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Preface

The 29th International Workshop on Graph-Theoretic Concepts in Computer
Science (WG 2003) was held in the Mennorode conference Center in Elspeet, The
Netherlands. The workshop was organized by the Center for Algorithmic Systems
of the Institute of Information and Computing Sciences of Utrecht University.
The workshop took place June 19–21, 2003. The 72 participants of WG 2003
came from universities and research institutes from 18 different countries and
five different continents.

The workshop looks back at a long tradition. It was first held in 1975, and
has been held 20 times in Germany, twice in Austria, and once in Italy, Slova-
kia, Switzerland, and the Czech Republic, and has now been held for the third
time in The Netherlands. The workshop aims at uniting theory and practice by
demonstrating how graph-theoretic concepts can be applied to various areas in
computer science, or by extracting new problems from applications. It is devoted
to the theoretical and practical aspects of graph concepts in computer science.
The goal is to present recent research results and to identify and explore di-
rections of future research. The talks given at the workshop showed how recent
research results from algorithmic graph theory can be used in computer science
and which graph-theoretic questions arise from new developments in computer
science.

A total of 78 papers were submitted to the workshop. The program com-
mittee represented a wide scientific spectrum. In a careful reviewing process,
with four reports per submission, the program committee selected 30 papers for
presentation at the workshop. A number of very good submissions had to be
rejected due to a lack of space in the program schedule. The referees’ comments
and the numerous fruitful discussions during the workshop were taken into ac-
count by the authors of these conference proceedings. In addition, there were
two fascinating invited talks by A. Schrijver and M. Fellows. The social program
of the workshop included a visit to the National Park ‘De Hoge Veluwe,’ with a
visit to the Kröller-Müller museum.

With much pleasure, I thank all those who contributed to the success of WG
2003: the authors who submitted their work to the workshop, the speakers, the
program committee members, and all referees. Thanks are also due to Jan van
Leeuwen, for support and advice, to the members of the administrative staff
of the Institute of Information and Computing Sciences of Utrecht University
for their help, to magician Willem Tel who amazed the participants during the
conference dinner, and to the helpful personnel of the Mennorode conference
Center . Last, but certainly not least, special thanks go to the organizational
committee, Gerard Tel, Marinus Veldhorst, and Thomas Wolle, for their many
efforts.

Utrecht, August 2003 Hans Bodlaender
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VI The Tradition of WG

The Tradition of WG

1975 U. Pape – Berlin
1976 H. Noltemeier – Göttingen
1977 J. Mühlbacher – Linz
1978 M. Nagl, H.J. Schneider – Schloß Feuerstein, near Erlangen
1979 U. Pape – Berlin
1980 H. Noltemeier – Bad Honnef
1981 J. Mühlbacher – Linz
1982 H.J. Schneider, H. Güttler – Neunkirchen, near Erlangen
1983 M. Nagl, J. Perl – Haus Ohrbeck, near Osnabrück
1984 U. Pape – Berlin
1985 H. Noltemeier – Schloß Schwanenberg, near Würzburg
1986 G. Tinhofer, G. Schmidt – Stift Bernreid, near München
1987 H. Göttler, H.J. Schneider – Schloß Banz, near Bamberg
1988 J. van Leeuwen – Amsterdam
1989 M. Nagl – Schloß Rolduc, near Aachen
1990 R.H. Möhring – Johannesstift Berlin
1991 G. Schmidt, R. Berghammer – Richterheim Fishbackau, München
1992 E.W. Mayr – Wilhelm-Kempf-Haus, Wiesbaden-Naurod
1993 J. van Leeuwen – Sports Center Papendal, near Utrecht
1994 G. Tinhofer, E.W. Mayr, G. Schmidt – Herrsching, near München
1995 M. Nagl – Haus Eich, Aachen
1996 G. Ausiello, A. Marchetti-Spaccamela – Cadenabbia
1997 R.H. Möhring – Bildungszentrum am Müggelsee, Berlin
1998 J. Hromkovič, O. Sýkora – Castle Smolenice, near Bratislava
1999 P. Widmayer – Centro Stefano Franscini, Monte Verità, Ascona
2000 D. Wagner – Waldhaus Jacob, Konstanz
2001 A. Brandstädt – Boltenhagen, near Rostock
2002 L. Kučera – Český Krumlov
2003 H.L. Bodlaender – Mennorode, Elspeet, near Utrecht
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Blow-Ups, Win/Win’s, and Crown Rules:
Some New Directions in FPT

Michael R. Fellows

School of Electrical Engineering and Computer Science
University of Newcastle, University Drive, Callaghan NSW 2308, Australia

mfellows@cs.newcastle.edu.au

Abstract. This survey reviews the basic notions of parameterized com-
plexity, and describes some new approaches to designing FPT algorithms
and problem reductions for graph problems.

1 Introduction – The Basic Ideas

The collection of methods for classifying problems as fixed-parameter tractable,
for designing FPT algorithms, for designing better FPT algorithms and transfer-
ing these results to practical implementations, and for describing FPT problem
transformations to prove lower bound and intractability results, has developed
with surprising vigor — yet it still seems we are far from having the “basic
vocabulary” of effective FPT algorithm design techniques worked out.

Most parameterized problems in FPT have seen a trajectory of improvements
through many approaches. An example is the following parameterization of the
Max Leaf Spanning Tree problem, defined by declaring: (1) the input to the
problem, (2) the parameter, and (3) the question.
Max Leaf Spanning Tree I

Input: A graph G and a positive integer k; Parameter: k; Question: Does G
have a spanning tree with at least k leaves?

The parameter can be anything. A different parameterization is:
Max Leaf Spanning Tree II

Input: A graph G and a positive integer r; Parameter: The treewidth of G;
Question: Does G have a spanning tree with at least r leaves?

The parameter doesn’t have to be small to be interesting:
Max Leaf Spanning Tree III

Input: A graph G and a positive integer r; Parameter: The number of vertices
of G; Question: Does G have a spanning tree with at least r leaves?

The parameter may be geared to any kind of mathematical insight:
Max Leaf Spanning Tree IV

Input: A graph G and a positive integer k; Parameter: k; Output: A spanning
tree for G having a number of leaves that is within a factor of (1 + 1/k) of the
maximum number possible.
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2 M.R. Fellows

Parameterizing on the number of leaves can be done in more than one way:
Max Leaf Spanning Tree V

Input: A graph G on n vertices and a positive integer k; Parameter: k; Ques-
tion: Does G have a spanning tree with at least n− k leaves?

The trajectory for Max Leaf Spanning Tree I includes:
• A quadratic FPT algorithm based on the Graph Minor Theorem [FL92] having
a ridiculously fast-growing parameter function.
• The first linear time FPT algorithm for the problem due to Bodlaender had
a parameter function of f(k) = (17k4)! or thereabouts [Bod93]. This was based
on depth-first search and bounded treewidth.
• A linear time FPT algorithm by Downey-Fellows with f(k) = (2k)4k, based
on a quadratic (in k) problem kernelization [DF95a].
• An improved linear time FPT algorithm due to Fellows, McCartin, Rosamond
and Stege [FMRS00] with parameter function f(k) = (14.23)k, based on linear
kernelization and catalytic branching.
• The current best FPT algorithm for the problem, due to Bonsma, Brüggemann
and Woeginger, running in time O(n3 + 9.4815kk3), based on a reduction to a
problem kernel of size bounded by 4k, using a substantial result from extremal
graph theory [BBW03].

The parameterized complexity framework is a two-dimensional framework
for complexity analysis, where the first dimension is the overall imput size n.
The parameter k represents some other aspect(s) of the computational problem.

Definition 1. A parameterized language L is a subset L ⊆ Σ∗×Σ∗. For (x, k) ∈
L we refer to k as the parameter.

Definition 2. A parameterized language L is fixed-parameter tractable (FPT) if
it can be determined in time f(k)q(n) whether (x, k) ∈ L, where n = |(x, k)|, q(n)
is a polynomial in n, and f is a computable function (otherwise unrestricted).

These central ideas recently have been reintroduced by Impagliazzo, Paturi
and Zane [IPZ98,Woe03], who propose a new notation for FPT results. If a pa-
rameterized problem is in FPT via an algorithm with a running time of f(k)q(n),
they write this as O∗(f(k)), focusing attention on the exponential complexity
contribution of the parameter.

Definition 3. A parameterized language L is many:1 parametrically reducible
to a parameterized language L′ if there is an FPT algorithm that transforms
(x, k) into (x′, k′) so that: (1) (x, k) ∈ L if and only if (x′, k′) ∈ L′, and (2)
k′ = g(k) (for some recursive function g).

The main parameterized classes are organized in the hierarchy:

FPT ⊆M [1] ⊆W [1] ⊆W [2] ⊆ · · · ⊆W [P ] ⊆ AW [P ] ⊆ XP

XP is the class of parameterized problems solvable in time f(k)ng(k), where
f and g are unrestricted functions.
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The Clique problem (parameterized by the size of the clique) is W [1]-
complete [DF99], and is a frequent source problem for W [1]-hardness reductions.
W [1] is strongly analogous to NP because the k-Step Halting Problem for

Nondeterministic Turing Machines (with unlimited nondeterminism) is
complete for W [1] ([DF95b] + [CCDF97]).

What is known about the five different parameterizations of the classic Max

Leaf Spanning Tree problem?
About Max Leaf I and Related Problems. This has an FPT algorithm
with running time O∗(9.4815k) [BBW03]. Where will the cascade of progress on
this problem stop?

There are two main games being played in FPT algorithms research:
(1) The f(k) game. This is the game emphasized by the O∗(f(k)) notation.
Improvements generally depend on three things, in some mix:
• More powerful preprocessing/kernelization data reduction rules.
• Better concrete branching strategies for the exhaustive analysis of the kernel.
• More sophisticated methods of analysis.
(2) The kernelization game. The goal is to produce smaller problem kernels.
Success depends on a mix of the first and third of the above.

The Planar Dominating Set problem provides some examples. An
O∗(11k) FPT algorithm was described in [DF99]. This was improved to O∗(8k)
by Alber, et al. [AFFFNRS01]. The algorithm did not change, only the anal-
ysis. By more powerful reduction rules, a linear problem kernel was proved in
[AFN02] — but this does not yield any improvement in the f(k) game over the
O∗(8k) algorithm.

Both games are worth playing — both lead to better understanding of the
problem structure afforded by the fixed parameter value — both may lead to
new strategies for practical implementations [ALSS03,DRST02].
About Max Leaf Spanning Tree II and Related Problems. Here the pa-
rameter is the treewidth of G. We know by Bodlaender’s O∗(235k3

) algorithm for
structural parsing of graphs of treewidth at most k [Bod96], together with dy-
namic programming, that this parameterization is FPT. Treewidth is an almost
universal parameter leading to FPT algorithms.
About Max Leaf Spanning Tree III and Related Problems. Here the
parameter k is the number of vertices of G. This is clearly in FPT by brute
force! and might not seem interesting. But it is, because there are new “lower
bound” techniques for proving qualitative optimality results for FPT algorithms.
Combining results of [CJ01] and [DFPR03], it is now known that while Ver-

tex Cover admits an O∗(2O(k)) FPT algorithm (where the parameter k, as
here, is the number of vertices), this cannot be improved to O∗(2o(k)) unless
FPT = M [1]. A similar result holds for Max Leaf Spanning Tree III. By
parameterizing on such things as the number of vertices, these new methods
allow us to prove lower bound results in the area of “worst-case exponential”
algorithms.
About Max Leaf Spanning Tree IV and Related Problems. Here we are
parameterizing by the goodness of approximation. If we had an FPT result for



4 M.R. Fellows

this problem, then we would have a special kind of PTAS (an EPTAS [CT97])
where the exponent of the polynomial does not depend on the goodness of the
approximation.

Recent PTAS results include:

– The PTAS for the Euclidean TSP due to Arora [Ar96] has a running time
of around O(n300/ε). Thus for a 20% error, we have a “polynomial-time”
algorithm that runs in time O(n1500).

– The PTAS for the Multiple Knapsack problem due to Chekuri and
Khanna [CK00] has a running time of O(n12(log(1/ε)/ε8)). Thus for a 20%
error we have a “polynomial-time” algorithm that runs in time O(n9375000).

– The PTAS for the Maximum Subforest Problem due to Shamir and
Tsur [ST98] has a running time of O(n221/ε −1). For a 20% error we thus
have a “polynomial” running time of O(n958267391).

– The PTAS for the Maximum Indendent Set problem on geometric graphs
due to Erlebach, Jansen and Seidel [EJS01] has a running time of
O(n(4/π)(1/ε2+2)2(1/ε2+1)2). Thus for a 20% error, O(n532804).

Viewed in the parameterized framework, these results only establish that
the analogs of Max Leaf Spanning Tree IV are in XP. In the case of the
Euclidean TSP problem, Arora later found an FPT algorithm (an EPTAS)
[Ar97]. Whether the other problems listed above admit FPT algorithms, or are
W [1]-hard, is a significant open problem. Max Leaf Spanning Tree IV turns
out to be hard for W [P ].

About Max Leaf Spanning Tree V and Related Problems. This is an
example of a dual parameterization, a notion introduced by Khot and Raman
[KR00]. Note that a graph has a spanning tree with at least n − k leaves if
and only if has a connected dominating set having at most k vertices. This
problem turns out to be complete for W [2]. Khot and Raman noticed that quite
frequently “dual” parameterized problems behave oppositely, with one being
FPT and the other hard for W [1]. Exceptions are now known, but this seems to
be a strong tendency for natural problems in NP. Clique and Vertex Cover

(parameterized by the number of vertices in the solution), are dual, with the
former being W [1]-complete and the latter being FPT. Dominating Set is
W [2]-complete, while its parametric dual is in FPT.

2 M[1] and Blow-Ups

There is a new class of parameterized problems seemingly intermediate between
FPT and W [1]:

FPT ⊆M [1] ⊆W [1]

M [1] may turn out to be a better primary reference point for intractability
than W [1]. There are two natural “routes” to M [1].
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The Renormalization Route to M [1].
There are O∗(2O(k)) FPT algorithms for many parameterized problems, such as
Vertex Cover. In view of this, we can “renormalize” and define the problem:
k log n Vertex Cover

Input: A graph G on n vertices and an integer k; Parameter: k; Question:
Does G have a vertex cover of size at most k log n?

The FPT algorithm for the original Vertex Cover problem, parameterized
by the number of vertices in the vertex cover, allows us to place this new problem
in XP . It now makes sense to ask whether the k log n Vertex Cover problem
is also in FPT — or is it parametrically intractable? It turns out that k log n
Vertex Cover is M [1]-complete.
The Miniaturization Route to M [1].
We certainly know an algorithm to solve n-variable 3SAT in time O(2n). Con-
sider the following parameterized problem.
Mini-3SAT

Input: Positive integers k and n in unary, and a 3SAT expression E having at
most k log n variables; Parameter: k; Question: Is E satisfiable?

