework for Building Integration Tools

Figure [2] provides an overview of the framework for tool integration which we have
developed with our industrial partner. At the heart of this framework, the integrator
core offers basic functionality. In particular, it includes the basic control logic, i.e.,
the algorithms for document integration. The integrator core accesses the integration
document which stores fine-grained links and records the application of integration rules.
Furthermore, it is connected to the tools and documents to be integrated via respective
wrappers, which are used to abstract from tool-specific details (a posteriori integration).
The integrator user interface is used to control the integrator interactively. The rules
which drive the integrator are specified in a rule definition tool. Rules are interpreted
by the integrator core; alternatively, they may be hard-coded and compiled for more
efficient executio.

! Currently, the latter requires manual programming.
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Fig. 2. Framework for tool integration

Let us illustrate the operation of this framework by the example of Section 3

. The flow sheet designer creates an initial flow sheet in COMOS PT. Here, COMOS

PT is used as it stands.

. The simulation expert uses the integrator to create a simulation model. The inte-

grator accesses the flow sheet through the COMOS PT wrapper which provides a
graph-based view on the source graph. Similarly, the Aspen Plus wrapper offers
an updatable view on the target graph. The simulation expert activates source-to-
target productions through the interactive interface of the integrator. Source-to-target
relationships are stored in the integration document, which plays the role of the cor-
respondence graph.

. The flow sheet designer and the simulation expert operate in parallel locally on their

respective documents.

. The changes are synchronized with the help of the integrator. To synchronize the

changes, both source-to-target and target-to-source productions are applied.

Definition of Rules

For the definition of rules, we decided to rely on the Unified Modeling Language [9]
primarily for pragmatic reasons. The UML is a wide-spread modeling language which
is supported by CASE tools such as Rational Rose, Together]J, etc. Although the UML
is based on an object-oriented rather than on a graph-based data model, there are strong
relationships to graphs and graph rewriting systems. For example, an object diagram
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Fig. 3. Encoding graph rewrite rules with collaboration diagrams
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Fig. 4. Modeling process

showing a set of objects connected by links may be viewed as a graph. Likewise, a collab-
oration diagram extending a static object diagram with operations for creating/deleting
objects or links corresponds to a graph rewrite rule.

FigureBlillustrates how graph rewrite rules are expressed as collaboration diagrams.
All of these rules deal with simple 1:1 correspondences between heater elements in flow
sheets and heater blocks in simulation models. Left- and right-hand side of a graph
rewrite rule are merged into a single diagram. Creation and deletion of objects and
links are indicated by annotations new and delete, respectively. Rules a) and b) are
constructive since they insert objects and links into the target (source) document after
the source (target) document has been extended. In contrast, the destructive rules c) and
d) are applied to propagate deletions: If the source (target) object is not present any
more, the target (source) object as well as the link object have to be deleted. Please note
that in general users may perform not only insertions, but also changes and deletions
to source and target documents. Thus, we have to deal with general graph rewrite rules
rather than only with generating productions.

So far, we have tacitly assumed that the rule base is given when the integrator is
applied. In fact, it is fairly difficult to define an appropriate and comprehensive rule set
beforehand. Rather, the rules have to be learned through experience. This is achieved
through a round-trip modeling process which is illustrated in Figure ] Let us assume an
initial rule base to start with. The user may apply these rules to establish correspondences
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between source and target document. If the user wishes to establish a certain correspon-
dence even though a specific rule is not available, he may resort to built-in ad-hoc rules
by means of which “untyped” correspondences may be created. Here, the user has to
specify correspondences manually. Concrete correspondences stored in actual integra-
tion documents may be transformed into abstract correspondences defining mutually
related graph patterns. Subsequently, these static correspondences may be transformed
into dynamic rules. After that, the integrator may be used with the improved rule set.

Figure[§ gives an example of a complex correspondence which is represented by an
object diagram. This correspondence is abstracted from the link between the plug flow
reactor in COMOS PT and the cascade of reactor blocks in Aspen Plus, as illustrated in
Figure[]E. From an object diagram, we may derive collaboration diagrams by introducing
new and delete annotations. This may be performed in two steps. In the first step, a
synchronous rule is defined. In the second step, source-to-target and target-to-source
rules may be derived from the synchronous rule.

So far, only the structural aspects of correspondences and rules have been addressed.
In addition, attributes have to be considered. In practice, elements of flow sheets and
simulation models may carry alarge number of attributes which have to be kept consistent
with each other. Therefore, rules for attribute assignments have to be provided as well.
In the UML, the relationships between attribute values may be defined in the Object
Constraint Language (OCL). For further details on attribute assignments, the reader is
referred to [5]].

2 Please note that a simplified notation was employed in Figure[Il while FigureBlshows the actual
internal graph representation. In particular, connections are represented as objects, as well as
the end points (ports) of both connections and devices.
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7 Implementation

The framework introduced in Section Blwas implemented in cooperation with our indus-
trial partner innotec, the provider of COMOS PT. The implementation was performed
such that the integrator would interact smoothly with COMOS PT (and Aspen Plus).
Furthermore, it was required to keep the implementation as slim as possible and to avoid
rucksacks of infrastructure software. For these reasons, we did not use the PROGRES
environment [[10], which is still heavily used in other projects carried out in our group.
Rather, a light-weight implementation was realized which is tailored towards the specific
requirements of our application domain and does not provide a general and powerful
graph rewriting machinery.

For the points to be made in the next section, it is not important to go into the
details of the implementation. However, we do have to convey an overall understanding
of how the integrator works. The integrator is provided with the source document, the
target document, and the integration document. Both the source document and the target
document may have been modified after the last run of the integrator (see e.g. the last
step of our example in Section[3)). To re-establish consistency, the integrator searches
source and target documents for elements which do not participate in correspondences.
These elements are scheduled for source-to-target or target-to-source transformations.
In the next step, the set of candidate rules is identified for each scheduled element.
If there is no such rule, the user may apply a built-in ad hoc rule. If there is more
than one rule, the user has to select the appropriate one. If there is exactly one rule,
the rule is applied automatically. In addition, the integrator performs a run through the
integration document to check the consistency of the correspondences already stored
in the integration document. Each correspondence stores a reference to the respective
rule. All correspondences whose source or target patterns were modified as marked as
inconsistent. If essential elements of those patterns were deleted, the correspondence
is deleted as well. If possible, repair actions are initiated to re-establish consistency.
In addition to structural rules, the integrator also handles attribute rules (through the
execution of script code).

8 Discussion

After having recalled the theoretical foundations of triple graph grammars in Section
and having presented a practical application in the following sections, we now reflect
on the experiences we have made in the described application.

By and large, triple graph grammars constitute a powerful conceptual framework for
addressing integration problems for the following reasons:

— For complex m:n relationships, it pays off to introduce a correspondence graph in
between the source and the target graph.

— Triple productions declaratively specify coupling of graph structures and abstract
from the different possible modes of use: synchronous coupling, source-to-target
(and target-to-source) translation, and incremental change propagation.

On the other hand, the actual definitions as given in [2] bear some restrictions which
prevented their use in our context:
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— Graphs are not typed, and nodes do not carry attributes. Both types and attributes
are very important in our application domain.

— Inter-graph relationships are represented by graph morphisms. Usually, morphisms
are defined between graphs of the same type. Furthermore, they have to preserve
not only source and target nodes of edges, but also types. This is not the case for
the relationships between the correspondence graph and source or target graph. In
addition, a correspondence node may be related to only one source and target node,
respectively. Thus, complex correspondences cannot be modeled in the way we have
done it (see Figure [3)); rather, they have to spread over multiple correspondence
nodes which are grouped only implicitlyﬁ. Altogether, it seems more appropriate to
represent inter-graph relationships by inter-graph edges instead.

— The definitions deal only with graph grammars. However, we are concerned with
graph rewriting systems: The user may also apply deleting or modifying transfor-
mations. Grammars are adequate for batch translations: Given a source graph SG,
construct a target graph T'G. However, we have to deal with general editing rather
than merely with constructing operations.

Finally, we faced some practical problems in our application domain:

— The original proposal tacitly assumes that we may start from given grammars for
the source and target graphs. In practice, these grammars are not available. Usually,
tools provide a procedural interface (e.g., OLE) for reading and writing the data
stored in native data structures. There is no definition of the underlying graphical
language. At best, the tool builder may provide a documented textual interchange
format (typically XML).

— Likewise, it is by no means straightforward to define the triple rules. In fact, the
correspondences between flow sheets and simulation models may be defined only
through practical experience. Therefore, we introduced our round-trip modeling
process illustrated in Figure [4l

— In our application domain, we only have a fairly weak notion of consistency. The
rules describing correspondences between flow sheets and simulation models are
of heuristic nature. Similar observations apply e.g. to the relationships between
requirements definitions and software architectures in software engineering [6].

— In [2], it is assumed that the decoupling of transformations is achieved with the help
of graph parsers: Only when we know the production sequence on the source graph
can we apply the corresponding productions on the target graph. Building of graph
parsers is complicated anyway, but it completely breaks down when the parsing
problemis undecidable]. For these reasons, we have never considered building graph
parsers. Rather, the changes performed on source and target graph are determined in
a completely different way by traversing source, target, and correspondence graph,
as described in Section [7]

3 In the example given in [2], this grouping is introduced informally by composite node identifiers.
* The original proposal assumes monotonic productions to guarantee decidability.
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9 Related Work

Triple graph grammars have their roots in the IPSEN project [ 11]] which dealt with tightly
integrated software development environments. Originally, only a priori integration was
considered, i.e., tools were designed for integration from the very beginning. Lefering
[6]] used triple graph grammars to develop incremental integration tools for the coupling
of requirements definitions and software architectures. Later on, triple graph grammars
were applied in several software engineering projects outside the scope of the IPSEN
project. In particular, they were used for the re-engineering of software systems. In the
Varlet project [[12], incremental integration tools were built for mapping relational to
object-oriented database schemas. In ReforDi [[13]], tools were developed for migrating
mainframe applications to a client-server architecture. Here, the structure graph of the
original Cobol application was mapped to an object-based architecture with the help of
triple rules. Both projects relied on the PROGRES environment [[10] as the underlying
specification and implementation machinery. Finally, [[14] reports on an application of
triple graph grammars in chemical engineering. To some extent, this work served as a
starting point for the project described in this paper.

Graph transformations have been used for the specification of integration tools in a
couple of other projects as well. Some of this work is devoted to model transformations,
where a given model is transformed into another notation [[15/16]. Model transforma-
tion tools usually operate in batch mode without user interaction, i.e., they work like a
compiler. In contrast, the applications we study demand for incremental, interactive inte-
gration tools. Closely related problems are studied in the ViewPoints project [17], which
investigates methods and tools for maintaining consistency between related view points
(documents in our terminology) in software engineering. Enders et al. [18]] describe how
consistency analysis and repair actions in the ViewPoints approach are specified with the
help of distributed graph transformations. Here, the more restricted pair graph grammar
approach coined by Pratt [1] is applied.

10 Conclusion

We have presented an industrial application of triple graph grammars. Incremental in-
tegration tools are used to maintain consistency between inter-dependent design docu-
ments in chemical engineering. We have also discussed the strengths and limitations of
the triple graph grammar approach. In our future work, we will evaluate the tools which
we built in cooperation with our industrial partner. Furthermore, we will generalize the
framework such that it can be applied outside the chemical engineering domain.
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Abstract. The Minimum Degree Algorithm, one of the classical algo-
rithms of sparse matrix computations, is a heuristic for computing a
minimum triangulation of a graph. It is widely used as a component in
every sparse matrix package, and it is known to produce triangulations
with few fill edges in practice, although no theoretical bound or guarantee
has been shown on its quality. Another interesting behavior of Minimum
Degree observed in practice is that it often results in a minimal triangula-
tion. Our goal in this paper is to examine the theoretical reasons behind
this good performance. We give new invariants which partially explain
the mechanisms underlying this heuristic. We show that Minimum De-
gree is in fact resilient to error, as even when an undesirable triangulating
edge with respect to minimal triangulation is added at some step of the
algorithm, at later steps the chances of adding only desirable edges re-
main intact. We also use our new insight to propose an improvement of
this heuristic, which introduces at most as many fill edges as Minimum
Degree but is guaranteed to yield a minimal triangulation.

1 Introduction

For the past forty years, problems arising from applications have given rise to
challenges for graph theorists, and thus also to a wealth of graph-theoretic re-
sults. One of these is computing a minimum triangulation. Although the problem
originally comes from the field of sparse matrix computations [20], it has appli-
cations in various areas of computer science.

Large sparse symmetric systems of equations arise in many areas of engi-
neering, like the structural analysis of a car body, or the modeling of air flow
around an airplane wing. The physical structure can often be thought of as cov-
ered by a mesh where each point is connected to a few other points, and the
related sparse matrix can simply be regarded as an adjacency matrix of this
mesh. Such systems are solved through standard methods of linear algebra, like
Gaussian elimination, and during this process non-zero entries are inserted into
cells of the matrix that originally held zeros, which increases both the storage
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requirement and the time needed to solve the system. It was observed early that
finding a good pivotal ordering of the matrix can reduce the amount of fill thus
introduced: in 1957, Markowitz [14] introduced the idea behind the algorithm
known today as Minimum Degree, choosing a pivot row and column at each step
of the Gaussian elimination to locally minimize the product of the number of
corresponding off-diagonal non-zeros. Tinney and Walker [22] later applied this
idea to symmetric matrices, and Rose [20] developed a graph theoretical model
of it.

As early as 1961, Parter [I8] presented an algorithm, known as Elimina-
tion Game (EG), which simulates Gaussian elimination on graphs by repeatedly
choosing a vertex and adding edges to make its neighborhood into a clique be-
fore removing it, thus introducing the connection between sparse matrices and
graphs. In view of the results of [8], the class of graphs produced by EG is ex-
actly the class of chordal graphs. Thus when the given graph is not chordal,
Gaussian elimination and EG correspond to embedding it into a chordal graph
by adding edges, a process called triangulation. As can be observed on the exam-
ple in Figure [[] the number of fill edges in the resulting triangulation is heavily
dependent on the order in which EG processes the vertices. This ordering of the
graph corresponds to the pivotal ordering of the rows and columns in Gaussian
elimination.

As mentioned above, it is of primary importance to add as few edges as
possible when running EG. The corresponding problem is that of computing
a minimum triangulation, which is NP-hard [23]. It is possible to compute in
polynomial time a triangulation which is menimal, meaning that an inclusion-
minimal set of edges is added [16], [2I]. However, such a triangulation can be
far from minimum, as can be seen from the example of Figure [Ib). As a result,
researchers have resorted to heuristics, of which one of the most universally used
and studied is Minimum Degree (MD): this runs EG by choosing at each step
a vertex of minimum degree in the transitory elimination graph, as illustrated
by Figure [[{d). This algorithm is widely used in practice, and it is known to
produce low fill triangulations. In addition, MD is also observed [5] to produce
triangulations which are often minimal or close to minimal.

1 4 6
@ ZQS lie ZQ |
6 7 5 ‘ 7 7 1
(@ (b) © @

Fig. 1. (a) A graph G, and various triangulations of G by EG through the given order-
ings: (b) A minimal triangulation with O(n?) fill edges. (c) A non-minimal triangulation
of G with less fill. (d) A minimum triangulation of G.

MD has given rise to a large amount of research with respect to improving
the running time of its practical implementations, and the number of papers
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written on this subject is in the hundreds [1], [9]. However, very little is proved
about its quality. It has in fact been analyzed theoretically only to a limited
extent, which makes it difficult to gain control over this heuristic in order to
improve it yet further, although recent research has been done on algorithms for
low fill minimal triangulations [5], [6], [19].

In this paper, we use recent graph theoretical results on minimal triangulation
and minimal separation to explain, at least in part, why MD yields such good
results. In fact, it turns out that one of the reasons why MD works so well is
that the EG algorithm is remarkably robust, in the sense that it is resilient to
error: if at some step of the process an undesirable edge with respect to minimal
triangulation is added, at later steps the chances of adding only desirable edges
remain intact. One of our contributions here is that we use the insight we have
gained on the mechanisms which govern EG and MD to propose an algorithmic
process which improves the results obtained by MD, giving triangulations that
are both minimal and have low fill.

The remainder of this extended abstract is organized as follows: Section 2
gives the graph theoretic background, introduces EG formally, and gives previous
results on minimal separation and minimal triangulation. In Section 3, we give
some new invariants for EG and MD, and explain why these algorithms are
resilient to error, and why in many cases MD computes a minimal triangulation.
Section 4 proposes a new algorithmic process in view of using the results of the
paper to improve MD.

2 Preliminaries

Given a graph G = (V, E), we denote n = |V| and m = |E|. For any subset S
of V, G(S) denotes the subgraph of G induced by S, and Cg(S) denotes the
set of connected components of G(V — S). For the sake of simplicity, we will
use informal notations such as H = G + {e} + {«} when H is obtained from
G by adding edge e and vertex x. For any vertex v of G, Ng(v) denotes the
neighborhood of v in G, and Ng[v] denotes the set Ng(v) U {v}. For a given set
of vertices X C V, Ng(X) = UpexNg(v) — X, and Ng[X] = UyexNe(v) U X.
We will omit the subscripts when there is no ambiguity.

A vertex is simplicial if its neighborhood is a clique. We will say that we
saturate a set of vertices X when we add to the graph all the edges necessary
to make X into a clique. A graph is chordal, or triangulated, if it contains no
chordless cycle of length > 4. The set F' of edges added to an arbitrary graph
G = (V, E) to obtain a triangulation H = (V, E + F) of G is called a fill.

A function o : V. — {1,2,..,n} is called an ordering of the vertices of
G = (V,E), and (G, «) will denote a graph G the vertices of which are ordered
according to o. We will use a = (v, va, ..., vy,), where a(v;) = i.

The algorithmic description of Elimination Game (EG) given below defines
the notations we will use in the rest of this paper:
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Algorithm Elimination Game
Input: A graph G = (V, E), and an ordering « of the vertices in G.
Output: A triangulation G of G.
Gl « G; Gt +« @G,
for k=1tondo
Let F' be the set of edges necessary to saturate Ngrk (vg) in GE;
GEt 4+ GL+ F —{w}; GE + GL + F;

According to the definition used in [16], we will call G% ({v, ..., Up } =N [vk])
the section graph at step k. It is immediate from the description of EG that for
any distinct ¢,5 € [k, n], edge v;v; is present in G iff there is a path in G
between v; and v; (the path may have only one edge) all intermediate vertices of
which are numbered < k (i.e. do not belong to G¥). Similarly, the edges added
during an execution of EG are well defined as v;v; is an edge of G} iff v;v; is
an edge of G or there is a path in G between v; and vj;, all intermediate vertices
of which have a number which is strictly smaller than min{4, j} [21].