Using our exponential time algorithm for 3SAT, Mini-3SAT is in XP and we
can wonder where it belongs — is it in FPT or is it parametrically intractable?
This problem also turns out to be complete for M [1].

Dozens of renormalized FPT problems and miniaturized arbitrary problems
are now known to be M [1]-complete [DFPR03]. However, what is known is quite
problem-specific. For example, one might expect Mini-Max Leaf to be M [1]-
complete, but all that is known presently is that it is M [1]-hard. It is not known
to be W [1]-hard, nor is it known to belong to W [1].

The following theorem would be interpreted by most people as indicating
that probably FPT �= M [1]. (The theorem is essentially due to Cai and Juedes
[CJ01], making use of a result of Impagliazzo, Paturi and Zane [IPZ98].)

Theorem 1. FPT = M [1] if and only if n-variable 3SAT can be solved in time
2o(n).

M [1] supports convenient although unusual combinatorics. For example, one
of the problems that is M [1]-complete is the miniature of the Independent Set

problem defined as follows.
Mini-Independent Set

Input: Positive integers k and n in unary, a positive integer r ≤ n, and a graph
G having at most k log n vertices.
Parameter: k
Question: Does G have an independent set of size at least r?

The following example of a blow-up reduction (from [DEFPR03]) displays
some of the combinatorial possibilities.

Theorem 2. There is an FPT reduction from Mini-Independent Set to ordi-
nary parameterized Independent Set (parameterized by the number of vertices
in the independent set).
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Proof. Let G = (V, E) be the miniature, for which we wish to determine whether
G has an independent set of size r. Here, of course, |V | ≤ k log n and we may
regard the vertices of G as organized in k blocks V1, ..., Vk of size log n. We
now employ a simple but useful counting trick that can be used when reducing
miniatures to “normal” parameterized problems. Our reduction is a Turing re-
duction, with one branch for each possible way of writing r as a sum of k terms,
r = r1 + · · · + rk, where each ri is bounded by log n. The reader can verify
that (log n)k is an FPT function, and thus that there are an allowed number of
branches. A branch represents a commitment to choose ri vertices from block Vi
(for each i) to be in the independent set.

We now produce (for a given branch of the Turing reduction) a graph G′

that has an independent set of size k if and only if the miniature G has an
independent set of size r, distributed as indicated by the commitment made
on that branch. The graph G′ consists of k cliques, together with some edges
between these cliques. The ith clique consists of vertices in 1:1 correspondence
with the subsets of Vi of size ri. An edge connects a vertex x in the ith clique
and a vertex y in the jth clique if and only if there is a vertex u in the subset
Sx ⊆ Vi represented by x, and a vertex v in the subset Sy ⊆ Vj represented by
y, such that uv ∈ E. Verification is straightforward.

The hypothesis that FPT �= M [1] has many interesting consequences based
on similar arguments. The next theorem is due to recent work of Chor, Fellows
and Juedes.

Theorem 3. If FPT �= M [1] then determining whether a graph has a k-element
dominating set (k-element independent set) cannot be solved in time O(no(k)).

Cai and Juedes [CJ01] proved the following path-breaking results, which
established an FPT optimality program of broad applicability.

Theorem 4. If FPT �= M [1] then there cannot be an FPT algorithm for the
general Vertex Cover problem with a parameter function of the form f(k) =
2o(k), and there cannot be an FPT algorithm for the Planar Vertex Cover

problem with a parameter function of the form f(k) = 2o(
√
k).

It has previously been known that Planar Dominating Set, parameter-
ized by the number n of vertices in the graph can be solved optimally in time
O∗(2O(

√
n)) by using the Lipton-Tarjan Planar Separator Theorem. Combining

the lower bound theorem of Cai-Juedes with the linear kernelization result of
Alber et al. [AFN02] shows that this cannot be improved to O∗(2o(

√
n)) unless

FPT = M [1].

3 Win/Win’s and Vertex Cover Structure

Early work on parameterized complexity was motivated by the complexity con-
sequences of the Graph Minor Theorem, that povides a powerful way to classify
problems as FPT. It applies to the following problem:
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Max Internal Spanning Tree

Input: A graph G and an integer k; Parameter: k; Question: Does G have a
spanning tree with at least k internal vertices?

This problem is “governed by bounded vertex cover structure” and in this
setting there is a more general (in this setting) and much easier to prove classi-
fication tool.

Theorem 5. For every fixed k, the family of graphs having a vertex cover of
size at most k is well-quasiordered by ordinary subgraphs. Furthermore, restrict-
ing to this family of graphs, the Subgraph problem (Is H a subgraph of G?),
parameterized by H, is linear time FPT.

Proof Sketch. Suppose there is an infinite bad sequence of graphs of bounded
vertex cover number. Then there is an infinite bad subsequence all having the
same vertex cover number, which we can assume to be k. Order the k vertices of
the vertex cover arbitrarily in any order for each graph. There are finitely many
graphs on k vertices, so there is an infinite bad subsequence where, respecting
vertex orderings, the subgraphs induced by the vertex covers are isomorphic.
Every other vertex of a graph in this bad subsequence is attached to a subset of
the vertex cover, and has no other incident edges. Thus each graph in the infinite
bad subsequence can be described by a census vector of length 2k that counts, for
each subset S of the vertex cover, the number of vertices u in the complement of
the vertex cover such that N(u) = S. By Higman’s Lemma, these census vectors
are well-quasi-ordered by the pointwise ordering of the census numbers. By the
well-quasi-ordering of the census vectors, we reach a contradiction. Also, graphs
that have a vertex cover of size k have pathwidth at most k.

As an application, we can consider the following problem, the parametric
dual of Graph k-Coloring:

Saving k Colors

Input: A graph G and a positive integer k; Parameter: k; Question: Can G
be colored with n− k colors?

Theorem 6. Saving k Colors is in FPT.

Proof. For each fixed k, the graph complements of the no-instances constitute a
lower ideal in the subgraph order. Theorem 5 therefore applies.

The essence of the win/win strategy in FPT algorithm design is to play off
one kind of structure against another. An old example from [FL92]:

Theorem 7. In time O(n) we can find either:
(1) A cycle of length at least k, or,
(2) A tree decomposition of width at most k.

This is just a plain linear time algorithm, there is nothing exponential in k
hiding in the big O. Thus if we are interested in determining whether a graph has
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a cycle of length at least k, either we are done, or “for free” we have a bounded
width tree decomposition.
A Win/Win for Max Internal
A win/win approach to designing an FPT algorithm for Max Internal Span-

ning Tree has recently been described by Prieto and Sloper [PS03]. They de-
scribe an algorithm that in time O(n2) produces either: (1) a vertex cover of size
at most k, or (2) a k-internal spanning tree. The rest of their FPT algorithm is
based on a kernelization rule that can be applied in the situation where there is
a small vertex cover.
A Win/Win for the Dual of Dominating Set
The complement of a dominating set of size n − k is termed a nonblocking set
of vertices (of size k). Faisal Abu-Khazm has described a simple algorithm that
in time O(n2) produces either: (1) a vertex cover of size at most k, or (2) a
nonblocking set of size k. If the outcome is (2), then we are done. If the outcome
is (1), then in O(n) time we can read off a path decomposition of width k as
follows. Let C denote the vertex cover, and let v1, v2,..., be the remaining ver-
tices in any order. Then we can take the sequence of bags of the decomposition
to be: C ∪{v1}, C ∪{v2}, .... Given this path decomposition, we can use the effi-
cient dynamic programming algorithm of Proskurowski and Telle [PT93] for the
Minimum Dominating Set problem, further improved by Alber and Nieder-
meier [AN02], to get an O∗(4k) FPT algorithm for the problem. (This matches
the running time of McCartin’s algorithm [McC03], obtained by a completely
different route.)

3.1 Crown Rules: A Surprising New Technique for Kernelization

Consider the Vertex Cover problem, and the reduction rule for this problem
for vertices of degree 1. If (G, k) is an instance of the Vertex Cover problem
where G has a vertex v of degree 1 with neighbor u �= v, then we can reduce
to the instance (G′, k′) where G′ = G− u− v and k′ = k − 1. This simple local
reduction rule admits a global structural generalization.

Definition 4. A crown decomposition of G is a partition of the vertex set of G
into three sets, H, C and J such that the following conditions hold:
(1) C is an independent set,
(2) H is matched into C, and
(3) H is a cutset, i.e., there are no edges between C and J .

If (G, k) is an instance of the Vertex Cover problem, and G admits a
crown decomposition, then we can reduce to (G′, k′) where G′ = G−H−C and
k′ = k−|H|, as a generalization of the degree 1 reduction rule. Presently, it is an
open problem whether determining if a graph has a crown decomposition is in
P , or is NP-complete. However, if we are given: (1) a graph G = (V, E) without
isolated vertices, and (2) a vertex cover V ′ for G that satifies the inequality
2|V ′| < |V | (in other words, the vertex cover is less than half the size of G),
then we can compute a crown decomposition in polynomial time as follows. Let
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V ′′ = V − V ′, and compute a maximum matching between V ′ and V ′′. For
x ∈ V ′, let m(x) ∈ V ′′ denote the vertex of V ′′ (if any) to which x is matched.
For U ⊆ V ′, define m(U) = {v ∈ V ′′ : ∃x ∈ U with m(x) = v}. For W ⊆ V ′′ let
N(W ) = {x ∈ V ′ : ∃y ∈ W, xy ∈ E}. Let C0 = V ′′ −m(V ′). The size condition
on the vertex cover V ′ insures that C0 is nonempty. Note that since V ′ is a
vertex cover, V ′′ is an independent set in G. Now we iteratively compute:
H1 = N(C0), C1 = m(H1) ∪ C0,
H2 = N(C1), C2 = m(H2) ∪ C1,
... until a fixed point is reached in two final sets H and C. Now take J =
V − C −H. It is easy to verify (using the fact that m is a maximum matching)
that we have a nontrivial crown decomposition of G — and thus any instance
(G, k) of the Vertex Cover problem can be reduced by our crown reduction
rule. It seems that many parameterized problems that are “subject to vertex
cover structure” have reduction rules that are flavors of this approach.

In particular, we can achieve a kernel of size at most 3k for Saving k Colors

problem by using crown reduction kernelization [CFJ03]. If determining whether
a graph has a nontrivial crown decomposition is in P , then crown reductions
provide a new way of producing a 2k kernel for Vertex Cover that is different
from (and orthogonal to) the Nemhauser-Trotter algorithm. (If it is NP-hard,
then we can still get a 3k kernel from crown reductions.)

Since the WG Workshop, a way has been found to apply crown reductions
together with another new and widely applicable technique called greedy lo-
calization, introduced by Chen et al. [JZC03] to deliver an improved FPT al-
gorithm for the Set Splitting problem. Elsewhere in this volume an O∗(72k)
FPT algorithm for the Set Splitting problem is described by Dehne, Fellows
and Rosamond [DFR03]. Using greedy localization + crown reduction, this can
be improved to O∗(8k). (The details will have to be described elsewhere.)

Data reduction and kernelization rules are one of the primary outcomes of
research on parameterized complexity. After all, whether k is small or not —
and no matter if you are going to do simulated annealing eventually — it al-
ways makes sense to simplify and reduce (pre-process) your input! This humble
activity, because reduction rules frequently cascade, can sometimes lead to unex-
pected success against hard problems on real input distributions. A fine example
of this has been described by Weihe [Wei98].

This survey has only scratched the surface of a few new ideas and develop-
ments in FPT algorithmic techniques. The currently best available comprehen-
sive survey is the recent Habilitationschrift of Rolf Niedermeier, which is highly
recommended [Nie02].
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Abstract. We survey some recent results on finding and counting per-
fect matchings in regular bipartite graphs, with applications to bipar-
tite edge-colouring and the dimer constant. Main results are improved
complexity bounds for finding a perfect matching in a regular bipartite
graph and for edge-colouring bipartite graphs, the solution of a problem
of Erdős and Rényi concerning lower bounds for the number of perfect
matchings, and an improved lower bound for s dimer constant.

1 Finding a Perfect Matching in a Regular Bipartite
Graph

The fastest known algorithms for finding a perfect matching in a general bipartite
graph have running time of order about O(

√
n m) (Hopcroft and Karp [12], Feder

and Motwani [8]) or O(n2.376) (Ibarra and Moran [13]). For regular bipartite
graphs, however, faster algorithms are known: Cole and Hopcroft [4] gave an
O(m log n) algorithm, while Cole [3] gave an O(22O(k)

n) algorithm, where k is
the degree of the vertices. So the latter algorithm is linear-time for any fixed k.
We now describe an easy O(k2n) (= O(km)) algorithm ([17]). Here is the idea
for k = 3.

Let G be a 3-regular bipartite graph. Find a circuit C in G, by finding a
path Q = v0, e1, v1, . . ., till we arrive at a vertex vk where we have been before
(that is, vk = vi for some i < k). Next delete from G every second edge of C.
The remaining edges of C form the middle edges of paths of length 3 in the
remaining graph G′. Replace each such path P by an edge eP connecting the
ends of P . The resulting graph G′′ is 3-regular and bipartite. Find recursively a
perfect matching M in G′′. Replace any edge eP that occurs in M by the two
end edges of P . For each of the other paths P , add its middle edge to M . This
gives a perfect matching in G′, hence in G, as required.

To obtain a linear-time algorithm, one should use in the recursion the tail
v0, e1, v1, . . . , vi of the path Q to find the next circuit in G′′. Then the time spent
on running through the tail when finding the successive circuits will not be lost,
and any recursive step takes amortized time |V C|. Since in any recursive step,
the size of the graph reduces also by |V C|, the algorithm is linear-time.

This gives the theorem of Cole [3]:

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 13–22, 2003.
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Theorem 1. A perfect matching in a 3-regular bipartite graph can be found in
linear time.

We next describe the extension to k-regular bipartite graphs. This uses a
weighting of the edges.

Let G = (V, E) be a k-regular bipartite graph. Initially, set w(e) := 1 for
each edge e. Next, iteratively, find a circuit C in G, split the edge set EC of C
into two matchings M and N , in such a way that

∑

e∈M
w(e) ≥

∑

e∈N
w(e), (1)

reset w(e) := w(e) + 1 if e ∈M and w(e) := w(e)− 1 if e ∈ N , delete the edges
e with w(e) = 0, and iterate.

Again we find C by following a path, and we keep its tail (if nontrivial) for
the next iteration. Note that the resetting maintains the property

∑

e�v
w(e) = k for each vertex v. (2)

So as long as there exist edges e with w(e) < k, we can find a circuit. Hence, the
iterations stop if w(e) = k for each edge e. In that case, the edges form a perfect
matching, and we are done.

The key to estimating the running time is considering
∑

e∈E
w(e)2. (3)

This sum is bounded by 1
2k2|V |. Moreover, in any iteration, this sum increases

by
∑

e∈M
((w(e) + 1)2 − w(e)2) +

∑

e∈N
((w(e)− 1)2 − w(e)2)

=
∑

e∈M
(2w(e) + 1) +

∑

e∈N
(−2w(e) + 1) ≥ |M |+ |N | = |EC| (4)

(by (1)). Since the amortized time of any iteration is proportional to |EC|, this
gives an O(k2n) = O(km) running time bound ([17]):

Theorem 2. A perfect matching in a k-regular bipartite graph can be found in
O(km) time.