The Minimum Degree (MD) heuristic is based on EG: it takes as input an
unordered graph G, and computes an ordering « along with the corresponding
triangulation G, by choosing at each step a vertex of minimum degree in G
and numbering it as v.

Before proceeding to the next section, we will need some results on minimal
separation. The notion of a minimal separator was introduced by Dirac [7] to
characterize chordal graphs. Given a graph G = (V, E), a vertex set S C V is a
minimal separator if G(V — S) has at least two connected components C; and
Cy such that Ng(C1) = Ng(C2) = S (Cq and Cy are called full components).

Characterization 1. ([7]) A graph is chordal iff all its minimal separators are
cliques.

Recent research [11], [1I7], [2] has shown that minimal separators are central
to minimal triangulations. The idea behind this is that forcing a graph into
respecting Dirac’s characterization will result into a minimal triangulation, by
repeatedly choosing a not yet processed minimal separator and saturating it. We
will need the definition of crossing separators, which characterize the separators
that disappear when a saturation step of this process is executed:

Definition 1. ([I1]) Let S and S’ be two minimal separators of G. S and S’ are
said to be crossing if there exist two connected components Cy,Cy of G(V — S),
such that S’ NC1 # 0 and S’ N Cy # O (the crossing relation is symmetric).

The saturation process described above can be generalized by choosing and
simultaneously saturating a set of pairwise non-crossing minimal separators in-
stead of a single minimal separator at each step, until a chordal graph is obtained.
We will refer to this generalized process as the Saturation Algorithm. Given a
set S of minimal separators of G, we will denote s the graph obtained from G
by saturating all the separators belonging to S.

The following results from the works of Kloks, Kratsch and Spinrad [11] and
Parra and Scheffler [I7] provide a proof of this algorithm and will be used in
Sections 3 and 4.
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Theorem 1. ([11], [17]) A graph H = (V,E + F) is a minimal triangulation
of G = (V,E) iff there is a mazimal set S of pairwise non-crossing minimal
separators of G such that H = Gg.

Corollary 1. A graph H = (V, E+F) is a minimal triangulation of G = (V, E)
iff H is chordal and there is a set S of pairwise non-crossing minimal separators
of G such that H = Gg.

Lemma 1. ([I7]) Let G = (V, E) be a graph, let S and S’ be sets of pairwise
non-crossing minimal separators of G and Gs, respectively. Then SUS' is a set
of pairwise non-crossing minimal separators of G.

Lemma 2. ([17)) Let G = (V,E), be a graph and S a set of pairwise non-
crossing minimal separators of G. Then any minimal triangulation of Gs is a
minimal triangulation of G.

We will also use the notion of substar, which was introduced by Lekkerkerker
and Boland [12] in connection with their characterization of chordal graphs.

Definition 2. ([12]) Given a graph G = (V, E) and a vertez x of G, the substars
of x in G are the neighborhoods in G of the connected components of G(V —N|x]).

In fact, although Lekkerkerker and Boland seemed not to be aware of this,
the set of substars of some vertex x is exactly the set of minimal separators
included in the neighborhood of z. LB-simpliciality of a vertex was defined in
[B] in the following way for more convenient terminology.

Definition 3. A vertex x is LB-simplicial if every substar of x is a clique.

This was implicitly used by [12] to characterize chordal graphs as graphs
such that every vertex is LB-simplicial, but the notion of substar is also very
useful in the context of minimal triangulation, because it provides a fast and
easy way of repeatedly finding sets of pairwise non-crossing minimal separators
when running the Saturation Algorithm. This is fully described in [], with in
particular the following lemma:

Lemma 3. ([4]) The substars of a vertex x in a graph G are pairwise non-
crossing in G.

3 Properties of EG Related to Minimal Triangulation

We will now examine how EG behaves with respect to the minimal separators
of the graph which is to be triangulated.
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3.1 EG and Partial Minimal Triangulation

We will first extend the definition of substar given in Section 2 to that of substars
of (G, ).

Definition 4. Given (G = (V, E),«), we will say that a set S C V of vertices
is a substar of (G, «) if there is some step k of EG such that S is a substar of
v in GE, which will be referred to as a substar defined at step k of EG.

o’

Clearly, during the execution of the EG, at each step k, making the currently
processed vertex vy, simplicial will saturate these substars, and may also add some
extraneous edges which do not have both endpoints in some common substar,
so that two kinds of edges can be added:

— Edges which have both endpoints in some common substar defined at step

k. We will refer to these edges as substar fill edges.

— Edges which do not have both endpoints in some common substar defined
at step k. We will refer to these as eztraneous edges.

In Section 2, we mentioned that in G and for a given vertex v, the substars of
v are the minimal separators included in the neighborhood of v. One of our most
interesting discoveries is that, in fact, all the substars defined by EG are minimal
separators of the input graph, whether or not extraneous edges have been added
at earlier steps. This fact is stated in Theorem [2, and its proof is based on the
following lemma, which is interesting in its own right, as it describes a strong
correspondence between the structures of G and G~.

Lemma 4. Given (G = (V,E), ) and an integer k € [1,n], let GE = (V¥ E¥)
and S C V*. The connected components of GE(VE — S) are the sets C N VE
where C' is a connected component of G(V — S) such that C N VE £ 0, with the
same neighborhoods, i.e. Ngr (C' N VE) = Ng(C).

Proof. Let S C VF. We have to prove that Car (S) = {CNVE CeCa(S)|CNn
VE £ 0} and VC € Cg(S) such that C N VE # 0, Nk (CN Vk)y = Ng(C).
Let C' € Cg(S) such that C NV¥ # @ and let C' = C' N V. Let us show that
C" € Cgr(5) and Ngx (C') = Ng(O). G*(C") is connected because for any
vertices z and y in C’, there is a path P in G(C') between z and y, and by the
properties of EG, the sub-sequence of P containing only the vertices belonging to
V¥ is a path in G%(C”) between z and y. Let us show that Ngx (C') € Na(O).
Let € Ngx (C') and y € C” such that zy € EE. By the description of EG,
there is a path in G between x and y all intermediate vertices of which belong
to V — V! and therefore belong to V — S and consequently belong to C, so
z € Ng(O). Let us show that Ng(C) C Ngk (C”). Let € Ng(C) and y € C
such that xy € E. As C' # (), we may choose z € C’. Let P be a path in G(C)
between y and z and let 2’ be the first vertex of P from y belonging to V.*. Vertex
z € C', and due to EG, 2’ € Ef, sox € Ngx (C'). Thus Ngx (C') = Ng(C). As
C"#0,C" CVE-S,GE(C) is connected and Ngi (C') = Ng(C) € S, it follows
that C’ € Cgx (S). Therefore, {C N VY, C € Ca(S) | CNVE # 0} C Car(S5).
As Ucecg(s)(CNVE) =VE — S, the reverse inclusion holds too.
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Theorem 2. Every substar of (G, ) is a minimal separator of G.

Proof. Let S be a substar defined at step k. S is a minimal separator of G¥
and by Lemmal[d there are at least as many full components of G(V — S) as of
Gk (VF - S). So S is also a minimal separator of G.

We are now ready to state our Main Theorem:

Theorem 3. The set of substars of (G, ) forms a set of pairwise non-crossing
minimal separators of G.

Proof. Let S and S’ be two substars of (G, «) defined at steps k and k" respec-
tively, with k& < k’. By Theorem [Z they are both minimal separators of G. Let
us show that they are non-crossing in G. If k¥ = k' then they are non-crossing
in G*¥ by Lemma [3, so they are non-crossing in G' by Lemma H. We suppose
now that k < k. S is a clique of GE*! and S C V**1 5o there is a connected
component C of GE+1(VE+L — 8"} such that S C S’ U C. By Lemma[, there is
a connected component C’ of G(V — S’) containing C, so S C S’ UC’. Hence S
and S’ are non-crossing in G.

Note that this theorem does not guarantee that the set of substars defines a
set of pairwise non-crossing minimal separators which is maximal. For instance,
for any non complete graph G, if v; is a universal vertex of G then there is no
substar of (G, a) whereas G has at least one minimal separator. A less trivial
counterexample is given in Figure 2(b) of Example [I]

5

(@ C
Fig. 2. Two executions of EG on the same graph with (b) an arbitrary ordering, and
(c) an MD ordering.

Ezxample 1. Figure Bl shows two executions of EG on graph G. A graph G and
an ordering « are given in (a). The minimal separators of G are: {1, 3}, {3,5},
{3,7}, {1,4,6}, {1,4,7}, {1,4,8}, {3,5,7}, {4,5,7}, {4,5,8}, {4,6,8}, {3,4,6}.

We now demonstrate the execution of EG on (G, «) resulting in the graph
shown in (b). Step 1: N(1) = {2,3,5}, C1 = {4,6,7,8}, N(Cy) = {3,5}; substar
fill edge 35 and extraneous edge 25 are added. Step 2: N(2) = {3,5}; Cy =
{4,6,7,8}, N(C3) = {3,5}; 2 is simplicial, so no edge is added. Step 3: N(3) =
{4,5,8}, C3 = {6,7}, N(C3) = {4,5,8}; substar fill edges 48 and 58 are added.
Step 4: N(4) = {5,6,7,8}; 4 is universal, so no component is defined; extraneous
edges 57 and 68 are added; the remaining graph becomes a clique; no further
edge is added. The set of substars of (G, «) is thus {{3,5},{4,5,8}}, which is a
set of pairwise non-crossing minimal separators of G, but not a maximal one as
{{3,5},{4,5,8},{4,5,7}} and {{3,5}, {4, 5,8}, {4,6,8}} are also sets of pairwise
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non-crossing minimal separators of GG. If only substar fill edges are preserved, a
chordless cycle 5678 remains in the graph thus obtained. In order to saturate
a maximal set of pairwise non-crossing minimal separators of G, {4,5,7} or
{4, 6, 8} should also be saturated.

On the same graph, MD yields a minimal (and even minimum) triangulation,
as shown in (c).

We would like to end this subsection with a discussion on the robustness of
EG and MD regarding the process of defining non-crossing minimal separators of
G. If, during the EG process, no extraneous edge is added, then the triangulation
which is computed is minimal. However, due to Theorem[3], even when extraneous
edges have been added, all substar fill edges added later belong to a set of pairwise
non-crossing minimal separators of G, and therefore to a minimal triangulation
of G. Thus if only a few extraneous edges are added during EG process, they will
not destroy the property that all the substar fill edges are “useful” edges and
that these few extraneous edges are the only “unnecessary” edges introduced.
This makes EG a fault-tolerant procedure.

3.2 Conditions for EG and MD to Produce Minimal Triangulations

We have seen that EG does not necessarily compute a minimal triangulation.
However, as mentioned earlier, MD is observed in practice to often produce
orderings that are minimal or close to minimal, in addition to low fill. We will
now give an explanation of this good behavior of MD through Lemma [l

Lemma 5. Let vy, be a vertex of minimum degree in G such that the union of
all substars defined at step k is equal to a substar S defined at step k. Then only
substar fill edges are added at step k.

Proof. Assume by contradiction that there is an extraneous edge yz added at
step k. Then y or 2, say y, is not in S. Ngx (y) € Ngk [vx] — {y, 2}, so that
|Ngk (y)| < [Nk (vg)], which contradicts the fact that vy, is a vertex of minimum
degree in GF.

This result shows in particular that when the section graph is connected at
some step of MD, then fill edges are added at that step only within the single
substar defined. As is clear from the proof of this lemma, this is not the case in
general for EG. Moreover, in most practical applications [T5], the input graph is
sparse; although no statistical result has been established on this, intuitively, a
vertex x of minimum degree quite often defines only one substar, which usually
corresponds to a connected section graph. MD run on sparse graphs thus stands
a significantly higher chance of generating minimal triangulations than EG.

4 Improving the Results of Minimum Degree

Based on the results of the previous sections, we now present a variant of MD
that produces a minimal triangulation and yields at most the same amount of
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fill, because it computes a minimal triangulation which is a subgraph of the
graph computed by MD.

We have seen in Section 3 that the set S of non-crossing minimal separators
of G defined by the set of all substars of (G, «) is not necessarily maximal. Thus
if we remove all extraneous edges from G (or equivalently, add to G only the
substar fill edges), the graph Gg thus obtained might fail to be triangulated.
However, by Lemma 2] we know that any minimal triangulation H of Gg is a
minimal triangulation of G. We thus propose a process which computes a mini-
mal triangulation of the graph Gs obtained by running MD on G and removing
the extraneous edges. In order to give the MD approach its chances, we will
repeat the process of running MD on the partially triangulated graph obtained
and removing the extraneous edges, until a chordal graph is obtained. However,
at the beginning of each iteration, we will remove all LB-simplicial vertices,
according to the following result:

Lemma 6. Let G = (V, E) be a graph, X the set of LB-simplicial vertices of G,
and G' = G(V-X) = (V', E’). For any minimal triangulation H' = (V', E'+F’)
of G', the graph H = (V, E + F') is a a minimal triangulation of G.

Proof. H is chordal because for any cycle C' in H of length > 4, either C' is in
H' and then C has at least one chord, or C' contains a vertex z of X and then
the neighbors of x in C induce a chord of C, as they belong to the substar of
z in H defined by the component containing the other vertices of C', which is
also substar of z in G (otherwise there would be an edge yz in F’ such that y
belongs to a connected component D of G(V — Ngz]) and z does not belong
to Ng[D]; by Theorem [I, y and 2 would be in a minimal separator of G’, so
they would be vertices of a chordless cycle C’ in G', C’ would have to contain
two distinct vertices in Ng(D) inducing a chord of C’, a contradiction). So H
is a a triangulation of G. It is a minimal one because for any chordal graph
H, = (V,E + F{) with F{ C F’, the graph H] = (V', E' 4+ FY) is chordal too, so
that F| = F".

Thus the LB-simplicial vertices can only cause MD to add extraneous edges,
as well as unnecessarily increasing some vertex degrees, which justifies our sys-
tematically eliminating them from the graph at each step. Note that any step
of the MD process tends to create LB-simplicial vertices, so removing these can
make a significant difference regarding the quality of the fill obtained. We now
present the new algorithm.

Algorithm Minimal Minimum Degree (MMD)

Input: A graph G.

Output: A minimal triangulation H of G.

Run MD on G, which defines an ordering « and a set of substars S of (G, a);

G/ < Gs; H + Gs;

while G’ is not chordal do
Remove all LB-simplicial vertices from G’;
Run MD on G’, which defines an ordering « and a set of substars S of (G’, a);
G' + G§; H «+ Hsg;
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It should be noted that graphs can be constructed such that no execution of
MD can produce a minimal triangulation. Such an example is a graph consisting
of two large cliques, connected by a single path of length > 2. The graph is
chordal, but vertices on the path will be chosen by MD at first steps, introducing
unnecessary fill. MMD will not encounter any problem with that kind of graph,
since the only minimal triangulation of a chordal graph is the graph itself.

We now prove that MMD gives a fill which is as least as good a that of MD,
by showing that MMD yields a subgraph of the graph computed by MD.

Theorem 4. Let S be the set of substars of (G, ). Then any minimal triangu-
lation H of Gs is a minimal triangulation of G which is a subgraph of G7 .

Proof. In [4] the following property (P) is proved: Let S be a set of pairwise
non-crossing minimal separators of G. Then VS € S, Cg(S) = Cgq(S) and
VC € Cg(S), Ng(C) = Ngg(C). We will use (P) in our proof. Let H be a
minimal triangulation of Gs. By Theorem Bl and Lemma B] H is a minimal
triangulation of G. Let us show that H is a subgraph of G. By Theorem[Il and
the fact that Gg is a subgraph of G7, it is sufficient to show that any minimal
separator of Gg is a clique of G} Let T be a minimal separator of Gg, let u and v
be two vertices of T with a(u) < a(v) and let k = a(u) (i.e. u = vi). Let us show
that uv is an edge of G}, i.e. v € Ngr (vg). We assume by contradiction that
v & Ngr (vg). Let S be the substar of (G, «) defined at step k by the component
containing v. S is a minimal separator of G¥ separating the vertices v and v of
T. By Lemmafd] S is also a minimal separator of G separating v, and v, and by
Theorem [3 and (P), it is a minimal separator of Gg separating v;, and v. So S
and T are crossing in Gs. Hence S intersects at least two components of Cg (T).
But as S € S, S is a clique of Gg so that S cannot intersect two components of
Cgs(T), a contradiction.

Theorem 5. MMD computes a minimal triangulation of G which is a subgraph
of GE, where o is the MD ordering computed at the beginning of the algorithm.

'

Proof. MMD terminates, because at the beginning of each step, the LB-simplicial
vertices are all removed and this process cannot make a non LB-simplicial vertex
become LB-simplicial. This is because a vertex is not LB-simplicial iff it belongs
to a chordless cycle of length > 4, and such a cycle remains after removing LB-
simplicial vertices. Thus the vertex of minimum degree which is chosen first is
not LB-simplicial; as a result, making it simplicial cannot fail to add at least
one substar fill edge. Let us now prove MMD correctness. Let H be the output
graph, let Sp be the set of substars computed at the beginning of the algorithm
and S’ be the union of those computed in the while-loop. Thus H = (Gs,)s,
Gg, being the input graph of the while-loop. By Theorem [ it is sufficient to
show that H is a minimal triangulation of Gg,, or more generally that for any
input graph G’ of the while-loop, the graph G§g,, where S’ is the union of the
sets of substars computed in the while-loop, is a minimal triangulation of G'.
Let us prove this property by induction on the number p of iterations of the
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while-loop before G’ gets chordal. It trivially holds for p = 0, as in that case G’
is chordal and S’ is the empty set. We suppose that it holds when the number
of iterations of the while-loop before G’ gets chordal is p. Let us show that
it holds when this number is p + 1. Let G} be the graph obtained from G’ by
removing all its LB-simplicial vertices, let S| be the set of substars computed
at the first iteration of the while-loop and S” be the union of those computed
at the following iterations, and let G be the graph obtained at the end of the
first iteration. Thus G” = (G')s; and 8" = S} US”. By induction hypothesis,

¢, is a minimal triangulation of G”, so by Theorem [ and Lemma 2, it is also
a minimal triangulation of G7. Gg.,» = ((G})s;)s = (G})s;us» = (G)sr. Thus
the graphs G, and G, are obtained from G’ and G respectively by adding the
same set F’ of edges, so by Lemmalf, G§, is a minimal triangulation of G’, which
completes the proof by induction and therefore the proof of MMD correctness.

With practical tests, we have compared MMD against MD with respect to
the number of edges in the resulting triangulation. We have done a simple and
straightforward implementation of MMD in Matlab, and we have run the tests
both on randomly generated graphs of varying density, and on graphs from
Matrix Market [I5]. On each graph G, we first generated an MD ordering «.
Then we compared the number of fill edges in G to the number of fill edges
produced by MMD. As expected by Theorem [l the number of fill edges resulting
from MMD was always less than or equal to the number of fill edges resulting
from MD. An interesting point is that on most graphs, MMD required only two
iterations of the while-loop. The reduction in the number of fill edges achieved
by MMD was not very large, because of MD’s remarkably good performances.
However, this improved algorithm may both give significant results on very large
graphs and help researchers gain a better evaluation of how close MD gets to an
optimal solution.

Finally, we would like to mention that existing MD codes in use are very fast
although the theoretical running time of these implementations is not good [10].
In addition, other iterative procedures for computing minimal triangulations
have been implemented to run fast in practice [19]. Thus we believe that, with
some effort, MMD can be implemented to run efficiently in practice.

5 Conclusion

Our contributions in this paper are threefold. We have found new invariants
for the Elimination Game process, proving that it defines and saturates a set of
minimal separators of the input graph, with a remarkably fault-tolerant behavior.
We have shown that Minimum Degree has additional properties that gives it a
high chance of actually producing minimal triangulations, thereby explaining
this practical behavior of MD. Finally, we have given a new algorithm that
produces minimal triangulations with low fill, based on our findings about EG
and MD.
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Abstract. Given an undirected edge-weighted n-nodes network in
which a single edge-capacity is allowed to vary, Elmaghraby studied the
sensitivity analysis of the multi-terminal network flows. The procedure
he proposed requires the computation of as many Gomory-Hu cut trees
as the number of critical capacities of the edge, leading to a pseudo-
polynomial algorithm.

In this paper, we propose a fully polynomial algorithm using only two
Gomory-Hu cut trees to solve the Elmaghraby problem and propose
an efficient generalization to the case where k edge capacities can vary.
We show that obtaining the all-pairs maximum flows, for the case
where k edge capacities vary in the network, is polynomial whenever
k = O(polylog n), since we show that it can be solved with the
computation of 2¢ Gomory-Hu trees.

Keywords: Multi-Terminal Flows, Gomory-Hu Cut Tree, Parametric
Flows, Dynamic Networks, Max-Flow, Min-Cut, Sensitivity Analysis,
Network Management.

1 Introduction

In the late 1950’s, the single source—single terminal maximum flow problem was
popularized by the resolution of Ford and Fulkerson [9]. They specially showed
the connection between the maximum flow and the min cut problems in extension
of Menger’s theorem.

In the setting of a connected, undirected graph with constant edge-weights,
the multi-terminal network flows problem consists in finding the all pairs max-
imum flows in the network. Clearly, this problem is solvable with n(n — 1)/2
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single source—single terminal maximum flow computations. In 1961, Gomory
and Hu [L0] delivered an ingenious method to solve this maximum flow analysis
problem using only n — 1 maximum flow computations. They summarized their
results in a tree referred to as GH cut tree (in the literature) reflecting the all
pairs maximum flows in the network. Later in 1990, Gusfield [II] provided a
simpler procedure to obtain the GH cut tree but using also n — 1 maximum flow
computations.

In 1964, Elmaghraby [8] was the first to extend the former problem to the
case where a single edge is allowed to vary in capacity. He did the sensitivity
analysis of the multi-terminal network flows, i.e., the analysis of the capacity
variation effects on the all pairs maximum flows in the network. As far as the
variation is concerned, some maximum flows will be affected by the variation
and others not. This give rise to the concept of critical capacities, i.e., values
for which a current flow changes of behavior by either beginning to vary with
the parametric capacity or stopping to vary and remaining constant for the rest
of the parameterization process. Thus the former sensitivity analysis problem
turns to be the one of finding all the critical capacities, since the flows remain
unchanged when the parametric capacity vary between two critical capacities.
To solve this problem, Elmaghraby proposed an algorithm that computes as
many GH cut trees as the number of possible critical capacities, leading to a
pseudo-polynomial algorithm.

Recently, Diallo and Hamacher [6], showed that the analysis in [§] fails to
determine all affected flows and provided an algorithmic improvement on the
Elmaghraby analysis without improving the pseudo-polynomiality of the algo-
rithm. In [5], it is proposed some pseudo-polynomial heuristics for the general-
ization of the Elmaghraby method.

In this paper we improve all methods and propose an efficient generalization
of the sensitivity analysis of multi-terminal network flows. To do so, we start
first by showing a fully polynomial algorithm that requires the computation of
only two Gomory-Hu trees in order to solve the Elmaghraby sensitivity analysis
problem. Second, since our algorithm is very simple compared to the existing
pseudo-polynomial solution, it can be generalized to many varying capacities.
Our main result is then that obtaining the all-pairs maximum flows for any
value of the parameters, in the case where k edge capacities vary in the network,
is polynomial whenever k& = O(polylog n), since we show that it can be solved
with the computation of 2¥ Gomory-Hu trees. In particular, the critical capacities
become not a central key but a simple consequence of our results, since for more
than one parametric edge-capacity, this notion of critical capacity may become
more complex than obtaining directly the values of the maximum flows.

The multi-terminal network flows problem with constant capacity has many
known applications in the fields of transports, energy and telecommunications
(see for example [4, 5, 8] and references therein). The parametric multi-terminal
network flows problem also reflects in these fields problems including link break-
down, capacity improvement, bandwidth reservation, network expansion.
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In the remainder, we present in Section [2] some basic definitions and briefly
describe the main ideas of Elmaghraby’s method, and its improvements by Diallo
and Hamacher. Section [B is devoted to the details of our method in the case of
a single edge-capacity variation. In Section [, we provide the generalization to
several parametric edge-capacities. We close the paper with concluding remarks
and perspectives. Interested readers are referred to the technical report [2] where
some examples illustrate our algorithms.

2 Definitions and Preliminaries

In this section we provide a precise definition of a GH cut tree and some pre-
liminary results. Throughout this paper, we assume that the reader is familiar
with general concepts of graph theory and network flows. For example, we refer
to [1, 9, 12].

2.1 Definitions

Let G be a connected undirected graph. We denote by V(G) the vertex-set
of G and by E(QG) its edge-set. A network is intended to be G associated to an
edge-weight function ¢ : F(G) — R™ called edge-capacity function. A flow from a
source vertex s to a terminal vertex ¢ in G is given by a function f : E(G) — R™.
The flow has to be conserved in each vertex, excepted in vertices s and ¢, i.e,
Vu e V\{s,t}, > cy f(u,v) =0. We notice that the graphs we deal with are
symmetric thus each undirected edge [u, v] can be replaced by two directed arcs
(u,v) and (v,u), both with the same arc capacity, i.e., ¢(u,v) = c(v,u). For
each (u,v) € E(G), f(u,v) < c(u,v). For the sake of simplicity, we denote the
maximum flow from a source s to a terminal ¢ as fg.

Definition 1. (GH cut tree) Given a network G = (V,E), a GH cut tree
T = (V,F) obtained from G is a weighted tree with the same set of vertices V
with the two following properties:

Equivalent flow tree: the value of the mazximum flow between any s,t € G
is equal to the value of the maximum flow in T between s and t, i.e., the
smallest of the capacities of the edges on the unique path from s to t in T';
thus the mazimum flows between all pairs of vertices in G are represented in
T;

Cut property: the removal of any edge of capacity ¢ from T separates its ver-
tices into two classes, where the cut in G given by this partition has capacity

c as well.

In Figure , we illustrate a GH cut tree T obtained from the given network
G with the illustrated minimum cuts in Figure [[(a)} As shown in [I0], n—1 min-
cut computations are sufficient to obtain the global structure of the GH cut tree.
We notice that GH cut trees are not unique. Algorithms to compute a GH cut
tree are provided in [I0] and in [II]. An experimental study of minimum cut
algorithms and a comparison of algorithms producing GH cut trees are provided
in [3].
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Fig. 1. A graph and one of its Gomory-Hu cut trees

2.2 Sensitivity Analysis and All Critical Capacities

A natural extension of the multi-terminal network flows problem with constant
edge-capacities is the analysis of the effects of a single edge-capacity parame-
terization on the all pairs maximum flows. This was effectively the aim of El-
maghraby in [§]. He mainly described a procedure to analyze the case where a
single capacity decreases linearly and gave a sketch of the procedure to solve the
capacity increasing case.

The sensitivity analysis problem solved in [§] can be stated as follows. Given
the former network description, and an edge e = (i, ) of E(G) with a capacity
given by c(e) = ¢ —¢, 0 < e < ¢ where ¢ is the initial capacity, one has to
determine the set of all pairs maximum flows for all values of e.

The Elmaghraby procedure can be briefly described as follows. With the
decrease on the capacity c(e), it is clear that some maximum flow values will be
modified and others not. If the edge e is present in a minimum cut, this implies
a reduction in the respective maximum flow value. As far as the variation is
concerned, some maximum flow values that were constant may begin to decrease
linearly with respect to e. The value of c¢(e) for which some flow changes of
behavior is called critical capacity. Thus, in the interval between two critical
capacities prevails the status quo, i.e. , no maximum flow behavior change occurs.
With this remark, Elmaghraby transfers the sensitivity analysis of multi-terminal
network flows to the problem of determining all the critical capacities, since in
each such interval a GH cut tree computation provides the desired maximum
flows.

In order to obtain the first critical capacity 5\07 a GH cut tree is computed
with the parameter set to zero. From this cut tree, an incident-like F(G) x (n—1)
matrix is constructed [f]. This matrix defines the minimum cuts in the cut tree
in terms of the original edges in G. Thus, based on this matrix, one identifies
the set C of the minimum cuts that contain the parameterized edge and its
complement set C in the cut tree. The critical capacity A0 is then the smallest
value of the parameter A for which a cut would move from C to C. With A0 at
hand, in order to compute the next critical value, we decrease the parametric
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capacity in G by A9 and repeat the same procedure with this updated capacity.
The analysis ends when the parametric capacity is null, i.e., e = ¢.

In [8], it is described with detail how to obtain the critical capacities. We
just emphasize that to obtain each critical capacity, a GH cut tree computation
1s needed, thus leading to a pseudo-polynomial algorithm.

Furthermore, when the parameter is negative, i.e., when the capacity of the
edge increases, Elmaghraby proposed to set the capacity of the tested edge to a
big enough value and do the backward process using the decreasing case proce-
dure to determine the critical capacities. What again leads to another pseudo-
polynomial algorithm with some additional operations.

In [6], Diallo and Hamacher showed that the E(G) x (n—1) matrix used by El-
maghraby [7] to determine the minimum cuts that contain the investigated edge
may fail to provide all such minimum cuts. They provided a counter-example
and deliver a very simple algorithm to generally test whether or not a minimum
cut between a given pair of vertices contains a given edge.

In the sequel, we show that if a single capacity is varying, then two GH cut
trees are enough to compute all the critical capacities. Furthermore, the method
we provide delivers simultaneously the critical capacities for both the capacity
decreasing and capacity increasing problems. Nevertheless, the advantage of El-
maghraby’s method is that one can obtain a minimum cut for any value of the
parameter.

3 Computing Critical Capacities with Two GH Cut Trees

In this section, we show that if a single capacity is parameterized, then only
two GH cut trees are needed to obtain all the critical capacities. To do so,
we first provide a way to obtain the critical capacity with respect to a single
maximum flow, and then, in Section B2, we explore this result to obtain the
critical capacities for the all pairs maximum flows.

3.1 Critical Capacity with Respect to a Single Maximum Flow

For s and t two vertices of G, we define f,;(\) as the value of the maximum
flow between s and ¢ when the capacity of the edge e is A. We denote by fgt (or
simply f°) the maximum flow f;,(0), i.e. , when the edge e is removed from the
network, and by f25 (or simply f°°) the AILH;o fste(N), i.e. , the maximum flow
when there is no constraint on the edge e. This latter value is finite for all pairs,
except when (s,t) = e. It can be simply computed by setting the capacity of the
tested edge e to the sum of the capacities of its adjacent edges.

One interesting point is to observe the global behavior of the function fs((A),
for a given pair (s, t), for which the maximum value changes of behavior during
the parameterization. As shown in Figure[2], it is composed by two distinct parts:

— as far as the capacity A of the edge e increases, the maximum flow increases
in the same way. During this stage, the parameterized edge is present in any
S, t-minimum cut;
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Fig. 2. behavior of a sensitive maximum flow function fs ()

— at some value A* of A\, namely the critical capacity, the maximum flow be-
comes saturated (except if {s,t} = e). During this stage, the parameterized
edge is out of all s, t-minimum cuts.

However, a maximum flow fs; may never depend on the parameter, in this
case, £7t = [5%, thus we admit that its critical capacity is A7, =
Notice that f;; = oo as A — oo, thus by convention we also admit that
o0
2]

> = 00.

Lemma 1. Let G = (V, E) be a network and e = (i,j) one edge of E(G) with
parametric capacity A > 0. Let p and q be two vertices of G. The critical capacity

Ay g exists if {p,q} # {i,j} and satisfies:

* 0

Apg = Iioq_ Pq° (1)
Proof. This is a direct consequence of the behavior of the maximum flow func-
tion: it grows linearly from fgq up to f;%, thus the breakpoint is when the
capacity equals to 55 — fp .. O
Corollary 1. The critical capacity X* of X for an arbitrary maximum flow can
be computed using only two mazximum flow computations.

Proof. Using Lemma [0 we deduce that only f° and > are necessary to compute
A\*. Furthermore, in order to compute £, the result of f° can be used as initial
value. O

Corollary 2. Let G = (V, E) be a network and e = (i,5) one edge of E(G) with
capacity A > 0. Let s and t be two vertices of G. The maximum flow fs+(N)
verifies:

0 . e’} 0
_ s,t + A Zf)‘ < fs,t — Js,t
Fst(N) = { Py otherwise (2)

or more simply:
Fsa(N) = min(f7y + X, £35)- (3)
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Note that, in the case of a network for which the investigated edge is a cut-
edge, then, the previous formula is also valid, since when the investigated edge
is removed, the maximum flow between two vertices, one in each side of the
cut-edge, is null due to disconnectivity, and the critical capacity is simply f°°.

3.2 Ciritical Capacities for the All Pairs Maximum Flows

Theorem 1. Let G = (V, E) be a network with n nodes. If only one edge ca-
pacity is allowed to vary, then the set of all critical capacities can be computed
using two GH cut trees followed by O(n?) operations.

Proof. Two remarks shall be made. First, for a given single pair of vertices s and
t of the network, Lemma [[] provides a simple way to compute the unique critical
capacity if we know the values of the maximum flows f2, and fg5. Second, the
GH procedure provides an efficient way to compute the all pairs maximum flows.

Thus, the desired result can be obtained by the computation of a GH cut tree
in the absence of the investigated edge e in order to obtain all the fgt, Vs, t €
V(G), and the computation of a second GH cut tree where the capacity of the
edge e is set to oo. This latter computation provides all the o7 Vs,t € V(G).
With these two values of maximum flows at hand, using Lemma [[] one get all
critical capacities by computing and sorting increasingly the differences

ot fﬁoyt, Vs, t € V(G).

The final step considers n(n — 1) pairs of vertices, thus it takes O(n?) operations
to be performed. O

The algorithm can be directly obtained from this proof. Notice that it does
not matter the case (increasing or decreasing) we deal with. Once the algorithm
is performed, the critical values for both type of cases can be obtained.

4 Analyzing the Effects of Several Parametric
Edge-Capacities

In this section, we study the case where more than one capacity vary either or
not independently.

4.1 Analyzing the Effects of Two Parametric Capacities

We examine in detail the case where the capacities of two edges vary indepen-
dently. The main result of this section is that the algorithm given by the former
Theorem [] can also be applied in the current case, and only four (actually 22)
maximum flow computations are needed to compute any maximum flow value,
whatever the value of the capacities of the selected edges are.

The general problem in this section can be formally stated as follows. Given
a network G = (V, E) and two distinct edges e; and ey, we want to determine
the maximum flow between all pairs of vertices when the capacity of e; is A and
the capacity of es is p, where A\, u > 0 are varying.
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On the effects of two parametric capacities on a single maximum flow.
In this paragraph, we consider two selected vertices s and ¢ in the network and
provide a way to compute fs (A, ). Before stating our results, one can remark
that all the partial functions A — f ¢ (A, po), with pg fixed, have the same profile
as illustrated in Figure Bl the maximum flow first increases up to a saturation
step (critical capacity), and then stagnates. The partial functions p — fs ¢ (Ao, 1),
with g fixed, behave analogously.

As previously, we denote fg’to the maximum flow between s and ¢ when both
edges e; and e are removed (respective capacities set to 0) from the network.
The flows f;)y’too, ;Ot’o and foy™ can be defined in a similar way considering

the capacities c(eq) and c(ez) set to 0 or to co. In other words we denote the

: 0,0 (0 0
maximum flows £, fo7°, foy~ and f0% as extreme flows.

Theorem 2. Let G = (V, E) be a network, e; and ey two different edges of
E, and s and t two distinct vertices of V. Then, the mazimum flow (fs (A, 1))
between s and t with the capacity of e1 set to A and the capacity of es set to

0,00 00,0

W can be directly obtained from the four maximum flows fg”to, st » fst and
foi ™. The mazimum flow (fs (X, 1)) can be computed as follows:

ForO ) = min( o7 + g+ A Fo° 0 £ + w £27°). (4)

Proof. The main point of this proof is to decompose the computation of the
general maximum flow into several computations of simple maximum flows and
use Corollary [2] to obtain the desired values.

Thus, let us consider that p is fixed. As noted previously, the partial function
A= fo (A, 1) can be obtained if both maximum flows f, (0, 1) and f; (oo, p)
are known by using Corollary 2] or its closed form given in Equation Bt

fs,t(/\uu) = min(fs,t(ohu) + )\,fs,t(oo,,u)) (5)

At this step, it remains to compute f, (0, ) and fs (00, ). For the former,
we consider the partial function p — f5+(0, ). Again, this function can be
described using Corollary

fs.0(0, ) = min(f5.¢(0,0) + p, f,1(0,00)) (6)
Using their definitions, Equation B] can be rewritten as:
Lt (0, 1) = min( £ + i, £7) (7)
Similarly, fs (00, o) can be obtained by the following equation:
Foa(00, i) = min(f25° + p, f377°) (8)
Consequently, we have:

Fou O p) = min(min( £} + p, £27°) + A min(f25° + 1, 2770 (9)
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Using simple properties of the min function, we have:
FoaO ) = min(f37 + pt A For® 0 £ 4, £25). (10)

O
As previously, the proof yields an algorithm to compute the resulting maxi-
mum flows.

Effects on the All Pairs Maximum Flows. From the property given by The-
orem[2, we can deduce the all pairs maximum flows theorem for two parametric
capacities, given below.

Theorem 3. Let G = (V, E) be a network, and e; and e be two different edges
of E. Then, the all pairs parametric mazimum flow problem can be solved using
the computation of four GH cut trees if the capacity of both edges ey and es vary.