2 Edge-Colouring

The latter result implies an O(km) algorithm for finding an optimum edge-
colouring of a bipartite graph G, where k denotes the maximum degree. (An
optimum edge-colouring colours the edges with k colours such that each colour
forms a matching.)
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First observe that one trivially obtains an O(k2m) algorithm. Indeed, we can
assume that the bipartite graph G is k-regular (as we can extend G to a k-regular
bipartite graph, in linear time). Then iteratively find a perfect matching in G
and delete it from G. The successive perfect matchings form the colours. This
can be done by applying k times the O(km) algorithm, yielding O(k2m).

However, with a method of Gabow [10], one may speed up this. If k is odd,
find a perfect matching in G and delete it from G. If k is even, find an Eulerian
orientation of G (that is, an orientation such that the indegree in each vertex
is equal to its outdegree). This can be done in linear time. Next split the edge
set E of G into the set E1 of edges oriented from one colour class of G to the
other, and the set E2 of edges oriented in the opposite direction. Then (V, E1)
and (V, E2) are 1

2k-regular bipartite graphs, in which we can find optimum edge-
colourings recursively. Combining them gives an optimum edge-colouring of G.
The running time is

O(km + 2( 1
2k 1

2m) + 4( 1
4k 1

4m) + · · ·) = O(km). (5)

Hence:

Theorem 3. An optimum edge-colouring of a bipartite graph can be found in
O(km) time, where k is the maximum degree.

3 Speed-Up of Cole, Ost, and Schirra

The above O(km) algorithm for perfect matching in k-regular bipartite graphs
raises the question if there is a linear-time algorithm, independent of k. This was
resolved positively by Cole, Ost, and Schirra [5], by a refinement of the method
above, utilizing the data-structure of ‘self-adjusting binary trees’. We outline
their method.

A first improvement is not to replace w(e) by w(e) ± 1 for the edges in C,
but by w(e)± α, where α is the minimum weight of the edges in N . So at least
one edge in N gets weight 0.

A second improvement is to store the paths (‘chains’) left in the circuit C
(after removing the edges of weight 0), so that these chains can be used to speed
up later circuit searches. This requires that if in a later circuit search we hit
any such chain, then relatively fast we should be able to identify the ends of the
chain. (If we have to follow the chain vertex by vertex till its end, no gain in
running time is obtained.) This can be done by supplying these chains with the
data structure of self-adjusting binary trees (cf. Tarjan [19]). To get the required
running time, it turns out that these chains should have length at most k2 — in
the case that they are longer, split them into chains of length about k2.

A third improvement is a preprocessing that reduces the number of edges of
the graph from 1

2kn to at most n log2 k. This is obtained as follows. Start with
setting w(e) := 1 for each edge e. Next, successively, for i = 0, 1, . . . , �log2 k�, do
the following. Consider the set Ei of edges of weight 2i. Iteratively (as above)
find a circuit C in Ei, split EC arbitrarily into matchings M and N , and reset
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w(e) := w(e) + 2i = 2i+1 if e ∈ M and w(e) := w(e) − 2i = 0 if e ∈ N . (So in
each iteration, the set Ei changes.) In linear time we arrive at the situation that
Ei contains no circuits, implying |Ei| ≤ n−1. Then we go over to the case i+ 1.
So we end up with at most (about) n log2 k edges, together with a weighting w
satisfying (2).

For each i, the preprocessing takes time linear in the size of the initial Ei,
which is at most 2−im. Hence the preprocessing takes O(m) time in total. It
turns out that, using the first two improvements, the rest of the algorithm takes
O(n log3 k) only, which is faster than O(m).

This gives the theorem of Cole, Ost, and Schirra [5]:

Theorem 4. A perfect matching in a regular bipartite graph can be found in
linear time.

With the method described in Section 2, it has as consequence:

Corollary 1. An optimum edge-colouring of a bipartite graph can be found in
O(m log k) time, where k is the maximum degree.

4 From Finding to Counting Perfect Matchings

We now go over to the problem of counting perfect matchings, or rather giving a
lower bound for their number. We first relate the algorithm described in Section
1, for finding a perfect matching in a 3-regular bipartite graph, to a lower bound
of Voorhoeve [21] on the number of such perfect matchings.

To this end, we modify the algorithm slightly. We may note that when fol-
lowing the path Q in finding the circuit, we can start immediately from the
beginning with removing edges. We don’t have to wait till we have a circuit.
This can be made more precise as follows.

Call a bipartite graph almost 3-regular if all vertices have degree 3, except for
two vertices of degree 2 (automatically belonging to different colour classes). So
an almost 3-regular bipartite graph arises by deleting one edge from a 3-regular
bipartite graph. Hence a linear-time algorithm for finding a perfect matching
in an almost 3-regular bipartite graph yields the same for 3-regular bipartite
graphs. We describe such an algorithm.

Let G be an almost 3-regular bipartite graph, and let u be any of the two
vertices of degree 2. To find a perfect matching, we can assume that u is not
incident with the other vertex of degree 2, and that it has two distinct neighbours,
x and y say. (Otherwise, there is an easy reduction.)

Let u, s, t be the neighbours of x. Delete edge xs. Then edge ux becomes the
middle edge of a path P = (y, u, x, t). Replace it by a new edge eP connecting
y and t. Find recursively a perfect matching M in the new graph G′. If eP is in
M , replace it by yu and xt. If eP is not in M , add ux to M . We end up with a
perfect matching in G.

As each iteration takes constant time, and as it reduces the number of vertices
by 2, this gives a linear-time algorithm. This might be easier to implement than
the algorithm described earlier, since only local operations are performed.
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This method is in fact inspired by the method of Voorhoeve [21] to prove
that any 3-regular bipartite graph has at least

( 4
3 )n (6)

perfect matchings, where, for convenience, n denotes half of the number of ver-
tices. To prove this bound, it suffices to show that each almost 3-regular bipartite
graph has at least (4

3 )n perfect matchings. Again, choose a vertex u of degree 2,
and we may assume that it has two distinct neighbours of degree 3. (Otherwise,
there is an easy induction.) Let e1, . . . , e4 be the edges incident with a neighbour
of u but not with u. For i = 1, . . . , 4, let Gi be the graph obtained from G by
deleting edge ei. Denote the number of perfect matchings in any graph H by
π(H). Then, by induction,

π(Gi) ≥ ( 4
3 )n−1 (7)

for i = 1, . . . , 4, since replacing the path of length 3 through u by a new edge,
gives an almost 3-regular bipartite graph Hi with 2(n − 1) vertices and with
π(Hi) = π(Gi). Moreover,

π(G1) + · · ·+ π(G4) = 3π(G), (8)

since each perfect matching M in G is maintained in precisely three of the Gi (as
M contains precisely one of e1, . . . , e4). Combining (7) and (8) gives π(G) ≥ ( 4

3 )n,
as required.

Incidentally, this may look like an exact inductive calculation of π(G), but
strict inequality is obtained in the reduction if u has no two distinct neighbours
of degree 3.

So we have proved the theorem of Voorhoeve [21]:

Theorem 5. Any 3-regular bipartite graph on 2n vertices has at least ( 4
3 )n per-

fect matchings.

With this, Voorhoeve answered a question posed by Erdős and Rényi [6]
whether there exists an exponential lower bound on the number of perfect match-
ings in 3-regular bipartite graphs. (The best bound proved before is only linear
in n.)

Erdős and Rényi formulated their question in terms of permanents, which
relates to the Van der Waerden conjecture (which was not yet proved when
Voorhoeve gave his bound). The permanent of an n× n matrix A = (ai,j) is

perA :=
∑

π

n∏

i=1

ai,π(i), (9)

where the sum ranges over all permutations π of {1, . . . , n}. So if A is nonnegative
and integer, and we make the bipartite graph G with colour classes {u1, . . . , un}
and {v1, . . . , vn} and with ai,j edges connecting ui and vj (for i, j = 1, . . . , n),
then perA is equal to the number of perfect matchings in G.
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Call a matrix k-regular if it is nonnegative and integer and if each row sum
and each column sum is equal to k. Then Erdős and Rényi asked for an expo-
nential lower bound for the permanents of 3-regular matrices.

The Van der Waerden conjecture (van der Waerden [22]) asserts that the
permanents of any n× n doubly stochastic matrix is at least

n!
nn

. (10)

(A matrix is doubly stochastic if it is nonnegative and each row sum and each
column sum is equal to 1.) The value (10) is attained if all entries of the matrix
are equal to 1

n . Van der Waerden’s conjecture remained open for more than
half a century, despite considerable research efforts, and was finally proved by
Falikman [7].

For each k-regular matrix A, the matrix 1
kA is doubly stochastic and satisfies

per 1
kA = k−nperA. So Van der Waerden’s conjecture implies that the permanent

of any k-regular matrix is at least

knn!
nn
≈ (

k

e
)n. (11)

(This consequence in fact can be seen to be equivalent to Van der Waerden’s
conjecture.) Hence also Falikman’s theorem implies an exponential lower bound
on the number of perfect matchings in 3-regular bipartite graphs. The lower
bound (ke )n was proved by Bang [1] and Friedland [9], thus also providing a
solution of Erdős and Rényi’s question.

It can be proved that the ground number 4
3 in Voorhoeve’s bound is best

possible ([18]). To this end, let µ3 be the largest real such that each 3-regular
bipartite graph on 2n vertices has at least µn3 perfect matchings. So µ3 ≥ 4

3 .
To prove the reverse inequality, fix n, and consider the collection G of 3-

regular bipartite graphs with colour classes {u1, . . . , un} and {v1, . . . , vn} and
with (labeled) edges e1, . . . , e3n. Then

|G| =
(

(3n)!
3!n

)2

. (12)

Indeed, it is equal to the square of the number of ordered partitions of {1, . . . , 3n}
into n classes of size 3.

We can also precisely count for how many graphs G in G, a given subset M
of {1, . . . , 3n} of size n forms a perfect matching in G:

(
n!

(2n)!
2n

)2

. (13)

Since M can be chosen in
(3n
n

)
ways, this implies that the number of pairs G, M

with G ∈ G and M is a perfect matching in G is equal to
(

3n

n

)(
n!

(2n)!
2n

)2

. (14)
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By (12) and by definition of µ3, (14) has as lower bound:

(
(3n)!
3!n

)2

µn3 . (15)

Therefore,

µ3 ≤
((

3n

n

)(
n!

(2n)!
2n

)2( 3!n

(3n)!

)2
)1/n

n→∞−→ 4
3
. (16)

(The latter limit uses Stirling’s formula.) So µ3 = 4
3 .

5 General k

Erdős and Rényi also asked for the value, for any k, of the largest real µk such
that each k-regular bipartite graph G on 2n vertices has at least µnk perfect
matchings. So by Falikman’s theorem (in fact, already by the results of Bang
and Friedland), µk ≥ k

e . On the other hand, the same method as just described
gives ([18])

µk ≤ (k − 1)k−1

kk−2 . (17)

In [18] it was also conjectured that equality holds:

µk =
(k − 1)k−1

kk−2 . (18)

This in fact was be proved in [16]. Hence:

Theorem 6. Each k-regular bipartite graph with 2n vertices has at least

(
(k − 1)k−1

kk−2

)n
(19)

perfect matchings.

In contrast with the simplicity of Voorhoeve’s method for the case k = 3, the
proof for general k is highly complicated. It is based on a technique of assigning
weights to the edges of the graph similar to the algorithm for finding a perfect
matching in a k-regular bipartite graph described in Section 1.

Let us briefly relate this bound to Falikman’s bound. Both bounds are asymp-
totically best possible, in different asymptotic directions. Let µ(k, n) denote the
minimum permanent of k-regular n×n matrices. (Equivalently, of the minimum
number of perfect matchings, taken over all k-regular bipartite graphs with 2n
vertices.) So

µk = inf
n∈N

µ(k, n)1/n. (20)
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Then in one asymptotic direction one has by (18):

inf
n∈N

µ(k, n)1/n

k
=

1
k

µk =
(

k − 1
k

)k−1

. (21)

In another direction, by Falikman’s theorem:

inf
k∈N

µ(k, n)1/n

k
=

n!1/n

n
. (22)

Note that both in (21) and in (22), the right-hand term converges to 1/e, if k or
n tends to infinity.

6 Application to the 3D Dimer Constant

We finally apply the lower bound described in Theorem 6 to obtain a better
lower bound for the 3-dimensional dimer problem. This is one of the classical
unsolved problems in solid-state chemistry. For integers d, n, consider the ‘block’
Hd,n, which is the graph with vertex set {1, . . . , n}d, two vertices being adjacent
if and only if their Euclidean distance is 1. In this context, an edge is called
a dimer, and a perfect matching a dimer tiling. Let td,n denote the number of
dimer tilings of Hd,n. So td,n > 0 if and only if n is even.

Hammersley [11] showed that

λd := lim
n→∞

1
(2n)d

log td,2n (23)

exists. In fact
lim
n→∞

1
(2n)d

log td,2n = sup
n

1
(2n)d

log td,2n. (24)

Otherwise, there exists a k such that

lim inf
n→∞

1
(2n)d

log td,2n <
1

(2k)d
log td,2k. (25)

However,
td,2n ≥ (td,2k)� n

k �d

, (26)

since Hd,2n contains �nk �d disjoint copies of Hd,2k such that the rest has a perfect
matching. This implies that the left-hand side in (25) is at least

lim inf
n→∞

�nk �d
(2n)d

log td,2k, (27)

which is equal to the right-hand side of (25) — a contradiction.
So λd is defined. For d = 2, the value of λd was determined precisely by

Kasteleyn [14] and Temperley and Fisher [20]:

λ2 =
1
π

∞∑

i=0

(−1)i

(2i + 1)2
= 0.29156090 . . . . (28)
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The proof uses the fact that H2,n is planar, and that the graph therefore has a
‘Pfaffian’ orientation, making it possible to count dimer tilings by calculating a
determinant.

For dimensions larger than two, no such orientation exists, and no exact
formula for λd is known. Since Hd,n is bipartite and ‘almost’ 2d-regular, one
could try to apply the results obtained earlier. In fact one has:

Theorem 7. λd ≥ 1
2 log µ2d. To see this, for each i ∈ {1, . . . , d} and each

j ∈ {1, 2n}, let Mi,j be a perfect matching in the subgraph of Hd,2n spanned by

{x ∈ {1, . . . , 2n}d | xi = j}. (29)

(So this set represents a ‘face’ of Hd,2n.) Let H ′
d,2n be the 2d-regular bipartite

graph obtained from Hd,2n by adding parallel edges for the edges in the Mi,j .
Then H ′

d,2n has more perfect matching than Hd,2n has, but not too much more:

π(H ′
d,2n) ≤ 2d(2n)d−1

π(Hd,2n). (30)

This follows from the facts that we have added d(2n)d−1 parallel edges, and that
adding any such edge at most doubles the number of perfect matchings.