Proof. This is a direct consequence of Theorem 2l We need to compute all the
fg)’to, S”fo, fj’o and fp° for all the pairs (s,t) of vertices. The set of ffj;f, for
all the vertices s and t can be obtained by the computation of a GH cut tree
considering the network G in which have been removed both edges e; and es.
The three other GH cut trees can be obtained similarly considering the presence
or the removal of each tested edge with the infinite capacity.

Once the four GH cut-trees are computed, all values of maximum flows can
be obtained using Theorem [2. The four GH cut trees provide the four extremal
maximum flows and the desired maximum flow can be obtained using Equation @l

O

4.2 On the Generalization to Several Parametric Capacities

In this section, we consider the case where the capacities of more than two edges

vary. Let e, ea, ..., ex be the selected edge capacities that will be parametrized
by A1, Ao, ...and Ag, k < m, where m is the number of edges in the network.
Theorem 4. Let G = (V, E) be a network, k be an integer, and ey, ea, ..., ek

be k different edges. All pairs mazimum flows for all values of the parameters
can be computed by using 28 GH cut tree computations if the capacities of the
edges vary independently.

Proof. This result can be obtained by a simple recurrence. The basic case k = 1
is solved in Section The sketch of the general case strictly follows the proof
of Theorem [B. The main idea is to consider as fixed one of the parameters
and use the recursion hypothesis for this case, leading to 2¥~! maximum flow
computations. Then, it remains to develop each maximum flow computation in
terms of the final dimension. Thus, for each computation, two maximum flows
are necessary by using Corollary B, leading to 2* maximum flow computations.

The graphs on which the GH cut trees have to be computed are the variations
of the initial graphs where the considered edges are either removed or their
capacity set to infinity. |
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5 Conclusion

In this paper, we have shown how to obtain efficiently allways the all pairs
maximum flows when the capacities of some edges are parameterized. Previously,
to solve the single parametric capacity case, as many GH cut tree computations
were needed as the number of critical capacities, whereas in our approach, only
two GH cut trees are required. Our work provides on the one hand a major
improvement for the single varying capacity case and on the other hand, provides
an efficient algorithm to solve the generalized varying capacities case.

An algorithmic improvement on our paper would be to provide a more effi-
cient way to reuse a GH cut tree to compute a next one. We know that (n — 1)
maximum flow computations are required to compute one GH cut tree. How-
ever, since there exists an important relationship between all the graphs for
which we compute the GH cut trees, there should be a way to compute less than
2%(n — 1) maximum flows overall. We can expect a significant improvement on
computation time in this way.
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Canonical Decomposition of Outerplanar Maps
and Application to Enumeration, Coding, and
Generation

(Extended Abstract)
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Abstract. In this article we define a canonical decomposition of rooted
outerplanar maps into a spanning tree and a list of edges. This decom-
position, constructible in linear time, implies the existence of bijection
between rooted outerplanar maps with n nodes and bicolored rooted
ordered trees with n nodes where all the nodes of the last branch are col-
ored white. As a consequence, for rooted outerplanar maps of n nodes,
we derive:

— an enumeration formula, and an asymptotic of 237~ ©Ucgn).

— an optimal data structure of asymptotically 3n bits, built in O(n)
time, supporting adjacency and degree queries in worst-case constant
time;

— an O(n) expected time uniform random generating algorithm.

1 Introduction

A graph is outerplanar if it can be drawn on the plane with non-intersecting
edges such that all the nodes lie on the boundary of the infinite face, also called
outerface. Characterization of outerplanar graphs has been given by Chartrand
and Harary [CH67|: a graph is outerplanar if and only if it has neither Kj 3
nor K4 as a minor. A linear time recognition algorithm has been given by
Mitchell [Mif79]. Labeled and unlabeled outerplanar graphs can be randomly
generated in O(n*logn) space and O(n?) time [BK03] after a preprocessing of
O(n®) time. Among graph properties, outerplanar graphs contain trees, have
tree-width at most two, and are exactly the graphs of pagenumber one [Bil92].
Recall that a graph G has pagenumber k if k is the smaller integer for which
G has a k-page embedding, also called book embedding. In such an embedding
the nodes are drawn on a straight line (the spine of a book), and the edges are
partitioned into k pages, each page consisting of non-intersecting edges.
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A planar map is a connected graph drawn on the sphere with non-intersecting
edges (see for a survey). A planar map is outerplanar if all the nodes lie
on one face, called the outerface. For convenience, outerplanar maps are drawn
on the plane such that the outerface corresponds to the infinite face. A map is
rooted if one of its edges, the root, is distinguished and oriented. In this case,
the map is drawn on the plane in such a way that whenever traveling clockwise
around the boundary of the outerface, the tail of the root edge is traversed before
its head. A planted tree is the rooted planar map of a rooted tree such that the
tail of the root of the map coincides with the root of the tree. In the literature,
planted trees are also named ordered rooted trees. All the maps considered in
this paper are planar, rooted, and are simple (have no loops and multi-edges).

Some sub-classes of outerplanar maps are well-known. Planted trees and max-
imal outerplanar maps, i.e., the map of an outerplanar graph with the maximum
number of edges, are counted by the Catalan numbers. Finally, biconnected out-
erplanar maps can be seen as dissections of a convex polygon, and their number
can be counted by Schréder numbers. For these three sub-classes there exist

linear time random generation algorithms [ARSI7BALPI9JES94].

Besides the combinatorial aspect and random generation, a lot of attention
is given in Computer Science to efficiently represent discrete objects. By "effi-
ciently”, we mean that the representation should be succinct, i.e., the storage of
these objects requires few bits, and that the time to compute such representation
should be polynomial in its size. Fast manipulation of the so encoded objects
and easy access to a part of the code are also desirable properties. Typically,
adjacency query, i.e., check if two nodes are neighbors or not, and degree query,
i.e., how many neighbors a node has, should be given very fast.

For instance, a folklore encoding of n-edge planted trees, based on a clockwise
depth-first traversal, yields a representation with 2n — O(1) bits. This coding
length is asymptotically optimal since the number of possible n-edge planted
trees is the nth Catalan number n%rl (2:) ~ 22n=00ogn) " Completing this coding
by an efficient data structures of length o(n) bits, it has been shown in [MRQT]
[CLLOT] that adjacency and degree queries can then be answered in constant
time, assuming that: 1) nodes of the tree are labeled according to the depth-first
traversal (i.e., the node ¢ must be the ith node encountered in the clockwise
prefix order of the tree); and 2) standard arithmetic operations on integers of

2(logn) bits can be performed in constant time.

Outerplanar graphs are an interesting class of graphs because they are iso-
morphic to graphs of pagenumber one. Our contribution is an optimal 3n-bit
encoding for outerplanar maps. We point out that there exist many 1-page em-
beddings for a graph of pagenumber one. From the asymptotic formula of Flajolet
and Noy [FN99], any encoding of 1-page embeddings requires 3.37n bitd].

Let us sketch our technique. First we show that an outerplanar map admits
a canonical decomposition into a particular rooted spanning tree (called well-

! In their article, 1-page embeddings are called non-crossing graphs.
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orderly tree and defined in Section B)), and a set of additional edges (u,v) such
that v is the first node after u (in a clockwise preorder of the tree) that is
not a descendant of v. This decomposition can be computed in linear time.
Then, we give three applications to this decomposition: enumeration formula
(Section B)), efficient encoding (Section [)), and random generation algorithm
with experiments (Section [0]).

Hereafter we denote by T), 4 the number of n-node planted trees where the
depth of the clockwise last leaf is d (formulas for these numbers are given
in [Fel68/Kre70]). Our canonical decomposition gives a bijection between out-
erplanar maps and bicolored trees (more precisely planted trees in which the
nodes are colored either white or black), and where all the nodes (including the
root) of the clockwise last branch are colored white. Clearly these last objects
are counted by the following numbers: 23;11 2”_d_1Tn’d . From this bijection,

we show that the number of n-node outerplanar maps is asymptotically % .

An information-theoretic optimal encoding algorithm is deduced from the
previous decomposition. It takes a O(n) time and uses at most 3n — 6 bits, for
n > 2, as follows: 2n — 4 bits are used to encode the spanning tree, and n — 2 bits
(at most) are used to encode the additional edges. Adding a standard o(n)-bit
data structure to this coding [MROIICLLOT], adjacency and degree queries can
be then answered in worst-case constant time.

Using a grammar to produce bicolored rooted ordered trees with n nodes
where all the nodes of the last branch are colored white, and using Goldwurm’s
algorithm [Gol95], a random outerplanar map can be generated uniformly with
O(n) space and O(n?) average time. Using Floating-Point Arithmetic [DZ99],
this average time complexity can be reduced to O(n'*€). In Section [ we propose
a O(n) expected time and O(n) space complexity generating algorithm. It can
generate outerplanar maps with a given number of nodes, or with a given number
of nodes and of edges.

Due to space limitations, some proofs are not given.

2 The Well-Orderly Tree of an Outerplanar Map

In [BGHO3] the authors introduced the well-orderly trees, a special case of the
orderly spanning trees [CLLO1]. Let T be a rooted spanning tree of a planar map
H. Two nodes are unrelated if neither of them is an ancestor of the other in 7.
An edge of H is unrelated if its endpoints are unrelated. Let vy, vy ..., v, be the
clockwise preordering of the nodes in T'. A node v; is well-orderly in H w.r.t.
T if the incident edges of v; in H form the following blocks (possibly empty) in
clockwise order around v;:

— Bp(v;): the edge incident to the parent of v;;
— B<(v;): unrelated edges incident to nodes v; with j < i;
— Be(v;): edges incident to the children of v;;
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— B> (v;): unrelated edges incident to nodes v; with j > 4; and
— the clockwise first edge (v;,v;) € Bs(v;), if it exists, verifies that v; is a
descendant of the parent of v;;

Fig. 1. A rooted outerplanar map, and its well-orderly tree depicted with solid edges.

T is a well-orderly tree of H if all the nodes of T are well-orderly in H, and
if the root of T' belongs to the boundary of the outerface of H (see Fig. [ for an
example). Note that a well-orderly tree is necessarily a spanning tree. Observe
also that for every edge e of H, with e = (v;,v;) and ¢ < j, we have either
e € Bo(v;) (e, e € T), or e € Bs(v;). For convenience, the clockwise first edge
of B (v;), if it exists, is called the front edge of v;.

All planar maps do not admit a well-orderly tree. Actually, we have:

Lemma 1 ([BGHO03|). FEvery rooted planar map admits at most one well-
orderly tree rooted at the tail of the root edge of the map.

We will show that in fact every outerplanar map admits a well-orderly tree. It
can be computed by the following recursive algorithm Traversal. H is the rooted
outerplanar map, and r is the tail of its root edge. Traversal(H, &, r) returns the
well-orderly tree T' of H rooted at r, the second parameter is the current set of
edges of the tree.

Theorem 1. FEvery rooted outerplanar map H has a well-orderly tree T, com-
putable in linear time, rooted at the tail of the root edge of H. Moreover, for
every node u, if (u,v) € Bs(u), then v is the next unrelated node with w in the
clockwise preordering of T. In particular, |Bs (u)| < 1 for every u.

Proof. Let T be the set of edges returned by Traversal(H, &, r) (cf. Algorithm [IJ),
where r is the tail of the root edge of H. Let us denote by T; and by v; respectively
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Algorithm 1 Traversal(H, T, u).
C<+{(u,v)eH|v¢gT}
T+TUuC
for all edges (u,v) € C taken in the clockwise order around u do
T < Traversal(H,T,v)
end for
return T’

the second and the third parameters of the ith call of Traversal. We have 77 = @
and v; = r. Note that there are exactly n calls to Traversal, where n is the number
of nodes of H. By induction, 7} is a tree with ¢ nodes, for every i € {1,...,n}.
Therefore T,, = T' is a spanning tree of H. An important observation is that the
clockwise preordering of the nodes of T is precisely vy, ...,v,, and that T; is a
subtree of T;41, fori € {1,...,n — 1}.

This algorithm can be easily implemented to run in O(n) time. Let us show
that the tree T satisfies the properties of Theorem [l This is done thanks to the
following properties.

Unrelated Edges. Every edge of H is either in T, or an unrelated edge. Indeed,
let (v;,v;) be any edge with ¢ < j. Clearly, v; is not an ancestor of v;. When v;
is being treated: 1) if v; € T;, then v; is not a descendant of v;, and thus (v;, v;)
is an unrelated edge; and 2) if v; ¢ T;, then v; becomes a child of v; in T4,
thus an edge of T}, since T; is a subtree of T;.

Blocks. The incident edges of v; form clockwise around wv; the four blocks
Bp(v;), B<(v;), Be(v;), and Bs(v;). Since T is a spanning tree of a planar
map, all the edges of B.(v;) are (clockwise) after Bp(v;) and before the edges
of Bx(v;). Let us show that the edges of Bo(v;) are after the edges of B (v;)
and before the edges of B (v;).

Let us consider the ith call of Traversal. Let (v;,v;) be the last edge (in
clockwise order around v;) toward a node that is before v; in T;. Let vg be the
nearest common ancestor of v; and v;. The path from vy to v;, the edge (v;, v¢)
and the path from v; to v; defines a region of the plane, R, distinct from the
outerface. Since H is outerplanar there is no node inside the region R. So all the
neighbors of v; that are not in T; follow the edge (v;,v;) in the clockwise order
around v;. Hence, the edges of B¢ (v;) are after the edges of B (v;).

The same reasoning can be done to show that the edges of B¢ (v;) are before
the edges of B (v;).

Descendant of the Parent. For every (v;,v;) € Bx(v;), v; is a descendant of
the parent of v;. Assume (v;,v;) € Bx(v;). In particular (v;,v;) ¢ T. When v;
is being treated, the node v; must be in Tj, otherwise v; becomes a child of v;
in Tj4+1, and thus in 7. By construction, the only nodes v;’s of T; that are after
the node v; in the prefix clockwise preordering of T; are such that their parent
is an ancestor of v;.
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At this point, we have proved that every node in T is well-orderly, and thus
T is a well-orderly tree of H.

Next Unrelated Node. Let (v;,v;) € Bs(v;). Let vi, be the first unrelated
node with v; clockwise after v; in 7. Assume that v; # vy, so i < k < j. Let v,
be the parent of v; in T'. The cycle composed of the path in 7" from v; to v;, and
of the edges (vi,v;) and (v;,v;) defines a region of the plane, R, distinct from
the outerface. Because i < k < j, v, must belong to R or to its boundary. As v;
is the only node of the boundary of R that is unrelated with v;, v must belong
to R: a contradiction with the fact that H is an outerplanar map. It follows that
vj = vg. Therefore, we have showed that (v;,v;) € Bs(v;) implies that v; is the
next unrelated node with v; in T.

This completes the proof of Theorem a

Combining Lemma [ and Theorem [ it is clear that an outerplanar map H
has an unique decomposition into a well-orderly tree T, and a set of edges of the
kind (u,v) € B (u), where v is the next unrelated node after u in T'. (Recall that
an edge of H belongs either to T or to a Bs block). Conversely, given T, and
a piece of information on whether B (u) is empty or not for each node u, one
can uniquely determine the corresponding rooted outerplanar map. The coding
of the cardinality of each B~ block can be done by coloring the nodes of T as
follows: if | B> (u)| = 0, u is colored white, and if | B> (u)| = 1, u is colored black.
Observing that for every node u of the clockwise last branch of T, |Bs (u)| = 0,
we obtain:

Corollary 1. There is a bijection, computable in linear time, between the n-
node bicolored rooted trees where all the nodes of the last branch (including the
root) are colored white, and the n-node rooted outerplanar maps.

Recall that a graph (or a map) is k-connected if G has more than k nodes
and if, for every subset X of fewer than k nodes, G \ X is connected [Die00].
biconnected is a synonym for 2-connected.

Theorem 2. There is a bijection, computable in linear time, between the (n—1)-
node bicolored rooted trees with a white root, all leaves colored in black, and the
set of n-node rooted biconnected outerplanar maps.

Observe that if the well-orderly tree of an outerplanar map H has its
clockwise last leaf of depth d, then from Corollary [[] H has no more than
(n—1)4n—(d+1) = 2n—2—d edges. In particular, the depth of the last leaf of
the well-orderly tree of any maximal outerplanar map (i.e., having 2n — 3 edges)
must be d = 1. As the well-orderly tree is unique, this yields another bijective
proof of the well known following result:

Corollary 2. There is a bijection, computable in linear time, between mazimal
n-node outerplanar maps and planted trees with n — 1 nodes.
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3 Enumeration of Outerplanar Maps

Let T’, 4 be the number of rooted n-node plane trees whose clockwise last leaf is
of depth d. These numbers are called the ballot numbers (or Delannoy numbers),

and we have [Fel68/Kre70]:

Ty = d <2n—2—d

m_2-4d n_l_d), for all n > d > 0.

So, there are exactly 2"‘1_dTn7d bicolored trees whose all the nodes of the last
branch (including the root of the tree) are colored white. Let M, be the number
of n-node outerplanar maps.

n—1

Th 3. Foralln>2, M,=> 2" 9T, 4 and M, ~ ————.
eorem or attn dz::l .d an 3671\/7‘(‘777/

2371

Theorem 4. The number M, ,, of rooted outerplanar maps with n > 3 nodes
and m >n — 1 edges is:

2n—2—m n—d—1
My, = Tha -
’ Z (m —n—+ 1) d

d=1

4 Coding Supporting Adjacency and Degree Queries

From Corollary [I every outerplanar map with n nodes can be represented by
a bicolored tree with n nodes. A standard coding for n-node planted trees uses
2n — 4 bits if n > 2, and the colors can be stored using n — 2 bits at most,
observing that the color associated to the last branch (containing the last leaf
and the root) is known (white). For the tree encoding, we use a clockwise depth-
first traversal of the tree, each edge being traversed twice starting from the root.
During the traversal, we output “1” if the edge is traversed for the first time,
and “0” otherwise. This leads to a 2(n — 1)-bit encoding. Actually, if the tree
has at least one edge (n > 2) two bits can be saved observing that the previous
coding always starts we “1” and ends with “0”.

This leads to a 3n — 6 bits encoding. By Lemma [3], the length of this coding
is asymptotically optimal, up to an adding factor of O(logn) bits. It follows:

Theorem 5. Every n-node rooted outerplanar map or every outerplanar graph,
n = 2, can be coded (and decoded) in O(n) time and using a representation on
at most 3n — 6 bits.

In the following, we show how to extend this coding with an extra o(n)
bits (still constructible in linear time) so that the data structure supports adja-
cency and degree queries in worst-case constant time. For that we present below
efficient well-known data structures for binary strings and balanced string of
parentheses.
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4.1 Constant Time Queries in Strings of Parentheses

Let S be a string of symbols defined over a given alphabet. We denote by S[i]
the ¢th symbol of S, i > 1. Let select(S,i,%) be the position of the ith * in S.
Let rank(S, j,*) be the number of symbols * before or at the jth position of S.
That is if select(S, 7, %) = j then rank(S, j, x) = i.

Now, let S be a string of open and closed parentheses, i.e., x € {(;)}. Two
parentheses S[i] = ( and S[j] = ) match if i < j and the difference of the
number of open and closed parentheses between them is null. The string S is
balanced if for each parenthesis, there is a matching parenthesis. Let match(.S, )
be the position in S of the matching parenthesis of S[i]. S[k] is enclosed by S[i]
and S[j] if i < k < j. Let enclose(S,i1,i2) be the closest matching parenthesis
pair (j1,j2) that encloses S[i1] and S[iz]. Finally, let wrapped(S, j) denote twice
the number of pairs of matching parentheses (i1, i2) such that enclose(S,i1,i3) =
(j, match(S, 7).

The following results are valid in the word-RAM model, in which standard
arithmetic operations on binary words of length 2(logn) can be done in constant
time.

Lemma 2 ([MRO1JCLLO1]). For every balanced string S of parentheses (or
a binary string) of length O(n), the operations select, rank, match, enclose, and

wrapped can be done in worst-case constant time using an auziliary table of
o(|S|) bits and O(|S]) preprocessing time.

Actually, Lemma [2] holds for the operations select and rank, even if S is not
balanced.

4.2 Coding of Outerplanar Maps

We can associate to any planted tree T" a balanced string of parentheses (or Dyck
word) as follows: during a clockwise depth-first traversal of T" starting at the root,
whenever an edge is traversed for the first time, output an open parenthesis and
otherwise output an closed parenthesis. For convenience, an open parenthesis
(resp. a closed parenthesis) is added at the beginning (resp. at the end) of the
output string. One can think this latter transformation as an extra edge entering
in the root of T. If T" has n nodes, the final string of parentheses contains 2n
symbols as each of T' (plus the extra edge) is traversed twice. The final string is
called the clockwise prefiz coding of T'.

Consider T' an n-node planted tree, and its clockwise prefix coding S7. Let
V1, ..., U, be the clockwise preordering of the nodes of T'. To perform efficiently
queries on T, we label the node v; by its index 7, so that an adjacency query
between the nodes v; and v; is simply the pair {7, j}. By construction of the
clockwise prefix coding, the ith open parenthesis corresponds to the edge of
T entering in v;. And, the matching parenthesis of the ith open parenthesis
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corresponds to the edge of T' leaving v;. In other words, each node v; can be seen
as a pair (7, j) of matching parentheses, i.e., such that Sy[i] matches with Sp[j]
in S7. See Example [Tl

Lemma[2 and the clockwise prefix coding leads to two useful operations for
the tree that can be done in constant time: adjacency and degree.

Two nodes are adjacent in T if one of them is the parent of the other one.
One can determine the parent of a node v; finding the position p of the ith open
parenthesis using p = select(St,1, (), and the position of the closest enclosing
pair (j1,J2) of (p, match(St,p)) with (ji,j2) = enclose(p, match(St,p)). Then,
the parent of v; is v; where j = rank(Sr, j1, ().

As for the degree, one can check that the number of children of v; is
%Wrapped(ST,seIect(ST,i, ()). We just have to add 1 if v; is not the root, i.e., if
i # 1.

From the previous explanations, one can claim the following lemma:

Lemma 3 ([CLLOT]). Let T be an n-node planted tree and its clockwise prefix
coding St. The parent, degree and adjacency of a node can be done in constant
time using an auxiliary table of o(|St|) bits and a O(n) preprocessing time.

We encode an outerplanar map H with two binary strings:

1. Sp of length 2n: the clockwise prefix coding of the well-orderly tree T" of H;
2. Sp of length n: a binary string such that Sg[j] = |B> (v;)|, where v; is the
node corresponding to the jth closed parenthesis of Sr.

Given j, i can be obtained by i = rank(St, match(St, select(S7,7,))), (). Ob-
serve that if 7 > n — 2, then v; belongs to the last branch of 7T, and thus
| B> (v;)| = 0. Thus, Sp can reduce to the first n — 2 entries. To perform |Bx (v;)|
given i, one can compute j = rank(St, match(St, select(St, i, ()),)), and return
Sglil.

The sequence of nodes v;, , vi,, . . ., v;; is a branch of T' if v;; is a leaf, and if for
every t € {1,...,j — 1}, v;,, is the clockwise last child of v;,. The last branch
consists therefore of all the nodes of the path between the root and the clockwise
last leaf of T'. The branches partition the nodes of T and there is exactly one
branch per leaf. One can check that a branch of T' corresponds to a maximal
block of closed parentheses in St.

Ezxample 1. The outerplanar map of Fig. [l can be encoded by the following two
strings: S = ((CO (OO OI) ) () ())) and Sp = 101110111010000.
The sequence of nodes v3, vg, v19 is a branch. To know if node v3 has a front edge,
do the following sequence of operations: p = select(St, 3, () = 3, match(Sr,p) =
18, rank(ST, 18,)) = 8. Since Sp[8] = 1, node vz has a front edge.

Lemma 4. Let wv;,...,v;; be a branch of T. Then, |[B<(vi;41)] =
>i_1 |B>(vi,)|. Moreover, |B<(vi,11)| can be computed in constant time.
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Theorem 6. Every rooted outerplanar map with n nodes admits a 3n + o(n)-
bit encoding, built in linear time, such that adjacency and degree queries can be
computed in worst-case constant time.

Proof. We proposed a 3n-bit encoding for a rooted outerplanar map. Adding
auxiliary tables of size o(n), Lemmas Bland Bl provide us constant time for com-
puting the parent and the degree of v; in T

Adjacency: it remains to check the adjacency for the edges of H that does not
belong to T'. Nodes v; and v;, with ¢ < j, are adjacent in H if v; is the next
unrelated node after v; (that is j = r — 1 where v, is the leaf of the branch of
v;) and if |Bs (v;)| = 1.

Degree: the degree of node v; is the sum of the degree in the tree 7' (see
Lemmal[3)), the cardinality of B (v;) (see Lemma H) and of B (v;). O

Starting from a connected outerplanar graph, we can compute a rooted outer-
planar map using the algorithm presented in [CNAOSS]. So the previous results
on outerplanar maps can also be applied to outerplanar graphs.

5 Uniform Random Generation

To randomly generate an outerplanar map, one can randomly generate a bi-
colored tree where the nodes of the last branch are colored white. Thanks to
Corollary [l one can then construct in linear time the corresponding random
outerplanar map.

Theorem 7. A rooted outerplanar map with n nodes or with n nodes and m
edges can be generated uniformly at random in O(n) expected time.

Proof. Let B, be the set of all bicolored rooted trees with 7 nodes such that:

1. the root is colored white;
2. the clockwise last leaf is colored white; and
3. there are exactly b nodes colored black.

Let B, = 2_02 By,p. From the bijection between outerplanar maps and some
bicolored trees (cf. Corollary ), the outerplanar maps with n nodes are in bi-
jection with a subset, say M,,, of bicolored trees. Clearly, M,, C B,,. Similarly,
the outerplanar maps with n nodes and m edges are in bijection with a subset,
say ./\;lmm, of bicolored trees. The trees of /\;lmm have exactly m — (n — 1) black
nodes, so /\;ln’m C Bnym—n+t1-

The algorithm we proposed is an accept-reject algorithm: it consists in re-
peating a uniformly generation of an element of B,, (or of B,, ;,—n+1) until we get
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an element of M,, (or of M, ,,). This clearly provides a uniform random gener-
ation on the set M,, (or on M,, ,,), and thus on the corresponding outerplanar
maps.

A rooted tree can be generated in linear time using for example the Arnold
and Sleep algorithm [ASR(]. The colors of the n — 2 nodes are colored black with
probability 1/2 (recall that the root and the last leaf are forced to be colored
white by definition of B,,). This provides an O(n) time algorithm to generate an
element of B,,.

To generate an element of B,, ,,,—r1, we have to select exactly b =m—n+1
black nodes among n — 2 (the root and the last leaf are forced to be colored
white). Selecting b elements among n — 2 can be done in O(n) time [Wil77]
(the procedure uses O(n) arithmetic operations on O(logn) bit integers). This
provides an O(n) time algorithm to generate an element of By, yy—nt1-

Testing whether T € B,, belongs to M, (or whether T' € B,, j—n+1 belongs
to My, m) clearly takes O(n) time: it suffices to test whether all the inner nodes
of the last branch are white or not.

As the bijection between bicolored trees and maps is linear, it remains to
show that the average number of rejects in the above procedure is bounded by
a constant.

Observe that every tree T € B,, whose the last leaf is of depth 1 belongs to
Mn and to Mn,m—n+1 as well. Thus the probability to accept a tree T' € B,
in M, (or in /\;ln,m,nﬂ) is at least (we use the fact that 22;11 Thd = Cn1
and 75,1 = ¢,,—2, Where ¢, = %H(zg) is the nth Catalan number counting the
number of n-edge rooted trees):

Tn,12n72 Tn,12n72 Cn—2 n 1

= = = > -
Bl I, 22 o dn—6 7 4

It follows that the average number of rejects is at most 4, that completes the
proof. O

The algorithm presented in the proof of Theorem [ can be enhanced into
an anticipated-reject version. In this version, the bicolored tree is constructed
from the end (so from the last branch). As soon an inner black node appears in
the last branch, we reject. The advantage of this version is that fewer random
bits are needed to generate an outerplanar map since the expected length of the
last branch is O(1), so only O(1) bits would be wasted before acceptation of the
whole bicolored tree. An implementation of the enhanced algorithm is available
in the PIGALE Library (http://pigale.sourceforge.net/).
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The Complexity of the Matching-Cut Problem
for Planar Graphs and Other Graph Classes
(Extended Abstract)
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Abstract. The Matching-Cut problem is the problem to decide
whether a graph has an edge cut that is also a matching. Chvatal
studied this problem under the name of the Decomposable Graph
Recognition problem, and proved the problem to be NP-complete for
graphs with maximum degree 4, and gave a polynomial algorithm for
graphs with maximum degree 3. In this paper it is shown that the
problem is N'P-complete when restricted to planar graphs with girth 5
and planar graphs with maximum degree 4. In addition, for claw-free
graphs and planar graphs with girth at least 7 polynomial algorithms to
find matching-cuts are described.

1 Introduction

Let G = (V, E) be a graph. A matching is a subset of E such that no two edges
in the set share a common end vertex. A subset M of E is an edge cut if there
is a subset S of the vertices (S # (), S # V) such that M is the set of edges
with exactly one end vertex in S. So an edge cut can be written as [S, 5] (with
S = V\S). The Matching-Cut problem is the problem to decide whether a given
graph has an edge cut that is also a matching (a matching-cut):

Matching-Cut:
Instance: A graph G = (V, E). B
Question: Does G have an edge cut [9, S] that is also a matching?

Throughout this paper only connected graphs will be considered. A graph with
a matching-cut is called decomposable, and other graphs indecomposable.

Previous Results. Chvatal [3] studied this problem under the name of the De-
composable Graph Recognition problem, and showed that the problem is NP-
complete for graphs with maximum degree 4 (using the 3-uniform Hypergraph
Bicolorability problem), and gave a polynomial algorithm to solve the problem
for graphs with maximum degree 3. Moshi [§] gave polynomial algorithms for
this problem for line graphs and quadrangulated graphs. Le and Randerath [7]
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adapted Chvéatal’s construction to prove the NP-completeness of the problem
for bipartite graphs in which all vertices in one class of the bipartition have
degree 3 and all vertices in the other class have degree 4. Recently, unaware of
Chvétal’s result, Patrignani and Pizzonia [9] also proved the A'P-completeness
of the problem for graphs with maximum degree 4 using a different reduction,
though from nearly the same problem (Not-All-Equal-3-Satisfiability). In addi-
tion they presented a linear time algorithm for series-parallel graphs. They also
posed the question whether the problem is NP-complete for the class of planar
graphs.

Other results on matching-cuts appear in [4] and [5]: in [4] matching-cuts
are studied in the context of network applications, and [5] contains an extremal
result regarding matching cuts (see Section ELT] for more details.)

New Results. In this paper the Matching-Cut problem is shown to be N7P-
complete for planar graphs, using a reduction from Planar Graph 3-colorability.
This is done in Section Pl By changing the components used in the transforma-
tion, in Section Bl the N'P-completeness of the problem is proved for the more
restricted classes of planar graphs with girth 5 and planar graphs with maxi-
mum degree 4. Next, in Section M for some graph classes polynomial algorithms
for Matching-Cut are described. These classes are claw-free graphs (this gen-
eralizes the result on line graphs) and planar graphs with girth at least 7. We
also observe that for any fixed k, a linear time algorithm can be constructed to
solve Matching-Cut for graphs with treewidth bounded by k. Such an algorithm
generalizes the algorithm for series-parallel graphs.

2 The NP-Completeness of Planar Matching-Cut

In this section, the NP-completeness of the Matching-Cut problem is proved
when instances are restricted to the class of planar graphs. This N7P-
completeness proof is by a polynomial transformation from the following graph
coloring problem:

Planar Graph 3-Colorability
Instance: A planar graph G = (V| E)
Question: Does G have a vertex coloring using at most 3 colors?

In [6], this problem is shown to be A ’P-complete. In order to prove the
NP-completeness of Planar Matching-Cut, two intermediate problems will
be used that are also N'P-complete. First we need the fact that Graph
3-Colorability is still N'P-complete when restricted to a smaller set of instances:

Planar Hamiltonian Graph 3-Colorability:
Instance: A planar graph G = (V, E) with a Hamilton cycle H C E.
Question: Does G have a vertex coloring using at most 3 colors?

Lemma 1. Planar Hamiltonian Graph 3-Colorability is N'P-complete.
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Before we can use Graph 3-Colorability to prove the AP-completeness of
Planar Matching-Cut, we transform the problem into an artificial, but more
suitable vertex coloring problem in which every vertex is incident with only one
vertex that has to be colored with a different color, and at most two that have
to be colored with the same color:

Segment 3-Colorability

Instance: A set of vertices V and three edge sets A, B and C such that
G = (V,AUBUC) is a 3-regular planar multigraph with Hamilton cycle AU B.
Question: Can we find a color function f : V — {1,2,3} such that if uv € A
then f(u) = f(v) and if uv € C then f(u) # f(v)?

An instance of Segment 3-Colorability will be denoted by the multigraph
G = (V;AU B U (). Note that this instance gives a multigraph, so if for
instance B and C' both contain an edge between vertices u and v, in G these
are considered to be different edges. Edges in the sets A, B and C will be
called respectively A-edges, B-edges and C-edges. If G = (V;AU BUC) is
an instance of Segment 3-Colorability, the components of the graph (V, A) are
called segments. All vertices of one segment receive the same color in a solution
of this problem, and therefore the problem is called segment coloring. Note that
C is a perfect matching in G.

Using lemma [0, we can prove the N'P-completeness of Segment 3-
Colorability:

Lemma 2. Segment 3-Colorability is N'P-complete.

Proof: We can construct an instance G’ of Segment 3-Colorability from an
instance G of Planar Hamiltonian Graph 3-Colorability such that:

— the vertices of G correspond to the segments of G,

— the edges of G correspond to the edge set C of G’: G’ has a C-edge between
vertices of segments x and y if and only if there is an edge between the
vertices of G corresponding to x and y, and

— the vertex ordering given by the Hamilton cycle H in G is the same as the
segment ordering given by the Hamilton cycle AU B in G'.

Using the first two properties above, it is easy to see that Segment 3-Colorability
on G’ is equivalent with Planar Hamiltonian Graph 3-Colorability on G. An
example of this transformation is shown in Figure [ O

Now, using Lemma 2 we can prove the N'P-completeness of Planar Matching-
Cut.

Theorem 1. Planar Matching-Cut is N"P-complete

Proof: For this proof, we transform an instance G = (V; AU BUC) of Segment
3-Colorability into an instance G’ of Planar Matching-Cut. For every vertex in
V' we will introduce a vertex component in G’. (Throughout this proof, we do
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. > E " Edges in G
Edges in G: AN L0 : .
N : . = A-edge
- -~ Hamilton cycle y'\‘, : Beed
| S -edge
— Other edge VA ‘

Fig. 1. An example of the transformation in the proof of Lemma [2]

not use the graph theoretical meaning of the word component.) If two vertices
in V are joined by an A-edge, the corresponding vertex components will be
connected using a vertex connection component. If two vertices in V' are joined
by a B-edge, the corresponding vertex components will be connected using a
segment connection component. In order to properly label the components that
will be introduced, first label the vertices of G with labels 1,...,k;. Label the
edges in A with labels k1 + 1,...,ky. Label the edges in B with ko +1,..., k3.
Note that for C-edges no components will be introduced.

Fig. 2. A vertex component with three possible matching-cuts

For every vertex i € V(G), introduce a vertex component as shown in Fig-
ure 2] There are three possible matching-cuts through these components, also
shown in Figure [2. It can be checked that these are the only matching-cuts. If
edge l;jl;(j11) is in the matching-cut, we will say that this vertex component is
cut by cut j (j =1,2,3). Below, this will correspond to a coloring of vertex i in
G with color j. Observe that in this case, r;;r;(;41) is also in the matching-cut,
and vertex c¢;; is incident with one of the edges in the matching-cut, whereas c;;,
for k # j is not.

For each edge i in A (i = k1 +1,..., ko), we introduce a vertex connection
component as shown in Figure Bl It is easy to see that there are exactly three
possible matching-cuts through these components. Observe that if edge ;;l;(j41)
is in the matching-cut, then edge 7;7;(;41) also is.
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Fig. 3. A vertex connection component and a vertex connection

If in G, there is an A-edge k from i to j, the two vertex components i and
j will be connected by vertex connection component k as follows: identify r;
with I for [ = 1,2, 3,4. This new vertex is called r;;. Now, for [ = 1,2, 3 there
are two edges from 7 to 7;41). Delete one of these. Next, identify ry; with [;;
for I =1,2,3,4 and call the new vertices lj;. Also delete one of all the double
edges introduced here. An example of such a vertex connection is also shown in
Figure Bl This connection has the following property:

Property 1. If two vertex components 7 and j are connected by a vertex connec-
tion component, then for any matching-cut: ¢ is cut by cut [ if and only if j is
cut by cut { (I =1,2,3).

Clearly, to achieve this property, vertex components can also be connected with-
out using a vertex connection component, but for the alternative constructions
in the next section, vertex connection components are useful.