Since π(H ′
d,2n) ≥ µ

(2n)d/2
2d (by definition of µ2d), we have

π(Hd,2n) ≥ 2−d(2n)d−1
µ

(2n)d/2
2d . (31)

Therefore,

λd ≥ sup
n

1
(2n)d

log
(

2−d(2n)d−1
µ

(2n)d/2
2d

)
= sup

n
( 1
2 log µ2d − d log 2

2n
)

= 1
2 log µ2d, (32)

proving Theorem 7.
Evaluation for d = 3 by using µ6 = 55/64, gives the best known lower bound

for λ3:
λ3 ≥ 0.44007584 . . . . (33)

The best known upper bound is due to Lundow [15]: 0.457547 . . .. Computational
experiments of Beichl and Sullivan [2] suggest that λ3 = 0.4466± 0.0006.
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Minimum Flow Time Graph Ordering

Claudio Arbib, Michele Flammini, and Fabrizio Marinelli
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via Vetoio, Coppito, I-67100 L’Aquila, Italy

Abstract. The graph ordering problem here addressed derives from in-
dustrial applications where one can associate vertices with process steps
and edges with jobs. A linear layout of the vertices corresponds then to a
production schedule, and one wants to find a layout minimizing the aver-
age completion time of the jobs. We prove that the problem is NP-hard
in general and is polynomial on trees. We then provide a 2-approximate
algorithm and investigate necessary conditions for optimality. On this ba-
sis, we devised a combinatorial branch-and-bound algorithm and tested
it on random graphs with up to 100 nodes.

1 The Problem

Consider the production of m different part types achieved with a process or-
ganized into n subsequent steps. Each step produces some part types, and the
completion time Ci of the i-th part type (i = 1, . . . , m) is defined as the time
when the part type is consolidated, that is when the last step producing that
part type is over. A problem then arises of finding an order of the n process steps
which optimizes some performance indicators related with work-in-process.

There are areas (for example cutting stock, see [3]) where this kind of problem
makes sense even under such simplifying assumptions as:

i) each part type is produced in exactly two process steps;
ii) process steps have all the same duration.

A nice feature of assumptions (i) and (ii) is that they allow to describe the
problem data by means of a symmetric graph G = (V, E) with n vertices and
m edges. A vertex (an edge) of G represents a process step (a part type), an
edge links two vertices whenever the corresponding part type is produced by
the corresponding steps, and a permutation σ : V → {1, . . . , n} defines an order
in which the steps can be executed. We can associate with σ such performance
indicators as

– the work-in-process w(σ), where wi(σ) is the number of in-process part types
between step (i− 1) and step i, 1 ≤ i ≤ n;

– the permanence p(σ), where puv(σ) = |σ(u)−σ(v)| is the time spent by part
type uv in the system.

A general problem is then to (a) minimizing ||w(σ)||, or (b) minimizing ||p(σ)||
over all the permutations σ of V , where ||.|| is a suitable norm. It is easy to see
that:
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– if ||.|| is the Lmax norm, then (a) defines the min cut linear arrangement

(or cutwidth) problem and (b) the bandwidth problem;
– if ||.|| is the L1 norm, then both (a) and (b) define the minimum linear

arrangement problem.

All of the three above are well known NP-complete problems, see [4]. In partic-
ular, cutwidth (respectively: bandwidth; minimum linear arrangement)
is NP-complete on planar graphs with degree ≤ 3 (respectively: trees with de-
gree ≤ 3; bipartite graphs), but can be solved in polynomial time on trees (re-
spectively: interval graphs; trees and De Bruijn graphs), and admits a log2(n)-
approximate (respectively: log11/2(n)-approximate; log(n)-approximate) polyno-
mial algorithm. For a survey on the layout problems see Silvestre [8].

Besides work-in-process and permanence, other meaningful indicators for
graph orderings can be drawn from the theory of scheduling, in particular from
1-machine scheduling problems (see [7]). For example, one can minimize the
makespan Cmax, or the flow (or mean completion) time

∑
Ci of the lots, or

again, if individual due dates d1, . . . , dm are associated with the lots, the maxi-
mum lateness Lmax or the average lateness

∑
Li of the lots, or the total number∑

hi of tardy lots, etc. To the best of our knowledge, however, none of these in-
dicators has been considered yet in the literature. In this paper, we will focus on
a graph ordering problem with the objective of minimizing the flow time

∑
Ci.

1.1 Formalization

Let G = (V, E) be an undirected graph with n vertices and m edges. Let η(uv) =
1 if uv ∈ E and η(uv) = 0 otherwise, and for any v ∈ V let N(v) indicate the set
of vertices u such that η(uv) = 1. Further, let σ : V → {1, . . . , n} be a bijection
identifying a linear order of the vertices of G. For any i ∈ {1, . . . , n} and for any
σ let Ei(σ) = {uv ∈ E : σ(u) < σ(v) = i} indicate the set of edges with one
extreme of order i and the other of order < i. The edges in Ei(σ) are said to be
entering the i-th vertex of σ. Define the cost of σ as:

cG(σ) =
n∑

i=1

i · ei(σ) (1)

where ei(σ) = |Ei(σ)| (from now on, for any given orders σ, σ∗, ... we will write
for simplicity ei = ei(σ), e∗

i = ei(σ∗) and the like; clearly,
∑n
i=1 ei = m and

ei ≤ i − 1, i = 1, . . . , n). Notice that by assumption (ii), if edge (part type) uv
terminates on the i-th vertex (process step), then i represents the completion
time of uv. Hence cG(σ) correctly represents the flow time of the schedule. The
problem is:

Problem 1. Find an order σ∗ such that σ∗ ≤ cG(σ) for all σ : V → {1, . . . , n}.
In the rest of paper we investigate properties of optimal solutions (Sect. 2),
evaluate the problem complexity (Sect. 3), provide an approximation algorithm
(Sect. 4), and devise on this basis a branch-and-bound scheme (Sect. 5).
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2 Some Properties

In this section we investigate some properties of Problem 1. Some of these prop-
erties will be used as preliminary results to establish the problem complexity
(Sect. 3), and to derive dominating rules applied in the branch-and-bound algo-
rithm (Sect. 5).

Similarly to the optimal solutions of bandwidth, min cut linear ar-

rangement, minimum linear arrangement, an optimal solution σ∗ of Prob-
lem 1 has the following monotonicity property:

Proposition 1. Let σ∗ be optimal for G = (V, E). Then for any v ∈ V ,
e ∈ E and optimal orders σ of G − v, σ̄ of G − e, it results that cG−v(σ) ≤
cG(σ∗) and cG−e(σ̄) ≤ cG(σ∗).

Proof. The first inequality is trivial. For the second, suppose by contradiction
cG−e(σ̄) > cG(σ∗). But in turn, obviously cG(σ∗) > cG−e(σ∗); hence σ̄ would be
non-optimal on G− e. ��

Unlike the above classical ordering problems, instead, the reverse of an opti-
mal sequence σ∗ for Problem 1 is generally non-optimal. Moreover, it is easy to
see that σ∗ has the following properties.

Proposition 2. Let σ∗ be optimal for G, and let σ∗(u) = k, σ∗(v) = k + 1.
Then

e∗
k ≥ e∗

k+1 − η(uv) (2)

Proof. Write the cost of σ∗ as

cG(σ∗) = C(σ∗) + ke∗
k + (k + 1)e∗

k+1

where C(σ∗) denotes the contribution to cG(σ∗) due to the arcs entering the
first k − 1 and the last n − k − 1 vertices of σ∗. Consider then the order σ
obtained from σ∗ by swapping u and v. Clearly, the contribution C(σ∗) to the
cost remains unchanged, and

i) if uv �∈ E, then ei = e∗
i for i = k, k + 1;

ii) if uv ∈ E, then ek = e∗
k − 1 and ek+1 = e∗

k+1 + 1

In the former case, one has

cG(σ∗)− cG(σ) =
= ke∗

k + (k + 1)e∗
k+1 − ke∗

k+1 + (k + 1)e∗
k =

= e∗
k+1 − e∗

k .

In the latter

cG(σ∗)− cG(σ) =
= ke∗

k + (k + 1)e∗
k+1 − [k(e∗

k+1 − 1) + (k + 1)(e∗
k + 1)] =

= e∗
k+1 − e∗

k − 1 .
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Since σ∗ is optimal, the above quantities must be ≤ 0, which is true if and only
if e∗

k ≥ e∗
k+1 − η(uv). ��

The above proposition has the following, immediate corollary.

Proposition 3. In an optimal order σ∗, let σ∗(u) = n−1 and σ∗(v) = n. Then
deg(u) ≥ deg(v).

Proof. By Proposition 2, deg(u) = e∗
n−1 ≥ e∗

n = deg(v) if uv �∈ E, and deg(u) =
e∗
n−1 + 1 ≥ e∗

n = deg(v) if uv ∈ E. ��
Proposition 3 can be used in two ways: if v has already been fixed at position

n, then we can exclude all the vertices with degree ≤ deg(v) from the (n− 1)-th
position; moreover, we can exclude from the n-th position all the vertices with
maximum degree which are not adjacent to any other vertex with maximum
degree.

Proposition 4. Let σ∗ be optimal for G = (V, E), and σ∗(v) = n for some
v ∈ V . Then N(v) �⊃ N(u)∀u ∈ G.

Proof. Indirectly suppose that N(v) ⊃ N(u). Let σ(u) = i, and define

– B1 ∪B2 = N(u) where B1 (B2) is the set of vertices adjacent to both u and
v, preceding (following) the position i in the sequence σ∗,

– A1 ∪A2 = N(v) \N(u) where A1 (A2) is the set of vertices only adjacent to
v, preceding (following) the position i in the sequence σ∗.

Consider now the sequence σ̄ where v is swapped with u. Then:

c(σ̄)− c(σ∗) = i(|A1|+ |B1|) + c(B2) + c(A2) + n(|B1|+ |B2|) + (3)
−n(|B1|+ |B2|)− n(|A1|+ |A2|)− i|B1| − c(B2)

= |A1|(i− n) + c(A2)− n|A2| < 0

Then there exists a solution which has u in the last position and is better than
σ∗. ��

As an immediate consequence of Proposition 4, if G has a vertex v of degree
1, then there exist an optimal solution σ∗ with σ∗(v) = n.

Proposition 5. Let σ∗ be optimal for G = (V, E), and σ∗(v) = n for some
v ∈ V . If d is the minimum degree of G and k = deg(v), then

k <

√
1 + 8n(d + 1)− 1

2
(4)

Proof. Let u be a vertex of G with deg(u) = d, and let σ∗(u) = i. Consider
the sequence σ̄ where u and v are swapped. Denote as c(σ∗(u)) the cost due to
all the edges incident on u in σ∗: in particular c(σ∗(u)) ≥ id, since in the best
case the other extreme of each edge incident on u lies before u in σ∗; similarly,
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c(σ̄(v)) ≤ ∑n
i=n−k i, since in the worst case the other extremes of all edges

incident on v lie consecutively in positions n, n− 1, . . . , n− k. Then,

c(σ̄)− c(σ∗) = c(σ̄(v)) + c(σ̄(u))− c(σ∗(v))− c(σ∗(u)) (5)

But

c(σ̄(u))− c(σ∗(u)) ≤ d(n− i)

c(σ̄(v))− c(σ∗(v)) ≤
n∑

i=n−k
i− nk = n− k(k + 1)

2

and therefore

c(σ̄)− c(σ∗) ≤ nd− id + n− k(k + 1)
2

(6)

Since σ∗ is optimal, the swap between the i-th and the n-th vertex of σ∗ leads
to no improvement, i.e., c(σ̄)− c(σ∗) ≥ 0, or equivalently, i ≤ n + n

d − k(k+1)
2d . In

particular, as no assumptions are made on the position i of vertex u, it follows

n +
n

d
− k(k + 1)

2d
≥ 0 (7)

and this happens if (4) holds. ��
It is easy to see that the properties in Propositions 3 through 5 do not dominate
each other.

Finally, for any order σ, σ∗, ..., denote as Vk, V ∗
k , ... the set of the u ∈ V

such that σ(u) ≤ k, σ∗(u) ≤ k, ..., and let Gk, G∗
k, ... denote the subgraph of G

induced by such vertices.

Proposition 6. An order σ∗ which is optimal for G is also optimal for G∗
k,

k = 1, . . . , n.

Proof. One has

cG(σ∗) =
k∑

i=1

ie∗
i + C(σ∗) .

where C(σ∗) denotes here the contribution to cG(σ∗) due to the last n−k vertices
of σ∗. Assume by contradiction σ∗ non-optimal for G∗

k, that is, there exists an
order σ : V ∗

k → {1, . . . , k} such that

k∑

i=1

iei <

k∑

i=1

ie∗
i .

But then the extension σ̄ of σ to V where the last n− k vertices have the same
order as in σ∗ would cost

cG(σ̄) =
k∑

i=1

iei + C(σ∗) < cG(σ∗) ,

contradicting the optimality of σ∗. ��



28 C. Arbib, M. Flammini, and F. Marinelli

3 Complexity Results

This section is devoted to establish the computational complexity of Problem 1.

Theorem 1. Problem 1 is NP-hard.

To prove Theorem 1 we need some preliminary results. The first relates the
cost function (1) of Problem 1 to the cost function ξG(σ) of minimum linear

arrangement:

Lemma 1. Let
δG(σ) =

∑

v∈V
σ(v) degG(v) (8)

where degG(v) denotes the number of edges of G that are incident to v ∈ V .
Then for any graph G and any order σ one has

cG(σ) =
1
2

[ξG(σ) + δG(σ)] (9)

Proof. The objective of minimum linear arrangement is to minimize the
total number ξG(σ) = ||w(σ)||1 of edges appearing in the (n−1) cuts separating
the first i vertices from the remaining (n− i), i = 1, . . . , n− 1. Considering that
an edge from the i-th to the j-th vertex of σ appears in (j − i) cuts, one can
write

ξG(σ) =
n∑

k=1

kek −
n∑

k=1

k[degG(σ−1(k))− ek]

i.e., the thesis. ��
In order to introduce the second result, recall that a cut of a connected graph

G = (V, E) is a minimal subset C of E whose removal disconnects G. Finding a
cut C with maximum number of edges is a well-known NP-hard problem called
simple max cut, see [5]. The second result then states that

Lemma 2. minimum linear arrangement remains NP-hard even when re-
stricted to graphs with all vertices of odd degree.

Proof. By reduction from simple max cut. First, we prove that simple max

cut remains NP-hard even when restricted to graphs with all vertices of odd
degree. Let G = (V, E) be an instance of simple max cut, and let P ⊆ V be
the set of vertices with even degree. Now, match P with a set P ′ of |P | new
vertices. The resulting graph G′ has |E| + |P | edges, the new vertices have all
degree 1 and those originally in V have odd degree: thus all vertices of G′ have
odd degree. Let C be a cut of G, {V1, V2} be the corresponding bipartition of V ,
and P ′

i be the mates of P ∩ Vi in P ′, i = 1, 2. Clearly, the cut of G′ associated
with the bipartition {V1∪P ′

2, V2∪P ′
1} has |C|+ |P | edges and, as it can be easily

checked, is maximum for G′ if and only if C is maximum for G.
Based on the above and on [5], we next provide a similar restriction to min-

imum linear arrangement. Let G = (V, E) be an instance of simple max
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cut restricted to graphs with all vertices of odd degree. Since all degrees in G
are odd, n = |V | is even. Hence n4 is also even. Construct an instance G′ of
minimum linear arrangement by taking the complement Ḡ of G, adding to
it a complete graph Q with n4 vertices, and joining each vertex of Ḡ to n4 − 1
vertices of Q. Let ū be the vertex of Q which is not joined to any vertex of Ḡ.
Since n is even, every v ∈ V in G has odd degree and n4 − 1 is odd, it follows
that all vertices in Ḡ have odd degree. Also, since both n and n4 are even, all
the vertices of Q have odd degree. Thus, all the vertices of G′ = (V ′, E′) have
odd degree. Using an argument similar to [5], it is then easy to show that G
admits a cut of at least k edges if and only if there exists a linear arrangement
f : V ′ → {1, 2, . . . , n4 + n} of G′ such that f(ū) = 1 and

∑

(u,v)∈E′
|f(u)− f(v)| ≤W =

(
n4 + n + 1

3

)
− n5

2
− kn4 − n2

4
− n

2
.

��
We are now in a position to prove Theorem 1.
Proof of Theorem 1. By reduction from minimum linear arrangement. Let
G = (V, E), |V | = n, be an instance of such a problem restricted as in Lemma
2. The basic idea of the proof is to construct an instance G′ of Problem 1 by

i) adding to G a complete graph Q with q vertices and an empty graph R with
r vertices;

ii) choosing q, r and connecting Q, R to G so that in any sequence minimizing
cG′ all the vertices of Q (of R) precede (follow) the vertices of G.

To this aim, first set q = 2n + 5. To compute a suitable value of r, define
d̄v = maxv′∈V {degG(v′)} − degG(v), for all v ∈ V . Since the degree of all the

vertices in G is odd, d̄v is even. Set then r =
∑

v∈V
d̄v

2 + n. Finally, join each
vertex v of G to d̄v

2 + 1 arbitrary vertices of Q, and to d̄v

2 + 1 vertices of R so as
to have every vertex of R with degree 1 in G′. Notice that the degree of every
vertex of Q (of R) is greater than (less than or equal to) that of any other vertex
in G′. Moreover, the vertices of G′ − (Q ∪ R) (i.e., those originating from G)
have all the same degree d < n + 2.
Let us now prove that Problem 1 admits an optimal solution σ∗ such that

σ∗(v) ≤ q for all v ∈ Q (10)
q + n < σ∗(v) ≤ q + n + r for all v ∈ R (11)

In fact, suppose by contradiction that in an optimal sequence σ some consecutive
vertices of Q are preceded by some u0 �∈ Q. Denote by U = {u1, . . . , uk} the
rightmost set of such vertices. Assume σ(u0) = p, and let ep+i denote the number
of edges entering ui in σ (i = 0, 1, . . . , k). Then the contribution of U ∪ {u0} to
cG′ equals

∑k
i=0 (p + i)ep+i. If we move u0 after uk, this contribution becomes∑k

i=1 (p + i− 1)(ep+i − ai)+(p+k)(ep−
∑k
i=1 ai) where ai = 1 if ui is adjacent to
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u0, and 0 otherwise. The difference between the former and the latter expression
of the contribution is then non-positive if and only if

∑k
i=1 (2p + k + i− 1)ai +∑k

i=1 ep+i ≤ kep. But since ep ≤ d < n+2 and ep+i ≥ q−k+i−1 for i = 1, . . . , k,
when q > 2n + 5 it results that

∑k
i=1 ep+i − kep ≥ k

2 (2q − k − 1) − k(n + 2) =
k(q− k+2n+5

2 ) > 0 for any k between 1 and q. Thus σ can be improved by moving
u0 after uk, and therefore is non-optimal. Finally, inequality (11) directly follows
from Proposition 4.
If we now compute the cost of σ∗ using equality (9) of Lemma 1, we observe that
the second term of the right hand side equals δG′(σ∗) =

∑
v∈Q σ∗(v) degG′(v) +

d
∑n
i=1 (q + i)+

∑r
i=1 (q + n + i) =

∑
v∈Q σ∗(v) degG′(v)+dn(q+n+1

2 )+r(q+n+
r+1
2 ) and is therefore independent on how vertices in G are sequenced. Moreover,

since each vertex of G is incident to the same number of vertices toward Q and
R by construction, the contribution of the edges with one extreme in G and the
other in Q ∪ R to ξG′ is also independent of how vertices in G are sequenced.
Thus, the restriction of σ∗ to these vertices minimizes ξG. ��
Although Problem 1 is NP-hard in general, it is polynomial on trees.

Proposition 7. Let G = (V, E) be a tree. Then for any optimal permutation σ∗

of V one has e∗
k = 1 for k = 2, . . . , n.

Proof. There always exists an order σ∗ with ei = 1 for all 2 ≤ i ≤ n. Suppose
indirectly σ∗ non-optimal, that is, there exists an order σ such that c(σ) < c(σ∗).

Let 2 ≤ k1, . . . , ks ≤ n be the indexes of σ such that ekj > 1, for all 1 ≤ j ≤ s
and some s ≥ 1. Let q =

∑s
i=1 eki . Then, there exist p ≥ q − s + 1 indexes

j1 < . . . < jp < ks such that ej1 = . . . = ejp = 0. In fact, if there are less than p
vertices preceding σ−1(ks) and with no entering edges, then the forest induced
on G by the first ks vertices has more than ks − 1 edges. Hence, it follows that
c(σ)− c(σ∗) ≥∑s

i=1 ki(eki
− 1)− p =

∑s
i=1 eki

(ki − 1)− 1 > 0 (contradiction).
��

Proposition 8. Let G = (V, E) be a tree with n vertices. Then cG(σ∗) =
n(n+1)

2 − 1 for any optimal permutation σ∗ of V .

Theorem 2. Let G = (V, E) be a tree with n vertices. Then an optimal solution
can be computed in O(n) time.

Proof. Every depth-first visit provides a solution obeying to Proposition 7. ��

4 A 2-Approximation Algorithm

Let degG(u1) ≥ degG(u2) ≥ . . . ≥ degG(un). It is easy to see that although every
non-increasing degree order σ̃ = (u1, . . . , un) fulfils the necessary conditions for
optimality expressed by Propositions. 2-5, such an order can be non-optimal,
see Fig. 1. However, since σ̃ minimizes expression (8) and cG(σ) = ξG(σ)+δG(σ)

2 ,
σ̃ might be a good solution for Problem 1. In fact we can prove the following
approximation result.
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Theorem 3. Any algorithm ranking the vertices of G by non-increasing degree
is a 2-approximation algorithm.

Proof. Take a sequence σ∗ minimizing cG and a non-increasing degree order σ̃.
On the one hand we have

cG(σ̃) ≤ δG(σ̃) (12)

since ei ≤ degG(σ−1(i)) for all i. On the other hand, by Lemma 1

cG(σ∗) ≥ δG(σ∗)
2

≥ δG(σ̃)
2

(13)

since δG(σ̃) ≤ δG(σ) for any sequence σ. Then, by inequalities (12)-(13)

cG(σ̃)
cG(σ∗)

≤ 2δG(σ̃)
δG(σ̃)

= 2 .

��
Observe however that in a non-increasing degree order the vertex position

is decided regardless of the number of entering arcs, which yet directly affect
the solution cost. In fact, despite the above approximation result, computational
tests show that non-increasing degree orders are usually not very good on general
graphs. To take entering arcs into account one can apply the following algorithm,
which performs significantly better in practice:

Algorithm MiniDEO (input: G; output: σ̃)
Gn := G;
for k := n down to 1

uk := a minimum degree vertex of Gk;
Gk−1 := Gk − uk

end for;
σ̃ := (u1, u2, . . . , un)
end algorithm.

The (generally not unique) output sequence σ̃ = (u1, . . . , un) of Algorithm
MiniDEO is called a minimum degree elimination order. Such sequences have
been studied in [1] with respect to the problem of finding a so-called weak k-visit
of a graph. Also minimum degree elimination orders can be non-optimal (see
Fig. 1), although they fulfil the necessary conditions for optimality 2-5.

5 An Exact Algorithm

Linear ordering problems admit several formulations in terms of 0-1 linear pro-
gramming. Among them, tournaments formulations [6] can be enforced by sev-
eral known facets and valid inequalities, see [2]. However, some manipulations
are needed to use tournaments variables in Problem 1, since the objective func-
tion is quadratic, and the weakness of the lower bounds obtained by the resulting
formulation discourages the application of an LP-based branch-and-bound algo-
rithm. For this reason we here focus on a combinatorial enumeration scheme.
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a. A non-optimal minimum 
degree elimination order

c. An optimal solution

b. A non-optimal
non-increasing degree order

Fig. 1. Both non-increasing degree and minimum degree elimination orders can be
non-optimal.

5.1 A Combinatorial Branch-and-Bound Scheme

The implicit enumeration of the search space is done on a tree, where the i-th
level (i = 1, . . . , n−1) identifies all the partial solutions σi assigning i vertices of
G to the last i positions. Branching corresponds to deciding the (n− i)-th vertex
in the order. Hence, a partial solution has in general (n − i) branches, that is
as many as the order of the subgraph Gn−i induced on G by the vertices whose
order is still undetermined. The search space is reduced both by upper and lower
bounds, and by applying dominating rules directly deriving from Propositions.
3-5. The exploitation of the above rules allows us to determine optimal solution
on sparse (dense) random graphs with up to 100 (50) nodes.

Upper and Lower Bounds. Algorithm MiniDEO yields the upper bound.
Lower bounds are computed by applying Lemma 1, and relaxing the topology
of G:

– MinLA Lower Bound: Let σ∗ be an optimal solution, σ̂ a lower bound
for minimum linear arrangement, and σ̃ a minimum degree elimination
order of G. Since minσ{δG(σ)} = δG(σ̃), by Lemma 1 a lower bound is given
by

LBLA(G) =
1
2

[ξG(σ̂) + δG(σ̃)] (14)

For a survey about lower bounds for minimum linear arrangement prob-
lem see Silvestre [8].
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– Clique Lower Bound: If d > 0 is the minimum degree of G, by Proposition
2 the number of entering arcs on the last n− d vertices is at least

en = d, en−1 = d− 1, . . . , en−d = 0 (15)

A lower bound is then obtained by compacting the m̄ = m−∑d
i=1 i remaining

arcs as far as possible toward the order. Let K be the clique with n̄ =

 1+

√
1+8m̄
2 � nodes. The lower bound is given by the optimal cost of K, plus

the cost of the remaining arcs computed on node n̄+1, plus the cost of (15):

LBC(G) =
n̄∑

i=1

[i · (i− 1)] + (n̄ + 1) ·
(

m̄−
n̄−1∑

i=1

i

)
+

d∑

i=1

[i · (n− d + i)] (16)

Summarizing, the lower bound is LB = c(σi) + max{LBLA(Gn−i), LBC(Gn−i)}.

Dominating Rules. Propositions 3 through 5 can be exploited to reduce the
search space of the enumeration scheme. At level i, let v be the vertex fixed at
the (n− i + 1)-th position and denote with Gn−i the subgraph induced on G by
the vertices whose order is still undetermined. Then

– by Proposition 3, the search for the (n − i)-th vertex is restricted to the
vertices of Gn−i+1 = Gn−i ∪ {v} having degree greater than or equal to the
degree of v in Gn−i+1.

– By Proposition 4, if N(u) ⊃ N(w), then u can be cut off, for each pair
of vertices u, w of Gn−i. If N(u) = N(w), then u can also be cut off if
label(u) < label(w) by applying a lexicographic rule.

– By Proposition 5, if d is the minimum degree of Gn−i then we can restrict

the search to all the vertices of Gn−i with degree <

√
1+8(n−i)(d+1)−1

2 .

A further dominating rule is to maintaining, among all the partial solutions with
the same set of fixed vertices, only the one with minimum cost.
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Abstract. This paper is concerned with the graph searching game: we
are given a graph containing a fugitive (or lost) entity or item; the goal
is to clear the edges of the graph, using searchers; an edge is clear if it
cannot contain the searched entity, contaminated otherwise. The search
number s(G) of a graph G is the smallest number of searchers required
to “clear” G. A search strategy is monotone (m) if no recontamination
ever occurs. It is connected (c) if the set of clear edges always forms a
connected subgraph. It is internal (i) if the removal of searchers is not
allowed (i.e., searchers can not jump but only move along the edges).
The difficulty of the “connected” version and of the “monotone internal”
version of the graph searching problem comes from the fact that none
of these problems is minor closed for arbitrary graphs, as opposed to all
known variants of graph searching. We prove that there is a unique chain
of inequalities linking all the search numbers above. More precisely, for
any graph G, s(G) = is(G) = ms(G) ≤ mis(G) ≤ cs(G) = ics(G) ≤
mcs(G) = mics(G). The first two inequalities can be strict. Motivated
by the fact that connected graph searching and monotone internal graph
searching are both minor closed in trees, we provide a complete charac-
terization of the set of trees that can be cleared by a given number of
searchers. In fact, we show that, in trees, there is exactly one obstruction
for monotone internal search, as well as for connected search, and this
obstruction is the same for the two problems. This allows us to prove
that, for any tree T , mis(T ) = cs(T ) and cs(T ) ≤ 2 s(T )− 2, using that
ics(T ) = mcs(T ). This implies that there are only two different search
numbers, and these search numbers differ by a factor of 2 at most.

1 Introduction

Imagine a group of k+1 friends visiting a large bookstore, and assume that one of
them gets separated from the k others, who are now looking for him in the store.
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The search for the lost friend is made difficult by the height and placement of the
shelves, and by the complex topology of the store occupying several buildings, on
several floors, connected by many stairs and bridges. It is also made difficult by
the behavior of the lost friend who, as opposed to what is recommended in this
situation, starts moving sporadically in the store, also looking for his friends.
The question that arises among the group of k “searchers” is whether they are
enough to eventually find their “fugitive” friend. For instance, if the bookstore
would be displayed as a path, then k = 1 searchers would be enough. But if
the bookstore is displayed as a ring, then 2 searchers are required, otherwise
the fugitive could perpetually escape from the unique searcher. Let G be the
graph corresponding to the map of the bookstore. We address the problem of
computing the minimum number of searchers required to find the fugitive in
G, and determining the strategy they have to follow to achieve the goal. This
problem is known as graph searching. However, the search strategy developed
by our group of friends must satisfy an additional crucial property: it must be
“internal”, in the sense that searchers must follow the corridors of the bookstore,
as they cannot jump over the shelves, nor pass through the walls. The strategy
should have also other desirable properties: it should be “monotone”, in the sense
that searchers don’t want to check several times the same part of the bookstore;
and it should be “connected” as searchers certainly prefer not to split in several
groups that could lose contact from each other.