For each edge i in B (i = ko +1,..., ks), we introduce a segment connection
component as shown in Figure 4l

lin Ti1 R

l;o% ® 7o hci‘\,\\\\ ° e T e ° e
N S S At IR A .

lis 733 N ~1 AN 1 2 .-

Lia T4

Fig. 4. A segment connection component and the nine possible matching-cuts

Because the triangle edges cannot be in a matching-cut, there are nine possi-
ble matching-cuts through these components, all of which cut exactly one edge
lijlij+1) and one edge rix7i(x41)- There is one cut for every combination of j
and k (j=1,2,3, k=1,2,3).

If in G there is a B-edge from ¢ to j, we can connect the vertex components 4
and j using a segment connection component in the same way as described above
for vertex connection components. This segment connection has the following
property:
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Property 2. If two vertex components 7 and j are connected by a segment con-
nection component, then for any matching-cut: ¢ is cut by this matching-cut if
and only if j is cut by this matching-cut. Any combination of cuts through i and
j is possible.

The C-edges of G determine the last type of connection between vertex compo-
nents: if ij € C, identify ¢;; with ¢j; (I = 1,2,3). This connection is called an
edge connection. We know that if vertex component ¢ is cut by cut [, then ¢;
is incident with an edge of this matching-cut. So because a matching-cut is a
matching, this connection has the following property:

Property 3. If two vertex components ¢ and j are connected by an edge connec-
tion, then for any matching-cut and [ = 1,2, 3: it is not possible that ¢ is cut by
cut [ and j is cut by cut [.

Let G’ be the graph that is constructed by introducing vertex components for
every vertex in G and connecting them with vertex connection components,
segment connection components and edge connections for every edge in respec-
tively A, B and C' as described above. Using the observed properties of these
connections, G’ has the following properties:

— Because A U B gives a Hamilton cycle in GG, and the fact that the different
components have no matching-cuts other than the indicated cuts, we use
Property [l and Property 2 to conclude that if G’ has a matching-cut, this
matching-cut cuts every vertex component.

— Property Mshows that if G’ has a matching-cut, all vertex components that
correspond to vertices in the same segment of G are cut by the same cut [.

— By Property Bl in any matching-cut, two vertex components that correspond
to vertices in segments that are joined by a C-edge must be cut by different
cuts.

— Property [ shows that segment connection components do not impose addi-
tional constraints on the possible combinations of cuts through vertex com-
ponents.

Now it is easy to see how any matching-cut in G’ corresponds to a proper segment
3-coloring of G and vice versa.

The only question left is whether G’ is indeed an instance for Planar
Matching-Cut, so whether G’ is planar. Actually, with vertices of the vertex
components labeled as in Figure[2, the edge connections, vertex connections and
segment connections can not be made without destroying planarity. But it is
possible to find labelings for the different vertex components such that G’ will
be planar.

This concludes the NP-completeness proof of Planar Matching-Cut. O
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3 The NP-Completeness of Matching-Cut for Several
Other Graph Classes

3.1 Planar Graphs with Maximum Degree 4

As Chvétal proved the Matching-Cut problem to be AP-complete for graphs
with maximum degree 4, the question arises whether the problem is also N'P-
complete for planar graphs with maximum degree 4. To prove that this is indeed
the case, we outline how the construction used in the proof of Theorem [I] should
be altered such that the resulting graph G’ is a planar graph with maximum
degree 4, and still has the properties needed in the proof.

For this alteration, in the graph G’ from the proof of Theorem [, we will
replace all segment connection components by new segment connection com-
ponents. The vertex components will be replaced pairwise: in G’, every vertex
component occurs in a pair of vertex components connected with an edge connec-
tion. Call this subgraph, composed of vertex components ¢ and j, edge component

7.

T4 ! S ! lj4
7"j3 ljg
] Lo
Tj16 > ljl
lil L » 751
Lia Ti2
li3 I \/' I Ti3
Lia - Ti4
(a) Edge component ij
Ui o Tkl
i T
L2 T2
108 P12
lis T3
k3 Tk3
lia T4
lra Tk4
(b) Segment connection component k (c) Vertex connection component I

Fig. 5. Components with maximum degree 4

Replace each edge component ij in G’ by the new edge component ij shown
in Figure[M(a). This component is obviously planar and has maximum degree 4.
Furthermore, the vertices L, 7k, ljx and 7, (k = 1,2,3,4) have smaller degree



100 P. Bonsma

(a) ()

Fig. 6. Making an indecomposable graph with girth 5

such that further connections are possible. With a little effort it can be checked
that the possible combinations of matching-cuts through this new edge compo-
nent are similar to the possible combinations of matching-cuts through the orig-
inal edge component. There is one difference: the matching-cuts are ‘reversed’,
so for instance the matching-cut that contains the edge I;1/;2 also contains the
edge 7;37;4 and the matching-cut that contains the edge l;3l;4 also contains the
edge r;17;2. This is easily remedied by replacing each edge component in G’ by
two of the edge components in Figure[Bl(a), and connecting them with two of the
vertex connection components shown in Figure Blc).

Replace each segment connection component (Figure H) by the component
shown in Figure [(b). This component is again planar, has maximum degree
4 and has a set of matching-cuts equivalent to the nine matching-cuts of the
original segment connection component. For the vertex connection components
we again use the component shown in Figure Blc).

If we replace all subgraphs of G’ exactly as described, then next to some edge
components, vertices of degree 5 will occur. This problem can easily be solved
by inserting extra vertex connection components (with a double edge between
;s and 74 instead of between [;; and 7)) and/or deleting vertex connection
components.

This shows how the construction can be altered such that the resulting graph
has maximum degree 4 and still has all the necessary properties. Therefore,
the Matching-Cut problem is NP-complete for the class of planar graphs with
maximum degree 4.

3.2 Planar Graphs with Large Girth

After we observe that the indecomposable graphs that we have seen all contain
small cycles (triangles), the question arises whether the Matching-Cut problem
is still AN"P-complete for graphs with large girth (the girth of a graph is the
length of a shortest cycle). First consider simple graphs without triangles or,
for a stronger result, bipartite simple graphs. Moshi [8] observes that if in a
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Matching-Cut instance G every edge is replaced by two parallel edges and both
of those edges are subdivided with one vertex, this gives a bipartite Matching-
Cut instance G’ that is equivalent with G. This operation does not destroy
planarity, so Matching-Cut is N'P-complete for planar bipartite graphs.

Before we can prove that the Matching-Cut problem is AP-complete for
planar graphs with girth 5, we must find such a graph that is indecomposable.
In Figure Bla), a planar graph with girth 5 is shown. It can be checked that
none of the thick edges can be part of a matching-cut. A different embedding of
this graph is shown in Figure [6(b). If we draw this second embedding into two
of the faces of the first embedding, we obtain the planar graph with girth 5 in
Figure [Blc). Again, the thick edges can not be part of a matching-cut. Therefore
it can be checked that this graph has no matching-cuts.

In a similar way, for any d > 5 embeddings of indecomposable planar graphs
with girth 5 can be constructed such that the outer face has degree d. Call such
a graph an indecomposable perimeter-d graph.

Now we can outline how to change the proof of Theorem [[such that the re-
sulting graph is a planar graph with girth 5, which proves the N"P-completeness
of the Matching-Cut problem for planar graphs with girth 5. Consider the com-
ponents in Figure [[l Replace edge components and segment connection compo-
nents in the graph G’ from the proof of Theorem [ by these new components.
Recall that vertex connection components do not have to be used. Now, edges
on the boundary of the shaded faces can be subdivided until all 2-cycles, 3-cycles
and 4-cycles are removed (observe that in the graph obtained from G’, all these
small cycles contain such an edge). To ensure that none of the edges around the
shaded faces can be part of a matching-cut, insert in every shaded face of degree
d an indecomposable perimeter-d graph. By this ‘insert’ operation we mean the
operation we also used to obtain the graph in Figure [B}c). It can be checked that
the resulting graph again has girth 5. So this yields a planar graph of girth 5
that has the desired matching-cut properties.

Tj4

739

o Ui Tkl

Tj1 le‘:/u 0\:' e

l31 9 L3 P Tk3
lia Tk4

(b) Segment connection

o
113 component

li4

(a) Edge component

Fig. 7. Components for the construction with girth 5
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4 Graph Classes for Which Matching-Cut Is Easy

For some graph classes the matching-cut problem can be solved efficiently:
Chvétal [3] described an algorithm for graphs with maximum degree 3, and
Patrignani and Pizzonia [9] described an algorithm for series-parallel graphs.
Moshi [§] describes algorithms for line graphs and quadrangulated graphs. Quad-
rangulated graphs are graphs without chordless cycles of length 5 or more. We
first observe that the property of having a matching-cut can be described in
monadic second order logic, and therefore results in [1] and [2] imply that for
any graph class with fixed bounded treewidth the problem can be solved in
polynomial time. This generalizes the result on series-parallel graphs. Below a
few other positive results on the matching-cut problem are described. We first
continue the study of the influence of the girth on the complexity of the problem
for planar graphs.

4.1 Planar Graphs with Girth at Least Seven

In this section, it is shown that the Matching-Cut problem is easy for the class
of planar graphs with girth at least 7. In fact, it is shown that every such graph
has a matching-cut.

Theorem 2. Every planar graph with girth at least 7 has a matching-cut

Proof: Suppose this is not true. Let G be a planar graph with girth 7 without
a matching cut. We have the following observations:

1. 6(G) > 2.

2. G can not contain two vertices with degree 2 that are neighbors. Using the
fact that G has no triangles, this structure gives a matching-cut.

3. G can not contain vertices v with at least d(v) — 1 neighbors with degree
2. Using the fact that G has no cycles of length 4 or less, this would give a
matching-cut [S, S]. (Let S be v together with its degree 2 neighbors.)

Now define for every v € V(G): e(v) := [{u € N(v) : d(u) = 2}|, the number of
neighbors of v with degree 2. So by Observation Bl above: e(v) < d(v) — 2 for all
v € V(G). Now, if d(v) = 3 and e(v) = 1, call v a critical 3-vertez. If d(v) = 3
and e(v) = 0, call v a simple 3-vertex. Then in addition, we can observe the
following:

4. G can not contain two critical 3-vertices that are neighbors. Using the fact
that G has no cycles of length 5 or less, this would give a matching-cut [S, S].
(Let S be these two vertices together with their degree 2 neighbors.)

5. G can not contain a simple 3-vertex with more than one critical 3-vertex as
neighbor. Using the fact that G has no cycles of length 6 or less, this would
give a matching-cut [S,S]. (Let S be these degree 3 vertices together with

their degree 2 neighbors.)
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Now assign weights to the vertices in the following way:
w(v) :==d(v) +e(v) ifd(v) >3
w(v) =0 if d(v) =2

Observation [2 above shows that every vertex of degree 2 contributes 1 to the
weights of exactly two vertices of degree at least 3, and thus

Z d(v) = Z w(v).

v

Now for every critical 3-vertex v, with z and y the two neighbors with degree at
least 3, apply the following redistribution of weights once:

w(v) = w(v) —

= N

w(z) = w(z) +
w(y) = w(y) + g
Clearly, after this is done for every critical 3-vertex, the sum of the weights
over all vertices remains the same. Now we will show that after this weight

redistribution step: w(v) < I(d(v) — 2) for every vertex v.

— If d(v) = 2, then w(v) is not changed by the redistribution, so w(v) = 0 =

2(d(v) —2)
5 .
— If v is a critical 3-vertex, then because of Observation [4], the redistribution

will not add weight to w(v), only substract once. So w(v) = d(v)+e(v) — % =

2
5 =5(dw) - 2).
— If v is a simple 3-vertex, then because of Observation [5], v will gain at most
1 in the redistribution step. So w(v) < d(v)l—i— e(v) + 1 = L < %(d(v) —2).
— If v has d(v) > 4, then v can gain at most 3 for every neighbor with degree
2‘5 least 3, so w(v) < d(;}) —l—;z(v) + 1(d(v) —e(v)) = 2d(v) + 2e(v) < 2d(v) +
$(d(v) = 2) = 2d(v) — 5 < §(d(v) — 2). For the last step we use d(v) > 4.
Now let g be the girth of G, and let n be the number of vertices, m the number
of edges and k the number of faces in an embedding of G. Using Euler’s formula
we have m —n = k — 2. Let I’ be the set of faces in this embedding. Then for

f € F,d(f) denotes the face degree. For graphs without bridges such as G, d(f)
is equal to the number of edges on the boundary of f. We get:

k<Y d(f)=2m=3 dw) =3 ww) <3 %(d(v)—Q) - g(2m—2n) -

fEF veV veV veV

7

2

S0 g < 7, a contradiction. m]

(2k —4) = Tk — 14,

Note that the proof above describes an efficient algorithm that will al-
ways find a matching-cut in planar graphs with girth at least 7: every such
graph must have one of the structures mentioned in Observations 1 to 5 in the
above proof.
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Remark. At WG2003 the open question was presented whether the above result
is also true for planar graphs with girth 6. Andrzej Proskurowski pointed out
that might be useful for answering this question. Indeed, the main result
of [5] is that for every indecomposable graph on n vertices with m edges, m >
[3(n—1)/2], and that this bound is best possible. For planar graphs with girth
6 we have m > 3k. Rewriting Euler’s formula then gives m < 3(n — 2)/2, which
proves that all planar graphs with girth at least 6 are decomposable. We believe
that the alternative proof in this section, even though the result is weaker, is
still useful for the understanding of the problem.

4.2 Claw-Free Graphs

A claw is a Kj 3. A claw-free graph is a graph without induced claws. For any
connected claw-free graph G = (V, E), let M C E be the set of edges that are
not part of a triangle. Since G is claw-free, A(V, M) < 2, so the graph (V, M)
is a set of paths and cycles. Let U C V be the set of vertices with degree 2 in
(V,M). If v € U, then dg(v) = 2. So if (V, M) contains a cycle, then because G
is connected, G must be this cycle. The cycle has at least 4 vertices, so G has a
matching-cut. Now assume (V, M) is a set of paths. Then

— if (V, M) contains a path on at least 4 vertices, then G contains two neighbors
of degree 2 that are not part of a triangle, so G has a matching-cut.
— if (V\U, E\M) is not connected, then G has a matching-cut M’: for each
path in (V, M), put one edge in M’. Now M’ is a matching and an edge cut.
We will show that these are the only cases in which G has a matching-cut, if
G is not a cycle. Suppose G has a matching-cut [S,S]. [S,S] can only contain
edges in M. If it contains two edges of the same path in (V, M), then this path
must contain at least 4 vertices. Otherwise, there is a path in (V, M) with end
vertices u € S and v € S. Also u,v € V\U. Because [S,S] C M, u and v are
also in different components of (V\U, E\M), and therefore (V\U, E\M) is not
connected.

This gives a polynomial decision algorithm for Matching-Cut for claw-free
graphs. We remark that in the NP-completeness proof of Chvétal [3] a K 4-
free graph is constructed, so for K 4-free graphs the Matching-Cut problem is
NP-complete. Line graphs are claw-free, so this generalizes the result in [§].
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Abstract. A tree t-spanner T in a graph G is a spanning tree of
G such that the distance between every pair of vertices in T is at
most ¢ times their distance in G. The tree t-spanner problem asks
whether a graph admits a tree ¢-spanner, given t. We first substantially
strengthen the known results for bipartite graphs. We prove that the
tree t-spanner problem is NP-complete even for chordal bipartite graphs
for t > 5, and every bipartite ATE—free graph has a tree 3-spanner,
which can be found in linear time. The best known before results were
NP-completeness for general bipartite graphs, and that every convex
graph has a tree 3-spanner. We next focus on the tree t-spanner problem
for probe interval graphs and related graph classes. The graph classes
were introduced to deal with the physical mapping of DNA. From a
graph theoretical point of view, the classes are natural generalizations
of interval graphs. We show that these classes are tree 7-spanner
admissible, and a tree 7-spanner can be constructed in O(mlogn) time.

Keywords: Chordal bipartite graph, Interval bigraph, NP-completeness,
Probe interval graph, Tree spanner

1 Introduction

A tree t-spanner T in a graph G is a spanning tree of G such that the distance
between every pair of vertices in T' is at most ¢ times their distance in G. The
tree t-spanner problem asks whether a graph admits a tree t-spanner, given t.
The notion is introduced by Cai and Corneil [8]9], which finds numerous ap-
plications in distributed systems and communication networks; for example, it
was shown that tree spanners can be used as models for broadcast operations
[1] (see also [23]). Moreover, tree spanners were used in the area of biology [2],
and approximating the bandwidth of graphs [27]. We refer to [24)26/6] for more
background information on tree spanners.
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The tree t-spanner problem is NP-complete in general [9] for any ¢ > 4.
However, it can be solved efficiently for some particular graph classes. Especially,
the complexity of the tree ¢-spanner problem is well investigated for chordal
graphs and its subclasses. For ¢ > 4 the problem is NP-complete for chordal
graphs [6], strongly chordal graphs are tree 4-spanner admissible [3] (i.e., every
strongly chordal graph has a tree 4-spanner), and the following graph classes are
tree 3-spanner admissible: interval graphs [I8], directed path graphs [17], split
graphs [27] (see also [6]).

We first focus on the tree t-spanner problem for bipartite graphs and its sub-
classes. The class of bipartite graphs is wide and important from both practical
and theoretical points of view. However, the known results for the complexity
of the tree t-spanner problem for bipartite graph classes are few comparing to
chordal graph classes. The NP-completeness is only known for general bipartite
graphs (this result can be deduced from the construction in [9]), and the pro-
blem can be solved for regular bipartite graphs, and convex graphs as follows; a
regular bipartite graph is tree 3-spanner admissible if and only if it is complete
[18]; and any convex graph is tree 3-spanner admissible [27].

We substantially strengthen the known results for bipartite graph classes,
and reduce the gap. We show that the tree t-spanner problem is NP-complete
even for chordal bipartite graphs for ¢ > 5. The class of chordal bipartite graphs
is a bipartite analog of chordal graphs, introduced by Golumbic and Goss [13],
and has applications to nonsymmetric matrices [12]. We also show that every
bipartite asteroidal-triple-edge—free (ATE—{ree) graph has a tree 3-spanner, and
such a tree spanner can be found in linear time. The class of ATE—free graphs
was introduced by Miiller [22] to characterize interval bigraphs. The class of
interval bigraphs is a bipartite analog of interval graphs and was introduced by
Harary, Kabell, and McMorris [14].

Our results reduce the gap between the upper and lower bounds of the com-
plexity of the tree t-spanner problem for bipartite graph classes since the follo-
wing proper inclusions are known [22l[7]; convex graphs C interval bigraphs C
bip. ATE—free graphs C chordal bipartite graphs C bipartite graphs.

We next focus on the tree t-spanner problem on probe interval graphs and
related graph classes. The class of probe interval graphs was introduced by Zhang
to deal with the physical mapping of DNA, which is a problem arising in the
sequencing of DNA (see [28[2T120129] for background). A probe interval graph is
obtained from an interval graph by designating a subset P of vertices as probes,
and removing the edges between pairs of vertices in the remaining set N of
nonprobes. In the original papers [28/29], Zhang introduced two variations of
probe interval graphs. An enhanced probe interval graph is the graph obtained
from a probe interval graph by adding the edges joining two nonprobes if they are
adjacent to two independent probes. The class of STS-probe interval graphs is a
subset of the probe interval graphs; in those graphs all probes are independent.