The searchers consult the literature available at the bookstore. They find
that, according to Lapaugh’s theorem [10], monotonicity can be assumed for
free. However they observe that this monotone strategy is not internal nor nec-
essarily connected. Hence, the group of searchers start doubting whether the
classic definition of graph searching is realistic. Subsequently they start wonder-
ing how much does it cost (in term of number of searchers) to impose internality.
In this paper, we show that it may cost more than the classic search but not
more than imposing connectedness: if k searchers can find the fugitive accord-
ing to a connected strategy, then they can also find it according to a monotone
internal strategy. This paper studies more thoroughly the relationships between
monotone, internal, and connected search strategies.

1.1 Statement of the Problem

More formally, in the graph searching problem we are given a graph whose edges
are all “contaminated”, and a set of “searchers”. The goal is to obtain a state
of the graph in which all edges are simultaneously “clear”. To clear an edge e =
{u, v}, a searcher must traverse the edge from one end-point u to the other end-
point v. A clear edge is preserved from recontamination if either another searcher
remains in u, or all other edges incident to u are clear. In other words, a clear edge
e is recontaminated if there exists a path between e and a contaminated edge,
with no searcher on any node of the path. In the standard setting of the graph
searching problem, the basic operations, called search steps, are the following:
(1) place a searcher on a node, (2) move a searcher along an edge, and (3) remove
a searcher from a node.
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Graph searching is the problem of developing a search strategy, that is a
sequence of search steps that results in all edges being simultaneously clear.
A search strategy for a graph G is minimal if it uses the smallest number of
searchers, which is called the search number of G, denoted by s(G). As far
as practical applications are concerned (e.g., decontaminating a set of tunnels,
capturing an intruder in a network, rescuing a speleologist in a maze of caves,
etc.), the line of investigation is the determination of efficient search strategies
satisfying additional properties, which are desirable or even necessary for some
applications. Three properties are of particular interest.
Internal Search. A search strategy is internal if, once placed, searchers can only
move along the graph edges (i.e., they cannot be removed and placed somewhere
else). It is easy to see that this is equivalent to the case where operation (3) is
not allowed. The minimum number of searchers for which an internal search
strategy exists is denoted by is(G).
Monotone search. A search strategy is monotone if no recontamination ever
occurs. Hence each edge should be cleared only once. The minimum number of
searchers for which a monotone search strategy exists is denoted by ms(G).
Connected search. A search strategy is connected if the set of clear edges
is always connected. The minimum number of searchers for which a connected
search strategy exists is denoted by cs(G).

Obviously, for any G, is(G) = s(G) because the removal of a searcher (op-
eration (3)) from a node u, and its placement (operation (1)) later at node v,
can be replaced by a sequence of moves (operation (2)) from u to v. Lapaugh’s
theorem [10] says that, for any G, ms(G) = s(G), that is recontamination does
not help. Interestingly, for internal search, recontamination does help, i.e., there
are graphs G for which is(G) < mis(G), for instance the 22-node tree T ∗ ob-
tained from three copies of the complete binary tree of depth 2, by joining
their roots to a new vertex. Similarly, it is easy to check that s(T ∗) < cs(T ∗),
that is non-connectedness helps too. Now, it can be desirable to mix the three
properties, monotonicity, internality, and connectedness, resulting in the search
numbers mis, mcs, ics, and mics. Obviously, for any G, cs(G) = ics(G), and
mcs(G) = mics(G) because once a strategy is connected, it is easy to make it
internal as well. It is known [1] that, for trees, all the four numbers cs, mcs, ics,
and mics collapse into one because mcs(T ) = cs(T ) for any tree T , i.e., recon-
tamination does not help for connected search in trees. Surprisingly, unlike the
case of monotone strategies for which there exist detailed studies and character-
izations, very little is known about connected search strategies and monotone
internal strategies. Unfortunately, the existing techniques and results for the
many variants of the problem (cf. Section 1.3) not only cannot be employed but
do not even provide any direct insight on these two important properties.

1.2 Our Results

In this paper, we prove a strong difference between traditional search and both
connected and monotone internal searches: connected searches and monotone in-
ternal searches are not minor closed. Nevertheless, we show that there is a unique
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chain of inequalities linking all the search numbers above. More precisely, for
any graph G, s(G) = is(G) = ms(G) ≤ mis(G) ≤ cs(G) = ics(G) ≤ mcs(G) =
mics(G). Some of this equations are obvious or known (see Section 1.1). The
main result in this paper is the proof of mis(G) ≤ cs(G). To obtain this re-
sult, we extend the notion of crusades defined by Bienstock and Seymour [4],
and use it in a novel way. In fact, we employ it not to prove monotonicity, but
to transform a connected strategy into a monotone internal one with the same
number of searchers. We also show that the first two inequalities can be strict.
In particular, mis �= cs. The main open problem is whether the last inequality
can be strict or not.

On the other hand, it is easy to see that for all mentioned search problems,
the class of trees that can be cleared with up to k searchers is minor closed.
Therefore, the figure can be more precisely stated. We prove that, for any tree
T , cs(T ) ≤ 2 s(T )− 2, that is, for any tree T there exists a monotone connected
internal search strategy for T using at most 2 s(T )− 2 searchers, and the upper
bound is tight. We also show that mis(T ) = cs(T ) for any tree T . This and
the result in [1] imply that there are only two different search numbers in total
for trees. These search numbers differ by a factor of 2 at most. We summarize
the situation for trees by the equalities s(T ) = is(T ) = ms(T ) and mis(T ) =
cs(T ) = ics(T ) = mcs(T ) = mics(T ), and the inequalities s(T ) ≤ cs(T ) ≤
2 s(T ) − 2. We provide a complete characterization of the set of trees that
can be cleared by k searchers. This characterization is given both explicitly, in
terms of k-caterpillars (related to the notion of caterpillar dimension of [12]),
and implicitly in terms of minimal forbidden minors. In fact, we show that, in
trees, there is only one obstruction for monotone internal search, as well as for
connected search, and the obstructions for the two problems are identical. This
must be contrasted with the fact that, for traditional search, the number of
obstructions in trees is super-exponential in the number of searchers [15,20].

1.3 Previous Works

Graph searching refers to a problem that has been throughly and extensively
investigated in the literature, and that describes a variety of application sce-
narios [5,15,16]. In particular, it arises in VLSI design, (see, e.g., [7]), it is also
related to network security for its relation with the capture of an intruder by
software agents [1], and protection from mobile eavesdroppers [9]. Moreover, the
problem and its variants, i.e., node-search, mixed-search, inert-search, etc., are
closely related to standard graph parameters and concepts, including treewidth,
cutwidth, pathwidth, and linear-width [3,18,21]. For instance, s(G) is equal to
the cutwidth of G for all graphs of maximum degree 3 (see [13]), and is equal to
the vertex separation of the 2-expansion of G for all graphs (see [6]). For more
information on graph searching, we refer the reader to the references in the full
version of the paper [2].

Determining whether s(G) ≤ k for arbitrary G and k, is NP-complete [14].
Not surprisingly, the research has focused on restricted classes of graphs (e.g., [13,
19]), and on bounded search numbers (e.g., see [15,20,21]). In particular, for any



38 L. Barrière et al.

fixed k, the class of graphs that can be cleared with up to k searchers is minor
closed. Therefore, there is a finite number of obstructions for this class [17].
Hence, there is a polynomial-time algorithm for testing whether an arbitrary
graph G satisfies s(G) ≤ k, for a fixed k. Of course, the algorithm requires
the knowledge of the whole set of obstructions. Unfortunately, the number of
obstructions for search grows super-exponentially with k, even for trees [15,20].
More precisely, for any k, there are at least (k!)2 obstructions for the class of
trees T such that s(T ) ≤ k.

The importance of monotone searching arises in applications where the cost
of clearing an edge by far exceeds the cost of traversing an edge. Lapaugh [10]
has proved that for every G there is always a monotone search strategy that uses
s(G) searchers. A similar positive result exists also for node-search and mixed-
search [3,4]. The necessity for connectedness arises, e.g., in applications where
communication between the searchers can occur only within completely clear
areas of the network. Hence connectedness is required for their coordination.
Safety is another motivation for connectedness, as it would always ensure the
presence of secure routes between all the searchers. The problem of determining
minimal search strategies under the connectedness and/or the internality con-
straint is still NP-complete in general (it follows from the reduction in [14], as
observed in [1]). It has been shown in [1] that minimal connected strategies can
however be computed in linear time for trees. The removal of a searcher from a
node x, and the placement of this searcher in another node y, might be difficult
or impossible to implement. In fact, it assumes that a searcher is able to go “out
of the system” and to reenter the system elsewhere. This assumption is clearly
unrealistic e.g., in the case of software mobile agents. In this case the searchers
can only move in the network from site to neighboring site. Actually, it does not
hold even in the original setting of a maze of caves [15]. Hence the importance
of internal search strategies. There are trees for which minimal internal search
strategies require Ω(n log n) moves (i.e., edge traversal) [14], whereas, if the re-
moval of searchers (and their arbitrary placement somewhere else) is allowed,
then, for any graph G, there exists a search strategy that requires at most O(m)
moves in G [10], where m is the size of G.

2 Connected vs. Monotone Internal Graph Searching

In this section, we show the following.

Theorem 1. For every graph G, mis(G) ≤ cs(G).

To prove this result, we use the concept of crusade introduced by Bienstock
and Seymour in a novel way, through the new concepts of skeleton and consis-
tency.

According to [4], given a graph G = (V, E), a sequence (X0, X1, . . . , Xr) of
subsets of edges is a crusade if X0 = ∅, Xr = E, and |Xi \ Xi−1| ≤ 1 for any
1 ≤ i ≤ r. For a set X of edges in a graph G, denote by δ(X) the set of nodes
in G having at least one incident edge in X, and at least one incident edge not
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in X. The frontier of a crusade (X0, X1, . . . , Xr) is max1≤i≤r |δ(Xi)|. A crusade
is progressive if X0 ⊆ X1 ⊆ . . . ⊆ Xr and |Xi \Xi−1| = 1 for 1 ≤ i ≤ r.

We say that a crusade is connected if the subgraph induced by Xi is connected
for any 1 ≤ i ≤ r. One can easily check that the sequence (X0, X1, . . . , Xr) of
subsets of edges such that X0 = ∅, and Xi is the set of clear edges after step
i of a connected search strategy using ≤ k searchers is a connected crusade of
frontier at most k. Therefore, we have:

Lemma 1. If cs(G) ≤ k then there exists a connected crusade of frontier at
most k in G.

Given a crusade C = (X0, X1, . . . , Xr), we define the skeleton S of C as
the directed graph of r + 1 levels Li, i = 0, . . . , r such that Li consists of as
many nodes as the number of connected components of Xi. There are edges
only between levels of consecutive indices in S (i.e., the nodes in each Li are
independent). More precisely, there is an edge from the node a ∈ Li, representing
a connected component A of Xi, to the node b ∈ Li+1, representing a connected
component B of Xi+1, if and only if one of the three following properties holds:
(1) Xi+1 \ Xi = ∅, and B ⊆ A; (2) Xi+1 \ Xi = ei /∈ B and B ⊆ A; (3)
Xi+1 \ Xi = ei ∈ B and one of the (at most two) connected component(s) of
B \ {ei} is included in A.

Note that the out-degree of a node in a skeleton S can be greater than 1
because a connected component of Xi can split in several connected components
of Xi+1 due to recontamination. On the other hand, the in-degree of a node is
at most 2 because |Xi+1 \Xi| ≤ 1 (i.e., there is at most one new clear edge in
Xi+1). Hence at most two distinct connected components of level i can merge
into a unique component at level i+ 1. More precisely, there is at most one node
of in-degree 2 at every level of S, and all the other nodes have in-degree ≤ 1.
Note also that all nodes in a skeleton of a progressive crusade have out-degree 1
because Xi ⊆ Xi+1, and hence a connected component never splits.

We denote by Γ+(u) (resp., Γ−(u)) the set of edges in S out-going from
(resp., incoming to) node u ∈ S. A node u ∈ S represents a set of edges X in
G. Hence, by extension, we denote by δ(u) the set of nodes in δ(X). A crusade
C is k-consistent if its frontier is at most k, and every node u (resp., edge e) of
its skeleton S can be labeled by a positive integer ku (resp., ke) satisfying the
three following conditions: (1) ku ≥ |δ(u)| for every u ∈ S; (2)

∑
u∈Li

ku ≤ k for
every level Li; and (3)

∑
e∈Γ+(u) ke = ku ≥

∑
e∈Γ−(u) ke.

Observe that the skeleton S of a connected crusade C is a path. Labeling
every node and edge of S by k makes it k-consistent. Therefore, a connected
crusade of frontier at most k is k-consistent. The main reason for introducing
consistent crusades is actually the following lemma.

Lemma 2. If there exists a k-consistent crusade in G, then there exists a pro-
gressive k-consistent crusade in G.

Proof. The proof is inspired by (2.2) in [4]. Among all k-consistent crusades,
choose a crusade C = (X0, X1, . . . , Xr) satisfying: (C1)

∑r
i=0(|δ(Xi)| + 1) is
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minimum, and (C2)
∑r
i=0 |Xi| is minimum subject to (C1). Let us show that this

crusade is progressive. First, we show that |Xi \Xi−1| = 1 for every i ≥ 1. For
the purpose of contradiction, let i be such that |Xi \Xi−1| = 0, i.e., Xi ⊆ Xi−1.
Then

C ′ = (X0, X1, . . . , Xi−1, Xi+1, . . . , Xr)

is a crusade of frontier ≤ k. Let us show that C ′ is k-consistent. In a skeleton,
the out-neighbors of a node u are called the children of u, and the out-neighbors
of the children of u are called its grandchildren. We define similarly the notion
of parents and grandparents. The skeleton S ′ of C ′ can be obtained from the
skeleton S of C by removing level i, and connecting every node of Li−1 to its
grandchildren in S (see Figure 1). We show that we can label S ′ so that the
three conditions for a crusade to be consistent are satisfied. The node-labeling
of S ′ is the node-labeling of S. The edge-labeling of S ′ is the edge-labeling of S,
but between Li−1 and Li+1. Edges from Li−1 to Li+1 are labeled as follows. Let
v ∈ Li+1. Let u be a grandparent of v in S. There can be at most two distinct
paths from u to v in S because the in-degree of v is at most 2. The edge (u, v)
of S ′ receives the label of (w, v) of S if there is a unique path (u, w, v) from u
to v in S. It receives the sum of the labels of (w, v) and (w′, v) if there are two
paths (u, w, v) and (u, w′, v) from u to v in S. Since |Xi \Xi−1| = 0, there is no
node of in-degree 2 in Li of S, and thus this labeling gives k-consistency to S ′.
Hence C ′ is a k-consistent crusade contradicting (C1). Therefore |Xi \Xi−1| = 1
for every i ≥ 1.
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Fig. 1. Skeleton S ′.

Next, we show that Xi−1 ⊆ Xi for every i ≥ 1. For that purpose, we first show
that |δ(Xi−1 ∪Xi)| ≥ |δ(Xi)| for every i ≥ 1. For the purpose of contradiction,
assume that there exists i such that |δ(Xi−1 ∪ Xi)| < |δ(Xi)|, and let C ′′ =
(X0, X1, . . . , Xi−1, Xi−1 ∪Xi, Xi+1, . . . , Xr).
C ′′ is a crusade of frontier ≤ k. Let us show that it is k-consistent. As for the
skeleton S ′ of C ′, the skeleton S ′′ of C ′′ can be obtained from the skeleton S
of C. Replace Li by a copy L′

i of Li−1, and place edges from each node in Li−1
to its copy L′

i (see Figure 2). If the edge Xi \Xi−1 merges two components of
Xi−1, then the corresponding two nodes of L′

i are merged into one node. Finally,
there is an edge from node u′ ∈ L′

i to all the grandchildren (in S) of its copy
u ∈ Li−1. In Figure 2, there are three nodes displayed at level Li−1. There are
six nodes in Li which are replaced by three copies of the three nodes of Li−1.
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The two copies of u′ and u′′ are merged into a single node u because the two
components corresponding to u′ and u′′ are connected by Xi \Xi−1.

We show that we can label S ′′ so that the three conditions for a crusade to
be consistent are satisfied. The node-labeling of S ′′ is the node-labeling of S for
all nodes of levels j �= i. If a node u ∈ L′

i does not result from the merging of
two nodes u′ and u′′, then u receives the label of its original in Li−1. Otherwise
u receives the sum of the labels of the originals of u′ and u′′ in Li−1. The edge-
labeling of S ′ is the edge-labeling of S except between levels i− 1, i, and i + 1.
The edge out-going from any node u of Li−1 receives label ku. The setting of the
edge-labeling between levels i and i + 1 is slightly more complex. (Recall that
there is at most one node of in-degree 2 at every level.) At levels i and i + 1,
there is a one-to-one correspondence between edges incoming to nodes with in-
degree 1 in S ′′ and edges incoming to nodes with in-degree 1 in S. Thus, the edge
incoming to a node at level i + 1, with in-degree 1 in S ′′, receives the label of its
corresponding edge in S. Let v be a node at level i+1 of S, with in-degree 2. If v
is still of in-degree 2 in S ′′ (like in Figure 2), then the two incoming edges of S ′′

take the same labels as the corresponding edges in S. Otherwise, the unique edge
incoming to node v in S ′′ takes the sum of the labels of the two edges incoming
to node v in S. One can easily check that this labeling gives k-consistency to
S ′′. Hence, C ′′ is a k-consistent crusade, in contradiction with (C1). Therefore,
for every i ≥ 1, |δ(Xi−1 ∪Xi)| ≥ |δ(Xi)|.

Now, any pair of edge-sets A and B satisfies submodularity, i.e., |δ(A∩B)|+
|δ(A ∪ B)| ≤ |δ(A)| + |δ(B)|. Hence, |δ(Xi−1 ∩ Xi)| ≤ |δ(Xi−1)| for any i ≥ 1.
Let C ′′′ = (X0, X1, . . . , Xi−2, Xi−1 ∩Xi, Xi, . . . , Xr).
C ′′′ is a crusade of frontier at most k. We show that it is k-consistent using
the same arguments as for C ′ and C ′′ (see [2] for more details). From (C2), we
then get |Xi−1 ∩Xi| ≥ |Xi−1|, that is Xi−1 ⊆ Xi. Therefore C is a progressive
k-consistent crusade, which completes the proof.

Lemma 3. Let G be a graph such that every edge has one of its extremities
incident to only one other edge. If there is a progressive k-consistent crusade in
G, then mis(G) ≤ k.

The proof proceeds by transformation of a progressive k-consistent crusade
C = (X0, X1, . . . , Xr), with skeleton S consistently labeled, into a monotone
internal search strategy that successively clears the edges e1, e2, . . . , er, where
ei = Xi \ Xi−1. Intuitively, ku represents the number of searchers in the con-
nected component represented by u. The labels ke, e ∈ Γ−(u), represent how the
searchers are distributed among the possibly two connected components whose
merging results in the component represented by u. Due to lack of space, the
proof is omitted. It can be found in [2].

Proof of Theorem 1. Let G be any graph with cs(G) ≤ k. The 1-expansion of G
is the graph H obtained from G by replacing every edge e by two consecutive
edges e′ and e′′. We have cs(H) ≤ cs(G). Therefore, thanks to Lemma 1, there
exists a connected, and hence consistent, crusade of frontier ≤ k in H. Applying
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Fig. 2. Skeleton S ′′.

Lemma 2, we get that there exists a progressive k-consistent crusade in H, and
thus, by Lemma 3, mis(H) ≤ k. We complete the proof by observing that
mis(G) ≤ mis(H). �	

We conclude the section by noticing that cs and mis can differ significantly
for some graphs, and thus that the inequality of Theorem 1 can be strict. Figure 3
displays a subgraph G0 of the p×q mesh, with q = 2k, and p = 6l, l
 k. One can
check that mis(G0−e−f)/s(G0−e−f) � 3/2, and cs(G0−e)/mis(G0−e) � 3/2.
The graph G0 can also be used to show that the class of graphs that can be
cleared by a connected (resp., monotone internal) search strategy using at most
k searchers is not minor closed (see [2] for more details). However, one can easily
check that it is minor closed when restricted to the class of trees.

3 The Case of Trees

In this section, we show that there is a unique obstruction for the class of trees
T such that cs(T ) ≤ k. Since, for any tree T , mcs(T ) = cs(T ) [1], we consider
only the monotone case. Our proof is based on the notion of k-caterpillar and
spine. A spine is a path. A 0-caterpillar is also a path, and it is its own spine. For
k > 0, a tree T is a k-caterpillar with spine P if, for every connected component
T ′ of T \ P , the two following properties hold: (1) there is a path P ′ such that
T ′ is a (k − 1)-caterpillar with spine P ′, and (2) one of the two extremities of
P ′ is adjacent to P . A 1-caterpillar is hence a subdivision of a caterpillar in
the usual sense, i.e., a path x1, . . . , xk with ki ≥ 0 paths pending from every
xi. Notice that any tree is a k-caterpillar for k large enough. The notion of k-
caterpillar is related to the notion of caterpillar dimension introduced in [12]
(see also [11]). We establish an equivalence between connected search numbers
and k-caterpillars.

Fig. 3. The graph G0
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Given a tree T and two vertices v, w of T , we denotes by Tv the tree T rooted
at v, and by Tv[w] the subtree of Tv rooted at w. Recall that the depth of a rooted
tree T is the maximum distance from its root to the leaves. We denote by Bk the
complete binary tree of depth k, and by Dk the tree obtained by connecting the
three roots of three copies of Bk−1 to a unique new vertex. Finally, we denote
by T1 � T2 the relation “T1 is a minor of T2”.

Theorem 2. For any tree T , the following three properties are equivalent:
(1) T is not a (k − 1)-caterpillar;
(2) Dk � T ;
(3) cs(T ) ≥ k + 1.

Proof. We first prove (1)⇒(2). Let T1 and T2 be two trees, rooted at x1 and x2
respectively. We denote by T1 �x2 T2 the relation “T1 is a x2-rooted minor of
T2”, that is node x1 is either x2 or the result of contracting a series of edges,
some of them containing x2. Now, let T be a tree and v be a vertex of T such that
Bk ��v T , k ≥ 1. We claim that T is a (k − 1)-caterpillar and v is an extremity
of its spine. The proof of this claim is by induction on k. If B1 ��v T then T is
a path with extremity v. If k > 1 and there is a vertex v such that Bk ��v T ,
then there are two cases. If Bk−1 ��v T , then by induction hypothesis, T is a
(k − 2)-caterpillar with v as the first vertex of the spine. If Bk−1 �v T , then let
S be the set of vertices w such that Bk−1 �w Tv[w]. S is a path starting at v,
and all the connected components of T −S are (k− 2)-caterpillars, in which the
corresponding spine starts at the vertex adjacent to one of the vertices of S in
T . Indeed, if z /∈ S and z is adjacent to w ∈ S, then Tv[z] is one of the connected
components of T −S and Bk−1 �� Tv[z]. It hence just remains to show that there
is a vertex v such that Bk ��v T . By contradiction, assume that Dk �� T and
for every v vertex of T , Bk �v T . There is a vertex z with two neighbors, z1
and z2, such that Bk−1 �z1 Tz[z1] and Bk−1 �z2 Tz[z2]. This implies that either
Bk �zi Tz[zi] or Bk �z Tzi [z]. In both cases, we get Dk � T , a contradiction.

Next, we prove (2)⇒(3) by showing that, for any connected search strategy
in Dk, there is a step in which at least k + 1 searchers are required to avoid
recontamination. Finally, we prove (3) ⇒(1). We show by induction on k, that
if T is a k-caterpillar with spine P , then there is a connected search strategy
using k + 1 searchers starting at one extremity of P . (See [2] for more details.)

Corollary 1. For a tree T , cs(T ) ≤ k if and only if T is a (k − 1)-caterpillar.
Moreover, the set of obstructions of the class of trees T with cs(T ) ≤ k contains
Dk as unique element.

Corollary 2. For any tree T , if s(T ) ≥ 2, then s(T ) ≤ cs(T ) ≤ 2s(T ) − 2.
Moreover, for k ≥ 1, cs(D2k−1) = 2s(D2k−1)− 2.

Proof. Let Mk be the tree obtained from a complete ternary tree of depth k
by removing one leaf from every set of three sibling leaves. It is shown in [15]
that Mk is an obstruction of the class of graphs G with search number ≤ k. We
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show that, for any k ≥ 1, Mk � D2k−2. By Theorem 2, this implies that, for
every T , cs(T ) ≤ 2s(T ) − 2. To prove that the bound is tight, we show that
cs(D2k−1) = 2s(D2k−1)− 2 (see [2]).

Theorem 3. For any tree T , mis(T ) = cs(T ).

To prove this theorem, we only need to prove that mis(Dk) = k + 1 for all
k ≥ 1 because mis and cs are both minor closed for trees. This follows from the
fact that, for every k, mis(Bk) = k, and in any search strategy for Bk using k
searchers, there is a step in which (1) k searchers are involved, (2) none of these
searchers occupies the root, and (3) all edges incident to the root of Bk are clear.
(See [2] for more details.)

Remark. Distinct values for s and cs can be achieved for graphs of arbitrary
connectivity. For instance, for a fixed r, the ratio cs(Dk × Kr)/s(Dk × Kr)
approaches 2 when k goes to infinity.

4 Concluding Remarks and Open Problems

The main open problem is whether recontamination helps for connected search;
that is, whether, for any graph G with cs(G) ≤ k, there exists a monotone
connected search strategy using at most k searchers. As observed in [8], all the
standard techniques for proving monotonicity fail for connected search. This
is mainly because all the monotonicity proofs (in any search variant) use as
a kernel argument the fact that the cost of the search can be expressed by a
connectivity function; i.e., a nonnegative valued function on a set S ⊆ P(M) that
is invariant over complement and satisfies the submodular property. However,
the intersection of two connected sets is not necessarily connected; hence their
failure for connected search.

Another important open problem is whether the ratio cs(G)/s(G) can be
bounded. We proved that for trees cs(T )/s(T ) < 2 (cf. Corollary 2). A similar
bound for general graphs, say cs(G)/s(G) ≤ b, would imply that: H ≺ G ⇒
cs(H) ≤ b · cs(G). That way, we could derive approximation algorithms for cs
from algorithms for the usual search number s.

Acknowledgements. The authors are thankful to Fedor Fomin for his valuable
help and comments.
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Abstract. Triple graph grammars, an extension of pair graph grammars, were
introduced for the specification of graph translators. We developed a framework
which constitutes an industrial application of triple graph grammars. It solves
integration problems in a specific domain, namely design processes in chemical
engineering. Here, different design representations of a chemical plant have to be
kept consistent with each other. Incremental integration tools assist in propagating
changes and performing consistency analysis. The integration tools are driven by
triple rules which define relationships between design documents.

1 Introduction

Triple graph grammars, an extension of pair graph grammars [1], were introduced at
the WG ‘94 workshop [2]. Originally, they were motivated by integration problems in
software engineering; later, they were applied to other domains as well. In general, triple
graph grammars may be used for the specification of graph translations, coupling of
graph structures, and consistency maintenance.

This paper reports on an industrial application of triple graph grammars. The Col-
laborative Research Center IMPROVE [3] is concerned with the development of models
and tools for chemical engineering design. In IMPROVE, we have realized a framework
for building incremental and interactive integration tools [4,5]. The framework has been
developed in close cooperation with an industrial partner (innotec, a Germany software
company, which offers an engineering database system called COMOS PT).

In chemical engineering design, a chemical plant is described from different per-
spectives by a set of interrelated design documents, including various kinds of flow
sheets for describing the chemical process and the components of the chemical plant,
simulation models for steady-state and dynamic simulations, etc. Design proceeds in-
crementally, i.e., the design documents are gradually refined and improved. Throughout
the whole design process, interrelated design documents have to be kept consistent with
each other. Design documents may be represented as graphs in a natural way. Triple
graph grammars are used to define correspondences between graph structures. They
serve as specifications for rule-based integration tools.

Section 2 briefly recalls triple graph grammars. Section 3 introduces a motivating
example from the chemical engineering domain. Section 4 derives general requirements
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from the motivating example. Section 5 presents our framework for building incremental
and interactive integration tools. Section 6 explains how triple rules are defined in this
framework. Section 7 is devoted to implementation issues. Section 8 discusses the way
we have adapted and applied the triple graph grammar approach and the experiences we
made. Section 9 compares related work. Section 10 presents a short conclusion.

2 Triple Graph Grammars

Pair graph grammars were introduced as early as 1971 by Pratt to specify graph-to-
graph translations [1]. A pair grammar defines a set of pair productions which modify the
participating graphs and update correspondences between nodes. Triple graph grammars
[2] are an extension of pair graph grammars. They were motivated by the study of
integration problems in software engineering environments [6]. These studies showed
the need for a separate correspondence graph to be placed in between source and target
graph. The terms “source” and “target” denote distinct ends, but do not imply a direction.
A triple production consists of productions operating on source, correspondence, and
target graph, respectively, as well inter-graph mappings which are used to relate elements
of the correspondence graph to elements of the source and the target graph, respectively.

Let us briefly recall some definitions from [2]:

– A graph is a quadruple G = (V, E, s, t), where V and E are finite sets of vertices
(nodes) and edges, and s, t : E → V assign source and target nodes to edges.

– A graph morphism from G to G′ is a pair h = (hV , hE), where hV : V → V ′,
hE : E → E′ are defined such that they “preserve” source and target nodes.