From the graph theoretical point of view, it has been shown that all probe

interval graphs are weakly chordal [21], and enhanced probe interval graphs are
chordal [28]29]. In full version, we show that (1) the class of STS-probe interval
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graphs is equivalent to the class of convex graphs (hence the class is tree 3-
spanner admissible), and (2) the class of the (enhanced) probe interval graphs
is incomparable with the classes of strongly chordal graphs and rooted directed
path graphs.

Hence, from both viewpoints of graph theory and biology, the tree t-spanner
problem for (enhanced) probe interval graphs is worth investigating. Especially,
it is natural to ask that if those graph classes are tree ¢t-spanner admissible for
fixed integer t. We give the positive answer to that question: The classes of probe
interval graphs and enhanced probe interval graphs are tree 7-spanner admissi-
ble. A tree 7-spanner of a (enhanced) probe interval graph can be constructed
in O(m+nlogn) time if it is given with an interval model. Therefore, using the
recognition algorithms in [I5/T9], we can construct a tree 7-spanner for a given
(enhanced) probe interval graph G = (P, N, E) in O(mlogn) time.

Due to space limitation, proofs are omitted, and can be found in full versiof]]

2 Preliminaries

Given a graph G = (V, E) and a subset U C V, the subgraph of G induced by U
is the graph (U, F'), where F = {{u,v}|{u,v} € E for u,v € U}, and denoted by
G|U]. For a subset F' of E, we sometimes unify the edge set F' and its edge induced
subgraph (U, F) with U = {v|{u,v} € F for some u € V}. For two vertices u and
v on G, the distance of the vertices is the minimum length of the paths joining «
and v, and denoted by dg(u, v). The disk of radius k centered at v is the set of all
vertices with distance at most k to v, Di(v) = {w € V : dg(v,w) < k}, and the
kth neighborhood N (v) of v is defined as the set of all vertices at distance k to v,
that is Ni(v) = {w € V : dg(v,w) = k}. By N(v) we denote the neighborhood of
v, i.e., N(v) := Ny(v). More generally, for a subset S C V' let N(S) = UyesN(v)
denote the neighborhood of S.

A tree t-spanner T in a graph G is a spanning tree of G such that for each pair
wand v in G, dr(u,v) < t-dg(u,v). We say that G is tree t-spanner admissible
if it contains a tree t-spanner. The tree t-spanner problem is to determine, for
given graph and positive integer ¢, if the graph admits a tree t-spanner. A class
C of graphs is tree t-spanner admissible if every graph in C' is tree t-spanner ad-
missible. On the tree t-spanner problem, the following result plays an important
role:

Lemma 1. [9] A spanning tree T of G is a tree t-spanner if and only if for every
edge {u,v} of G, dp(u,v) <t.

It is well known that a graph G is bipartite if and only if G contains no
cycle of odd length [16]. Thus, for each positive integer k, a tree 2k-spanner of a
bipartite graph G is also a tree (2k — 1)-spanner. Hence we will consider a tree
t-spanner for each odd number ¢ for bipartite graphs.

A graph (V) E) with V = {vy,va,- -+, v,} is an interval graph if there is a set
of intervals Z = {Iy, I5,-- -, I,} such that {v;,v;} € E if and only if I, N I; # 0

! Full version is available at http://www.komazawa-u.ac.jp/ uehara/ps/t-span.pdf
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for each 1 < 4,5 < n. We call the set Z interval representation of the graph. For
each interval I, we denote by R(I) and L(I) the right and left endpoints of the
interval, respectively. A bipartite graph (X,Y, F) with X = {z1, 22, -, 2, }
and Y = {y1,y2, -, Yn, } is an interval bigraph if there are families of intervals
Ix ={L,Is,---, I, } and Zy = {J1,Ja,- -, Jy, } such that {z;,y,;} € E if and
only if I; N J; # (0 for each 1 <4 < my and 1 < j < my. We also call the families
of intervals (Zx,Zy) interval representation of the graph. We sometimes unify a
vertex v; and its corresponding interval I;; I, denotes the interval corresponding
to the vertex v, and R(v) and L(v) denote R(I,) and L(I,), respectively.

An edge which joins two vertices of a cycle but is not itself an edge of the
cycle is a chord of that cycle. A graph is chordal if each cycle of length > 4 has
a chord. A graph G is weakly chordal if G and G contain no induced cycle Cj,
with &k > 5. A bipartite graph G is chordal bipartite if each cycle of length > 6
has a chord. Let the neighborhood N(e) of an edge e = {v,w} be the union
N(v) U N(w) of the neighborhoods of the end-vertices of e. Three edges of a
graph G form an asteroidal triple of edges (ATE) if for any two of them there is
a path from the vertex set from one to the vertex set of the other that avoids
the neighborhood of the third edge. ATE—free graphs are those graphs which do
not contain any ATE. This class of graphs was introduced in [22], where it was
also shown that any interval bigraph is an ATE—free graph, and any bipartite
ATE-free graph is chordal bipartite.

A graph G = (V| E) is a probe interval graph if V' can be partitioned into
subsets P and N (corresponding to the probes and nonprobes) and each v € V' can
be assigned to an interval I, such that {u,v} € F if and only if both I, N I, # 0
and at least one of w and v is in P. In this paper, we assume that P and N are
given, and we denote the considered probe interval graph by G = (P, N, E). Let
G = (P,N, E) be a probe interval graph. Let E™ be a set of edges {uy, us} with
uy,us € N such that there are two probes v; and vy in P such that {vy,u;},
{vi,us}, {va,ur}, {ve,us} € E, and {v1,v2} € E. Each edge in E™ is called an
enhanced edge, and the resulting graph GT = (P, N, E U ET) is said to be an
enhanced probe interval graph. See [28]2120129] for further details.

3 NP-Completeness for Chordal Bipartite Graphs

In this section we show that, for Sila, b] Ssa, b]
any t > 5, the tree ¢-spanner

problem is NP-complete for . b a b
chordal bipartite graphs. The
proof is a reduction from Mo- a i
notone 3SAT which consists of > ,

a b

instances of 3SAT such that
each clause contains either only Fig. 1. The graph Sy[a, b]

negated variables or only non-

negated variables (see [I1) LO2]). For which the following family of chordal
bipartite graphs will play an important role.
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First, Soa, b] is an edge {a, b}, and Si]a, b] is the 4-cycle (a,a’, ', b, a). Next,
for a fixed integer ¢ > 1, Syi1[a,b] is obtained from one cycle (a,b,b’,d’,a),
Sela,a’], Se[b, V'], and Se[a’,¥’] by identifying the corresponding vertices (see
Fig. [I). We will connect the vertices a and b to other graphs, and use S¢[a,b] as
a subgraph of bigger graphs. Sometimes, when the context is clear, we simply
write Sy for Sy[a, b]. In case £ > 0 we write (a,a’,b’,b,a) for the 4-cycle in Sy[a, b]
containing the edge {a,b}. Each of the edges {a,a’}, {a’,V'}, {b,b'} belongs to a
unique Sy_1, the corresponding Se_1 in S¢[a,b] to {a,a’}, {a’,b'}, {b,b'}, respec-
tively. The following observations collect basic facts on Sy used in the reduction
later.

Observation 1. For every integer £ > 0, S¢[a,b] has a tree (2¢ + 1)-spanner
containing the edge {a,b}.

Observation 2. Let H be an arbitrary graph and let e be an arbitrary edge of
H. Let K be an Spla,b] disjoint from H. Let G be the graph obtained from H
and K by identifying the edges e and {a,b}; see Fig. [A Suppose that T is a
tree t-spanner in G, t > 20, such that the (a,b)-path in T belongs to H. Then
dr(a,b) <t—2¢.

Observation P indicates a way to force an edge {x,y} to be a tree edge:
Choosing ¢ = [ 51| shows that {a,b} must be an edge of 7.

We now describe the reduction. Let £ > 2 be
an integer, and let F' be a 3SAT formula with m
clauses C; for 1 < j < m, over n variables z; for
1<i<n.

Definition 1. In a graph G, an edge {a,b} is
said to be forced by an Sy if {a,b} appears in
some Syla,b] (as induced subgraph in G) such
that {a,b} disconnects Spla,b] from the rest. We
require that each two S¢[a,b] and Sy[c,d] have Fig.2. The graph obtained
at most 2 vertices in {a,b,c,d} in common. An from H and S¢[a,b] by iden-
edge {a,b} is said to be strongly forced if it is tifying the edge e = {a, b}
forced by two Sk[a,b].

By Observation Bl if G has a tree (2k + 1)-spanner T every strongly forced
edge must belong to T

For each variable x; create the gadget G(z;) as follows: (1) Take 2m + 4 ver-
tices z}, ..., ™, Tt ..., T, Pi, G, Ti, Si, and (2) for 1 < j, 5 < m, add the ed-
ges {x{7fij/}7 {Qi’ ajg}v {Ti’ fﬂf}» {p“x—ij}’ {thiij}’ and {pi7 Ti}’ {riv si}7 {Si> Qi}'
Furthermore, (3) each of the edges {p;, 7}, {ri,s:}, {si, ¢}, and {27,757} with
1< j <m, is a strongly forced edge, (4) force each edge {a,b} € {{g;, 27} :1<
j<myU{{raall s 1< <mbu{{pnad} 1<) < mbU{{snad} 1<
j<myU{{ad, 7} 1< g, <m,j# '} by an Sp_ia,b]. (See Fig.3; in the
figure, the Sy and Sj_; are omitted, and thick edges are strongly forced).

The vertex ;] (77, respectively) will be connected to the clause gadget of

clause Cj if x; (77, respectively) is a literal in C;. All edges {ri,z}} (1 < j < m)
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or else all edges {s;,7;"} (1 < j < m) will belong to any tree (2k + 1)-spanner
(if any) of the graph G which we are going to describe.

Definition 2. A clause is positive (negative, respectively) if it contains only
variables (negation of variables).

Fig. 5. The reduction given C = (x1, 22, z3) and
CZ = (Jf_l x_Q, x_‘l)

We note that each clause is either positive or negative since given formula
is an instance of Monotone 3SAT. For each clause C;, G(C;) is the 4-cycle
(c;',dj',dj_,cj_,cj) where {cj',dj'}, {d;’,dj_}, and {d; ,c; } are strongly forced
edges (see Fig.4).

Finally, the graph G = G(F) is obtained from all G(v;) and G(C};) by iden-
tifying all vertices p;, q;,r; and s; to a single vertex p,q,r, and s, respectively
(thus, {p,r}, {r,s} and {s, ¢} are edges in G), and adding the following edges: (1)
Connect every xf with every ;7 (¢ #1'). (2) For every positive clause C;: If z;
is in O} then connect 27 with cj and force the edge {27, C;L} by an Si_a[z?, cf]
Connect ¢; with r and force the edge {c;,r} by an Sy_2[c;,r]. (3) For every
negative clause Cj: If z; is in C; then connect ;7 with ¢; and force the edge
{z7,¢; } by an Sg_o[T,¢;]. Connect ¢ with s and force the edge {c],s} by
an Sk_g[c;_, s].

The description of the graph G = G(F) is complete. Clearly, G can be
constructed in polynomial time. See Fig. 5 for an example.

Lemma 2. G is chordal bipartite.
Lemma 3. Suppose G admits a tree (2k + 1)-spanner. Then F is satisfiable.
Lemma 4. Suppose F' is satisfiable. Then G admits a tree (2k + 1)-spanner.

Theorem 3. For every fized k > 2, the Tree (2k + 1)-Spanner problem is NP-
complete for chordal bipartite graphs.
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4 Tree 3-Spanners for Bipartite ATE-Free Graphs

In this section we show that any bipartite ATE—free graph admits a tree 3-
spanner.

We say that a vertex u of a graph G has a mazimum neighbor if there is a
vertex w in G such that N(N(u)) = N(w). We will need the following result
from [5].

Lemma 5. [B] Any chordal bipartite graph G has a vertex with a mazimum
neighbor.

It is easy to deduce from results [4, Lemma 4.4], [l Corollary 5] and [10]
Corollary 1] that a vertex with a maximum neighbor of a chordal bipartite graph
can be found in linear time by the following procedure.

PROCEDURE NICE-VERTEX. Find a vertex with a maximum neighbor
Input: A chordal bipartite graph G = (X UY, E).
Output: A vertex with a maximum neighbor.
Method:
initially all vertices v € X UY are unmarked;
repeat
among unmarked vertices of X select a vertex x such that N(z) contains
the maximum number of marked vertices;
mark z and all its unmarked neighbors;
until all vertices in Y are marked;
output the vertex of Y marked last.

Now let G = (V, E) be a connected bipartite ATE—free graph and u be a
vertex of G which has a maximum neighbor (recall that G is chordal bipartite
and therefore such a vertex u exists).

Lemma 6. Let S be a connected component of a subgraph of G induced by set
V \ Dg—1(uw) (k > 1). Then, there is a vertex w € Ni_1(u) such that N(w) D
SN Ni(u).

Lemma [0] suggests the following algorithm for constructing a spanning tree of

G.
PROCEDURE SPAN-ATEG. Tree 3-spanners for bip. ATE—free graphs

Input: A bipartite ATE—{ree graph G = (V, E) and a vertex u of G with a maximum
neighbor.
Output: A spanning tree T = (V, E’) of G (rooted at u).
Method:
set B = (;
set ¢ := max{dg(u,v) :v €V}
let s?, i€ {1,...,pq} be the vertices of Ng(u);
for every i € {1,...,p,} do
pick a neighbor w of s! in Nq_1(u);
add edge {s?,w} to E’;
for k := ¢ — 1 downto 1 do
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compute the connected components S¥, ..., S;fk of
G[Nk(w) U{s" T ie {1,...,prt1}}];
for every i € {1,...,pi} do
set S := SF N Ny(u);
pick a vertex w in Ny_1(u) such that N(w) D S;
for each v € S add the edge {v,w} to E’;
shrink component S¥ to a vertex s¥ and make s adjacent in G to
all vertices from N(S¥) N Nyp_1(u).

It is easy to see that the graph T' = (V, E’) constructed by this procedure is
a spanning tree of G and its construction takes only linear time. Moreover, T
is a shortest path tree of G rooted at u since for any vertex x € V, dg(x,u) =
dp(z,u) holds.

Theorem 4. Let T = (V, E') be a spanning tree of a bipartite ATE—free graph
G = (V, E) output by PROCEDURE SPAN-ATEG. Then, for any x,y € V, we
have dp(z,y) <3-dg(z,y) and dr(z,y) < dg(z,y) + 2.

Since any interval bigraph is a bipartite ATE—free graph, and any convex
graph is an interval bigraph, we have the following corollaries.

Corollary 1. Any interval bigraph G = (V, E) admits a spanning tree T such
that dr(z,y) < 3-dg(z,y) and dr(z,y) < dg(z,y) + 2 hold for any x,y € V.
Moreover, such a tree T can be constructed in linear time.

Corollary 2. [27] Any convex graph G = (V, E) admits a spanning tree T such
that dr(z,y) < 3-dg(z,y) and dr(z,y) < dg(z,y) + 2 hold for any x,y € V.
Moreover, such a tree T can be constructed in linear time.

5 Tree 7-Spanners for (Enhanced) Probe Interval Graphs

In this section we show that any (enhanced) probe interval graph admits a tree
7-spanner.

Let G = (P,N,FE) be a connected probe interval graph. We assume that
an interval representation of G is given (if not, an interval model for G can be
constructed by a method described in [19] in O(mlogn) time, where n = |P|+|N|
and m = |E|). Let Z = {I, : * € P} be the intervals in the interval model
representing the probes and J = {J, : y € N} be the intervals representing the
nonprobes.

First we discuss two simple special cases. If N = () then clearly G = (P, E)
is an interval graph. It is known (see [25]) that for any interval graph G and
any vertex u of G there is a shortest path spanning tree T of G rooted at u
such that dr(z,y) < dg(z,y) + 2 holds for any z,y. In fact, a procedure similar
to PROCEDURE SPAN-ATEG produces such a spanner in linear time for any
interval graph G and any start vertex u. Evidently, T is a tree 3-spanner of G.

To describe other special case, we will need the following notion. A connected
probe interval graph G = (P, N, E) is superconnected if for any two intersecting
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intervals I,,,I,, € Z there is always an interval J, € J such that I, N I, N
Jy # 0. For a superconnected probe interval graph G, a tree 4-spanner can be
constructed easily. First we ignore all edges in G[P] to get an interval bigraph
G' = (X = P,Y = N,E’) and then run PROCEDURE SPAN-ATEG on G'.
We claim that a spanning tree T of G’, produced by that procedure, is a tree
4-spanner of G. Indeed, for any edge {z,y} of G such that x € P and y € N,
dr(z,y) < 3 holds by Corollary [I} it is an edge of G’, too. Now consider an edge
{v,w} of G with v,w € P. Since G is superconnected, there is a vertex y € N
such that I, N I, N J, # 0, i.e., de (v, w) = 2. Then, by Corollary [, we have
dr(v,w) <dg (v,w) +2 =2+ 2 = 4. Consequently, T' is a tree 4-spanner of G.

To get a tree 7-spanner for an arbitrary connected probe interval graph G =
(P,N, E), we will use the following strategy. First we decompose the graph G
into subgraphs Go, G, ..., Gy such that G; and G; (¢ # j) share at most one
common vertex and each G; is either an interval graph or a superconnected probe
interval graph. Then iteratively, given a tree 7-spanner 17" for Go UG U...UG;
(i < k) and a tree t-spanner Tj4q (t < 4) of Gi11, we will extend T to a tree
7-spanner T'*! for Gy UGy U...UG; UG,y by either making all vertices of
Giy1 adjacent in T%*! to a common neighbor in Go UGy U ... UG, (if it exists)
or by gluing trees T% and T;,; at a common vertex.

Now we give a formal description of the decomposition algorithm. Let

S0, 51, ...,Sg be segments of the union UyenJy. (see Fig. B for an illustration).
Clearly, all probe

interval graphs Go : G : Gz ; Gy Ga
Ggi_;,_l (Z =1, ... q) _——_.M_ —_".-_— » ;
are superconnected = _mwp —— | — —— - s =
and a decomposition ~ probes e
of G into Go,G4,..., momprobes | T
Gaog+2 can be done ; ‘
in linear time if prm— o = "'S"'

. H 0 : ' 1 '
endpoints of the L(So) R(So)
intervals Z U J are _. . .
sorted. Fig. 3. Segments and a decomposition of a probe interval

graph

PROCEDURE DECOMP. A decomposition of a probe interval graph

Input: A probe interval graph G and its interval representation (Z, ).

Output: Subgraphs Go,Gh1,...,G2q42 of G, where Ga; (i € {0,...,q+ 1}) is an
interval graph and Ga;41 (¢ € {0,...,q}) is a superconnected probe interval graph,
and special vertices u; (j =1,...,2q+ 2), where u; belongs to Gj_1 and Gj.

Method:

for i =0 to ¢ do
/* define an interval graph */
set X :=={I, € Z:L(z) < L(S:)};
on intervals X define an interval graph Ga;;
let I* be an interval from X with maximum R(-) value;
set ug2,41 := a vertex of G corresponding to I*;
set Z:=TZ\ (X\{I"});
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/* define a superconnected probe interval graph */
set YV:={l, € J:1, C Si};
set X :=={I, € Z:L(z) < R(Si)};
define a probe interval graph G2;4+1 with probes X and nonprobes Y;
let I* be an interval from X with maximum R(-) value;
set ug2i42 := a vertex of G corresponding to I*;
set Z:=T\ (X\{I"});
define on 7 an interval graph Gag42.

Lemma 7. For anyi=2,...,2¢+ 2, R(u;) > R(u;_1) holds.

Now, for an interval graph Gy (if it is not empty), we can construct a tree
3-spanner Ty = Tp(up) rooted at any vertex ug of Gp. For an interval graph
Go; (i =1,...,q+ 1), we can construct a tree 3-spanner Ty; = To;(ug;) rooted
at vertex ug; (see PROCEDURE DECOMP). Since all those trees are shortest
path trees, the neighborhoods of vertex wuo; in Ga; and Ts; coincide.

Let G5, be an interval bigraph obtained from a superconnected probe in-
terval graph Ga; 11 by ignoring all edges between probes and deleting all probes
I, such that I, C I,

241"
Lemma 8. For any i = 0,...,q, verter us;+1 has a maximum neighbor in
2i+1-

Let Ty, = T5; 1 (u2i41) be a tree 3-spanner of an interval bigraph Gy, 4
constructed starting at vertex wugiy1, i € {0,...,¢} (see PROCEDURE SPAN-
ATEG). Clearly, the neighborhoods of vertex ug;y1 in Gg;; and T, coincide.
We can extend tree Ty;, ; to a spanning tree Th;y1 = Toiq1(uzit1) of Gaiqp1 by
adding, for each probe I, of Gg;41 such that I, C I, ,, a pendant vertex v
adjacent to ug;y1.

Lemma 9. Th;11(u2it1) s a tree 4-spanner for Goi1, ¢ € {0,...,q}. Moreover,
for any edge {w,uzi11} of Gaiy1, dry,y, (W, u2s41) < 2 holds.

Now we are ready to construct a spanning tree T for the original probe
interval graph G = (P, N, E). We say that a vertex v of G dominates a subgraph
Gy of G if every vertex of Gy, different from v, is adjacent to v in G.

PROCEDURE SPAN-PIG. Tree 7-spanner for probe interval graphs
Input: A probe interval graph G = (P, N, E), its interval representation (Z, 7) and
a decomposition of G into graphs Go, G, ..., Gag+2-
Output: A spanning tree T = (PUN, E’) of G.
Method:
set B/ =) and k := 0;
while k£ < 2¢+ 2 do
if there is an index j such that k¥ < j and uy dominates G; then do
find the largest index j with that property;
for each v in Gy U ... UG, (v # uy) add edge {v,ur} to E’;
set k:=j41;
else do
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if k is even then do
find a tree 3-spanner Tj(ux) of an interval graph Gy;
add all edges of Ty (ux) to E';
if k is odd then do
find a tree 4-spanner Tj(ux) of a superconnected probe interval graph Gy;
add all edges of Ty (ux) to E';
set k:=k+ 1.

It is easy to see that the tree T' constructed by PROCEDURE SPAN-PIG is
a spanning tree of G and its construction takes only linear time.

Lemma 10. If for graph Gy (k € {0,...,2q + 2}) there exists a vertexr u; €
{ug, ..., ur} which dominates Gy, then there is a vertex us € {ug,...,ur} such
that dr(x,us) < 1 holds for any x in Gy. Otherwise, if such vertex u; does not
exist, then for any vertices x,y of Gk, dr(x,y) = dr, (x,y) holds.

Corollary 3. For any vertices z,y of G (k € {0,...,2¢ + 2}), dr(z,y) <
max{2,dp, (z,y)} holds.

Lemma 11. T is a tree 7-spanner for G.

Theorem 5. Any probe interval graph G admits a tree 7-spanner. Moreover,
such a tree 7-spanner can be constructed in O(mlogn) time, orin O(m+nlogn)
time if the intersection model of G is given in advance.

Now let G = (P, N, E) be an enhanced probe interval graph with probes P
and nonprobes N.

Corollary 4. Any enhanced probe interval graph G = (P, N, E) admits a tree
7-spanner. Moreover, such a tree spanner can be constructed in O(mlogn) time.

6 Concluding Remarks

In the paper, we have shown that the tree t-spanner problem is NP-complete
even for chordal bipartite graphs for ¢ > 5. The complexity of the tree 3-spanner
problem is still open. We have also shown that every (enhanced) probe interval
graph has a tree 7-spanner. However, it is also open whether the graph classes
are tree t-spanner admissible for smaller t.

Acknowledgements. The authors are greatful to an anonymous referee for
simplifying the reduction in Section Bl
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A Simple Linear Time LexBFS Cograph
Recognition Algorithm
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Abstract. This paper introduces a new simple linear time algorithm
to recognize cographs (graphs without an induced P4). Unlike other co-
graph recognition algorithms, the new algorithm uses a multisweep Lex-
icographic Breadth First Search (LexBFS) approach, and introduces a
new variant of LexBFS, called LexBFS™, operating on the complement
of the given graph G and breaking ties with respect to an initial LexBFS.
The algorithm either produces the cotree of G or identifies an induced
Py).

1 Introduction

Cographs or complement reducible graphs have the property of being defined
both recursively and by a simple forbidden induced subgraph characterization.
Cographs are the family of graphs constructed from a single vertex under the
closure of the operations of union and complementation or equivalently, union
and join (the join of G1,Ga, ..., G} is the graph G1 UG3U. .. UG} together with
all edges between vertices of different G;). As shown by Lerchs (see [4]) these
operations uniquely define a tree representation of the cograph referred to as a
cotree. See Fig. [[] for a cograph G = (V, E) and the corresponding cotree Tg.
Leaves represent the vertex set V' and each internal node represents the union
(0) or join (1) operations on the children. The significance of the 0(1) nodes is
captured by the fact that zy € E iff the smallest subtree containing z and y
is rooted at a 1 node. Note that the labels on any path from a leaf to the root
of the cotree alternate. Alternatively, Lerchs (see [4]) also proved that cographs
are exactly those graphs that do not contain an induced P, (i.e. a path on 4
vertices).

The cotree is algorithmically significant as a tool for reducing NP-hard prob-
lems such as colouring, clique detection, Hamiltonicity, etc., on arbitrary graphs
to fast linear time problems on cographs [4]. Cographs arise in applications such
as examination scheduling problems [14] and automatic clustering of index terms.
Surprisingly, despite the structural simplicity of cographs, constructing linear
time recognition algorithms has been challenging. The first such algorithm to
recognize cographs and construct the cotree was achieved by Corneil, Perl and
Stewart [5] in 1985. The algorithm examines each vertex in turn, inserting it
into the cotree if the graph is a cograph and returns “false” otherwise. Recently,

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 119-[[30, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Habib and Paul [9] have used vertex splitting to produce a new linear time recog-
nition algorithm for cographs. Note that any linear time modular decomposition
algorithm, such as [12J8]6], immediately yields a somewhat complicated, linear
time cograph recognition algorithm.

One of the most elegant recognition algorithms for a restricted family of
graphs was developed in 1976 by Rose, Tarjan and Lueker [13] for chordal graphs.
This algorithm introduced a restricted form of Breadth First Search called Lexi-
cographic Breadth First Search (LexBFS). They showed that a graph is chordal
iff the ordering of any LexBFS is a perfect elimination ordering. Surprisingly,
LexBFS has only recently resurfaced appearing in recognition algorithms for in-
terval graphs [3/10], unit interval graphs [2] and bipartite permutation graphs [T]
as well as structural related algorithms on a host of other graph families. Given
the success of LexBFS on families of graphs related to cographs, it is natural
to wonder whether there exists a simple, linear time, LexBFS based recognition
algorithm for cographs.

The remainder of the paper reveals such an algorithm. We will define a vari-
ant of LexBFS denoted LexBFS™ and a property of cographs called the Neigh-
bourhood Subset Property which form the basis of the algorithm. In particular,
ALGORITHM RECOGNIZE_COGRAPH determines whether the input graph G is a
cograph using the Neighbourhood Subset Property, returning the cotree if G is
a cograph and an induced P if G is not a cograph.

ALGORITHM RECOGNIZE_COGRAPH(G)
Input: Graph G.
Output: Cotree T if G is a cograph, an induced P, otherwise.
Compute LexBFS(G) resulting in 7
Compute LexBFS™ (G, 7) resulting in &,
Compute LexBFS™ (G, 71) resulting in o9
if &1, 09 satisfy the Neighbourhood Subset Property
return ( CONSTRUCT-COTREE(V) )
else
return ( CONSTRUCT_F)

The general graph theory notation of this paper follows that of West [15].
The remainder of this section provides an overview of LexBFS and cotree related
terminology. The following section provides the intuition of the new algorithm
and introduces LexBFS™, a new variant of LexBFS. The paper concludes with
some details behind the algorithm and its correctness.

1.1 LexBFS

We define a LexBFS as in Korte and Mdéhring [IT]. We say that vertices x
and y disagree on z if one of z,y is adjacent to z. Given a graph G = (V, E),
LexBFS produces an ordering o : (v1,va,...,v,) of V such that if there exists
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1 <4< j <k <nin which v;, v, disagree on v;, then the leftmost vertex on
which they disagree is adjacent to v;. The algorithm details are given below in
AvcoriTeM LEXBFS(G, P). We use o(y) = i to indicate that y is the i'? vertex
of 0. Note that the numbering convention in this paper follows that of [3] where
the ordering o is the order in which vertices are visited during the LexBF'S.

There are several different paradigms for implementing LexBFS. The term
lezicographic stems from the original labelling paradigm in which vertices pass a
label to each unnumbered neighbour. The earlier a vertex is visited, the higher
the label passed. The next vertex is chosen such that it has the lexicographically
largest label. Another conceptualization of LexBF'S involves pivots and partitions
[I0]. The partitioning paradigm will prove the most useful for illustrating the
new variant, LexBFS™.

The partitioning paradigm considers a pivot (the current vertex) and all
unnumbered vertices. A vertex is considered to be visited if it has been a pivot,
i.e. numbered. The algorithm begins with a partition list L initialized to a single
ordered set P of the vertices in V. The first pivot is the first vertex of P and is
first in the ordering o. Let N(z) refer to the neighbourhood of . For each pivot z,
remove z from its partition and define N’ = {v|v € N(z) and v unnumbered}.
For each set P in the partition L, all members of N’ belonging to P are removed
from P and inserted into a new set P’ positioned immediately to the left of P.

N\

7
4
N\

7
Y

N\

QR
‘P‘Q
XN

UK

\VA
R
%,
7

Fig.1. a) A cograph G. b) An embedding of the cotree T¢ of G.

For example, for the graph in Fig. [l if = is the first vertex selected, then the

remaining vertex set is split into two partitions and where

is moved ahead of since each of {yuvwz} is adjacent to x
while {dcab} are not adjacent to x.

The LexBFS terminates when all vertices have been visited. Algorithm
LEXBFS is a variation of the version appearing in [I0]. Table [[] walks through
a LexBFS of the cograph of Fig. [l
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ArLcoriTHM LEXBFS(G, P)

Input: a connected graph G = (V, E) and an initial ordering P of V
Output: an ordering o of the vertices of G

1 L+« (P); L, the list of partitions, is initialized to the partition P

2 1+ 1 The counter for assigning vertex positions

3 while there exists a set in L = (P, ..., P) of unnumbered vertices do
4 Let P, be the leftmost partition of unnumbered vertices;

) Remove the first vertex x from Pj; the pivot

6 o(x) < i;

7 141+ 1;

8 for each partition P;,j > 1 do

9 Let P’ = {v|lv € N(z) N P;}; P’ are the vertices of P; adjacent to x
10 if P’ is non-empty and P’ # P; then

11 Remove P’ from P;;

12 Insert P’ to the left of P; in L; P’ forms a new partition

13 end for
14 end while
15 return (o);
end LEXBFS

Table 1. Step by step LexBFS of G from Fig.[I]

a(v)|v| N'(v) Partitions
’xdyuvwcazb‘

1 |x[{uvwyz} ’Wdcab

2 |y{abecdwaz}|wz] uv’dcab‘

3 |wl/{abcdz}

4 |z|{auv}

5 [ul{abcdv}

6 |vi{abcd}

7 |al(}

8 [d|{bc}

9 |c|{b}

10 |b|{}

Definition 1 The vertices in the leftmost partition of line 5 of ALGORITHM
LEXBFS(G,V) are tied, in that their neighbourhoods of numbered vertices are
identical. We refer to such a set of tied vertices as a slice, S.
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An example of a slice is the partition in Table [l defined by the

neighbourhood of z. Notice that the entire vertex set is initially a slice.

Given a slice S of tied vertices, ALGORITHM LEXBFS breaks the tie in an
arbitrary manner by selecting the first vertex of the leftmost partition. Some
variants of LexBF'S use a more sophisticated tie breaking mechanism. For ex-
ample, LexBFS™ [3] breaks ties by considering the ordering 7, produced by a
previous LexBFS sweep, and selects the vertex x in S numbered latest in 7.
The partitioning paradigm easily facilitates this tie breaking mechanism in the
following way. The initial partition P is the vertex set in reverse T order. Since
ALGORITHM LEXBFS takes the first vertex of the leftmost partition P, as the
next pivot, this implementation automatically satisfies the tie breaking rule.
The main insight of this paper involves the introduction of a new tie breaking
mechanism discussed in Section Z2lon LexBFS~.

1.2 Cotrees

Some notation with respect to cotrees will be necessary in subsequent sections.
Let T be an embedding of the cotree of a cograph G = (V, E) rooted at R. For
each leaf z, let r, be the root of the largest subtree of the embedding such that
x is the rightmost leaf. Let P, be the directed path in T from x to 7,. The
internal nodes on P, alternate between 0 and 1 nodes. Let (07,03,...,07) be
the sequence of 0 nodes on P,. Similarly let the sequence (17,13, ...,1},) denote
the 1 nodes. Note that |k — &'| < 1.

Now consider the subtree ¢’ rooted at 0%, the i*" 0 node on P,. Let z be the
child of 07 that lies on P,. Define the subtree T§; to be ¢’ without the subtree
rooted at z. An analogous definition holds for 77,. Figure 2l highlights a subtree

T, for the cotree of Fig. [

x
02

Fig. 2. Let t = T and therefore r = R. Dark grey indicates the subtree T, and light
grey the path P;.
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Observation 1 Cographs are closed under complementation. The cotree T of

G, the complement of G, is exactly T with 0 and 1 nodes interchanged.

Observation 2 Cographs are hereditary in the sense that any induced subgraph
is also a cograph. Furthermore, given cograph G with cotree Tg, an induced,
rooted subtree t of Tq is the cotree of an induced subgraph of G.

2 Unfolding the Cograph Recognition Algorithm

2.1 Relating Slices to Subtrees

An intuitive sense for the new cograph recognition algorithm is best developed
by observing how LexBF'S reveals the structure of a given cograph. Consider the
LexBFS o depicted in Table[d] that started with the arbitrarily chosen vertex z,

o : xywzuvadcb.

In an attempt to reveal underlying relationships between the ordering ¢ and
the cograph structure of G we investigate properties of the slices generated during
the course of the search. First, notice that selecting « defines the following slice
containing vertices adjacent to = (ordered as they appear in o),

[ywzuv].

After numbering each of ywzu and v, only vertices not adjacent to x remain
(see Table [, row 6), and are partitioned according to their adjacencies with
ywuzv. In particular, one vertex, a, is adjacent to each of ywzuv and therefore
defines its own slice [a]. The remaining vertices form the slice

[dcb].
The slices define an ordered partitioning of ¢ into the following sequence:
o : x[ywzuv][a][dcb].

Recall that in ALGORITHM LEXBFS(G, P), each pivot is selected from a
slice, or the leftmost partition P;. The set of all slices constructed during the
sweep defines nested ordered partitionings of 0. We often use the term subslice
to refer to a slice nested inside another slice. We now present notation to refer
to the first level of nested subslices of a slice.

Definition 2 Let S = [z, 5%(x), (SN (z))] be an arbitrary slice constructed dur-
ing a LexBFS sweep where x is the first vertex of S. We consider only the first
level of nested subslices of S. Let S4(x) = [the subslice of S of vertices adja-
cent to x]. FEach subsequent subslice of S contains vertices not adjacent to x.
Let (SN (z)) where (SN (x)) = STV (x), S (x),..., SN (z) denote the subslices not
adjacent to x in S.
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Recalling that the entire vertex set is initially a slice, if we let S = o, then
SA(x) = [ywzuv], SN (z) = [a] and SY (x) = [deb]. For all i > 3, SN (x) is empty
and is therefore omitted . If ¢ is the first vertex of S and S4(t) is empty but
SN (t) is non-empty, then S4(t) = [ ] and is preserved as a place holder. The
following surprising observation forms the basis of the new algorithm.

Observation 3 Let o denote a LexBFS of the cograph G of Fig. [1 starting
at vertexr x and let T denote an embedding of the cotree of G such that x is
the rightmost leaf of T. Let S be the initial slice, then S is partitioned into
x,S4(x), (SN (z)) and each slice SN (z) contains ezactly the leaves of the
subtree 1, of T'.

Figure [ illustrates Observation [l Notice that SY¥(x) = [a] contains exactly
the leaf of T¥,; and similarly that S)¥(x) = [dcb] contains exactly the leaves of
T3, In fact, Observation[d holds for any LexBFS of any cograph. Unfortunately,
as seen in Fig. B] the vertices in S4(z) are not partitioned into their respective
subtrees. Naturally, we would like to have a similar relationship for the 77;

o« xlywzuvl[El EE]

Fig. 3. The pairing of slices with subtrees T(;.

subtrees. Recall Observation [I that the cotree T of G is exactly T' with the 0
and 1 nodes interchanged. Thus a LexBFS of the complement graph G, starting
at z, should partition vertices into slices of leaves of the subtrees T7.

Akin to the notation for slices of o, we denote an arbitrary slice in @ by S.
Similarly, the sequence of subslices of a slice S for which x is the first vertex is