– A (monotonic) graph production is a pair of graphs p = (L, R), where L ⊂ R.
– A graph production p is applicable to a graph G if there is a morphism h : L→ G.

Application of p results in a graph G′ which is extended with (copies of) nodes and
edges in R \ L.

– A triple graph is a structure G = (SG← hSG − CG− hTG → TG), where SG,
CG, and TG denote source, correspondence, and target graph, respectively, and
hSG and hTG are graph morphisms.

– A triple production is a structure p = (sp ← hsp − cp − htp → tp), where sp,
cp, and tp denote source, correspondence and target productions, respectively. hsp
and htp are pairs of graph morphisms which map the left-hand and right-hand sides,
respectively.

– A triple production p is applicable to a triple graph G if its component productions
are applicable to the component graphs and the production mappings may be mapped
onto the graph mappings. Application of p results in a triple graph G′ such that the
component productions are applied to the component graphs and the graph mappings
are updated according to the production mappings.

Based on these definitions, the following propositions were proved in [2]:

– A given triple production
p = ((SL, SR)← hsp − (CL, CR)− htp → (TL, TR))
may be split into source-local production
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psl = ((SL, SR)← ε− (∅, ∅)− ε→ (∅, ∅))
and a source-to-target production
pst = ((SR, SR)← hsp − (CL, CR)− htp → (TL, TR))
such that p = psl pst.

– A sequence of applications of triple productions p1 . . . pn is equivalent to the appli-
cation of all source-local productions p1sl

. . . pnsl
, followed by the application of

all source-to-target productions p1st
. . . pnst

.

Triple graph grammars are used for the specification of graph-based integration tools
which may be classified as follows:

Synchronous coupling. Source, correspondence, and target graph are modified syn-
chronously by applying triple productions.

Source-to-target translation. Given a source graph SG and a sequence of source-local
productions, apply source-to-target productions, yielding a correspondence graph
CG and a target graph TG.

Incremental change propagation. Starting from a triple graph G = (SG, CG, TG),
first apply a sequence of source-local productions to SG and then propagate the
changes to CG and TG by applying corresponding source-to-target productions.

In the context of this paper, we will focus on incremental change propagation, which
in general may be performed bidirectionally.

3 Motivating Example

Incremental change propagation is essential in chemical engineering design, where
chemical plants are described in design documents from different perspectives. Below,
we focus on a problem which we have been studying in cooperation with an industrial
partner. innotec, a Germany software company, offers an engineering database system
called COMOS PT [7]. In particular, COMOS PT maintains flow sheets describing the
chemical process and the composition of the chemical plant to be designed. The problem
was to integrate COMOS PT with Aspen Plus [8], a simulation environment provided
by another vendor. In Aspen Plus, simulation models are created (and executed) which
have to be kept consistent with the corresponding flow sheets.

In chemical engineering, the flow sheet acts as a central document for describing the
chemical process. The flow sheet is refined iteratively so that it eventually describes the
chemical plant to be built. Simulations are performed in order to evaluate design alterna-
tives. Simulation results are fed back to the flow sheet designer, who annotates the flow
sheet with flow rates, temperatures, pressures, etc. Thus, information is propagated back
and forth between flow sheets and simulation models. Unfortunately, the relationships
between them are not always straightforward. To use a simulator such as Aspen Plus,
the simulation model has to be composed from pre-defined blocks. Therefore, the com-
position of the simulation model is specific to the respective simulator and may deviate
structurally from the flow sheet.

Figure 1 illustrates how an incremental integration tool assists in maintaining con-
sistency between flow sheets and simulation models. The chemical process taken as
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Fig. 1. Integration between flow sheet and simulation model

example produces ethanol from ethen and water. Flow sheet and simulation model are
shown above and below the dashed line, respectively. The integration document for con-
necting them contains links which are drawn on the dashed line. The figure illustrates a
design process consisting of four steps:

1. An initial flow sheet is created in COMOS PT. This flow sheet is still incomplete, i.e.,
it describes only a part of the chemical process (heating of substances and reaction
in a plug flow reactor, PFR).

2. The integration tool is used to transform the initial flow sheet into a simulation model
for Aspen Plus. Here, the user has to perform two decisions. While the heating step
can be mapped structurally 1:1 into the simulation model, the user has to select
the most appropriate block for the simulation to be performed. Second, there are
multiple alternatives to map the PFR. Since a straightforward 1:1 mapping is not
sufficient, the user maps the PFR into a cascade of two blocks.

3. The simulation is performed in Aspen Plus, resulting in a simulation model which
is augmented with simulation results. In parallel, the flow sheet is extended with the
chemical process steps that have not been specified so far (flashing and splitting).

4. Finally, the integration tool is used to synchronize the parallel work performed in the
previous step. This involves information flow in both directions. First, the simulation
results are propagated from the simulation model back to the flow sheet. Second,
the extensions are propagated from the flow sheet to the simulation model. After
these propagations have been performed, mutual consistency is re-established.

4 Requirements

From the motivating example presented in the previous section, we derive the following
requirements:
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Functionality. An integration tool must manage links between objects of inter-depend-
ent documents. In general, links may be m:n relationships, i.e., a link connects
m source objects with n target objects. They may be used for multiple purposes:
browsing, consistency analysis, and transformation.

Mode of operation. An integration tool must operate incrementally rather than batch-
wise. It is used to propagate changes between inter-dependent documents. This is
done in such a way that only actually affected parts are modified. As a consequence,
manual work does not get lost, as it happens in the case of batch converters.

Direction. In general, an integration tool may have to work in both directions. That is,
if d1 is changed, the changes are propagated into d2 and vice versa.

Mode of interaction. While an integration tool may operate automatically in simple
scenarios, it is very likely that user interactions are required to resolve non-deter-
ministic choices.

Time of activation. In single-user applications, it may be desirable to have changes
propagate eagerly. This way, the user is informed promptly about the consequences
of the changes performed in the respective documents. In multi user scenarios,
however, deferred propagation is usually required. In this case, each user keeps
control of the export and import of changes from/to his local workspace.

Integration rules. An integration tool is driven by rules defining which object patterns
may be related to each other. It must provide support for defining and applying these
rules.

Traceability. An integration tool must record a trace of the rules which have been
applied. This way, the user may reconstruct later on which decisions have been
performed during the integration process.

Adaptability. An integration tool must be adaptable to a specific application domain.
Adaptability is achieved by defining suitable integration rules and controlling their
application (e.g., through priorities). It must be possible to modify the rule base on
the fly.

A posteriori integration. An integration tool must work with heterogeneous tools sup-
plied by different vendors. To this end, it has to access these tools via corresponding
wrappers which provide abstract and unified interfaces.

5 Framework for Building Integration Tools

Figure 2 provides an overview of the framework for tool integration which we have
developed with our industrial partner. At the heart of this framework, the integrator
core offers basic functionality. In particular, it includes the basic control logic, i.e.,
the algorithms for document integration. The integrator core accesses the integration
document which stores fine-grained links and records the application of integration rules.
Furthermore, it is connected to the tools and documents to be integrated via respective
wrappers, which are used to abstract from tool-specific details (a posteriori integration).
The integrator user interface is used to control the integrator interactively. The rules
which drive the integrator are specified in a rule definition tool. Rules are interpreted
by the integrator core; alternatively, they may be hard-coded and compiled for more
efficient execution1.

1 Currently, the latter requires manual programming.
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Let us illustrate the operation of this framework by the example of Section 3:

1. The flow sheet designer creates an initial flow sheet in COMOS PT. Here, COMOS
PT is used as it stands.

2. The simulation expert uses the integrator to create a simulation model. The inte-
grator accesses the flow sheet through the COMOS PT wrapper which provides a
graph-based view on the source graph. Similarly, the Aspen Plus wrapper offers
an updatable view on the target graph. The simulation expert activates source-to-
target productions through the interactive interface of the integrator. Source-to-target
relationships are stored in the integration document, which plays the role of the cor-
respondence graph.

3. The flow sheet designer and the simulation expert operate in parallel locally on their
respective documents.

4. The changes are synchronized with the help of the integrator. To synchronize the
changes, both source-to-target and target-to-source productions are applied.

6 Definition of Rules

For the definition of rules, we decided to rely on the Unified Modeling Language [9]
primarily for pragmatic reasons. The UML is a wide-spread modeling language which
is supported by CASE tools such as Rational Rose, TogetherJ, etc. Although the UML
is based on an object-oriented rather than on a graph-based data model, there are strong
relationships to graphs and graph rewriting systems. For example, an object diagram
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showing a set of objects connected by links may be viewed as a graph. Likewise, a collab-
oration diagram extending a static object diagram with operations for creating/deleting
objects or links corresponds to a graph rewrite rule.

Figure 3 illustrates how graph rewrite rules are expressed as collaboration diagrams.
All of these rules deal with simple 1:1 correspondences between heater elements in flow
sheets and heater blocks in simulation models. Left- and right-hand side of a graph
rewrite rule are merged into a single diagram. Creation and deletion of objects and
links are indicated by annotations new and delete, respectively. Rules a) and b) are
constructive since they insert objects and links into the target (source) document after
the source (target) document has been extended. In contrast, the destructive rules c) and
d) are applied to propagate deletions: If the source (target) object is not present any
more, the target (source) object as well as the link object have to be deleted. Please note
that in general users may perform not only insertions, but also changes and deletions
to source and target documents. Thus, we have to deal with general graph rewrite rules
rather than only with generating productions.

So far, we have tacitly assumed that the rule base is given when the integrator is
applied. In fact, it is fairly difficult to define an appropriate and comprehensive rule set
beforehand. Rather, the rules have to be learned through experience. This is achieved
through a round-trip modeling process which is illustrated in Figure 4. Let us assume an
initial rule base to start with. The user may apply these rules to establish correspondences
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between source and target document. If the user wishes to establish a certain correspon-
dence even though a specific rule is not available, he may resort to built-in ad-hoc rules
by means of which “untyped” correspondences may be created. Here, the user has to
specify correspondences manually. Concrete correspondences stored in actual integra-
tion documents may be transformed into abstract correspondences defining mutually
related graph patterns. Subsequently, these static correspondences may be transformed
into dynamic rules. After that, the integrator may be used with the improved rule set.

Figure 5 gives an example of a complex correspondence which is represented by an
object diagram. This correspondence is abstracted from the link between the plug flow
reactor in COMOS PT and the cascade of reactor blocks in Aspen Plus, as illustrated in
Figure 12. From an object diagram, we may derive collaboration diagrams by introducing
new and delete annotations. This may be performed in two steps. In the first step, a
synchronous rule is defined. In the second step, source-to-target and target-to-source
rules may be derived from the synchronous rule.

So far, only the structural aspects of correspondences and rules have been addressed.
In addition, attributes have to be considered. In practice, elements of flow sheets and
simulation models may carry a large number of attributes which have to be kept consistent
with each other. Therefore, rules for attribute assignments have to be provided as well.
In the UML, the relationships between attribute values may be defined in the Object
Constraint Language (OCL). For further details on attribute assignments, the reader is
referred to [5].

2 Please note that a simplified notation was employed in Figure 1, while Figure 5 shows the actual
internal graph representation. In particular, connections are represented as objects, as well as
the end points (ports) of both connections and devices.
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7 Implementation

The framework introduced in Section 5 was implemented in cooperation with our indus-
trial partner innotec, the provider of COMOS PT. The implementation was performed
such that the integrator would interact smoothly with COMOS PT (and Aspen Plus).
Furthermore, it was required to keep the implementation as slim as possible and to avoid
rucksacks of infrastructure software. For these reasons, we did not use the PROGRES
environment [10], which is still heavily used in other projects carried out in our group.
Rather, a light-weight implementation was realized which is tailored towards the specific
requirements of our application domain and does not provide a general and powerful
graph rewriting machinery.

For the points to be made in the next section, it is not important to go into the
details of the implementation. However, we do have to convey an overall understanding
of how the integrator works. The integrator is provided with the source document, the
target document, and the integration document. Both the source document and the target
document may have been modified after the last run of the integrator (see e.g. the last
step of our example in Section 3). To re-establish consistency, the integrator searches
source and target documents for elements which do not participate in correspondences.
These elements are scheduled for source-to-target or target-to-source transformations.
In the next step, the set of candidate rules is identified for each scheduled element.
If there is no such rule, the user may apply a built-in ad hoc rule. If there is more
than one rule, the user has to select the appropriate one. If there is exactly one rule,
the rule is applied automatically. In addition, the integrator performs a run through the
integration document to check the consistency of the correspondences already stored
in the integration document. Each correspondence stores a reference to the respective
rule. All correspondences whose source or target patterns were modified as marked as
inconsistent. If essential elements of those patterns were deleted, the correspondence
is deleted as well. If possible, repair actions are initiated to re-establish consistency.
In addition to structural rules, the integrator also handles attribute rules (through the
execution of script code).

8 Discussion

After having recalled the theoretical foundations of triple graph grammars in Section 2
and having presented a practical application in the following sections, we now reflect
on the experiences we have made in the described application.

By and large, triple graph grammars constitute a powerful conceptual framework for
addressing integration problems for the following reasons:

– For complex m:n relationships, it pays off to introduce a correspondence graph in
between the source and the target graph.

– Triple productions declaratively specify coupling of graph structures and abstract
from the different possible modes of use: synchronous coupling, source-to-target
(and target-to-source) translation, and incremental change propagation.

On the other hand, the actual definitions as given in [2] bear some restrictions which
prevented their use in our context:
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– Graphs are not typed, and nodes do not carry attributes. Both types and attributes
are very important in our application domain.

– Inter-graph relationships are represented by graph morphisms. Usually, morphisms
are defined between graphs of the same type. Furthermore, they have to preserve
not only source and target nodes of edges, but also types. This is not the case for
the relationships between the correspondence graph and source or target graph. In
addition, a correspondence node may be related to only one source and target node,
respectively. Thus, complex correspondences cannot be modeled in the way we have
done it (see Figure 5); rather, they have to spread over multiple correspondence
nodes which are grouped only implicitly3. Altogether, it seems more appropriate to
represent inter-graph relationships by inter-graph edges instead.

– The definitions deal only with graph grammars. However, we are concerned with
graph rewriting systems: The user may also apply deleting or modifying transfor-
mations. Grammars are adequate for batch translations: Given a source graph SG,
construct a target graph TG. However, we have to deal with general editing rather
than merely with constructing operations.

Finally, we faced some practical problems in our application domain:

– The original proposal tacitly assumes that we may start from given grammars for
the source and target graphs. In practice, these grammars are not available. Usually,
tools provide a procedural interface (e.g., OLE) for reading and writing the data
stored in native data structures. There is no definition of the underlying graphical
language. At best, the tool builder may provide a documented textual interchange
format (typically XML).

– Likewise, it is by no means straightforward to define the triple rules. In fact, the
correspondences between flow sheets and simulation models may be defined only
through practical experience. Therefore, we introduced our round-trip modeling
process illustrated in Figure 4.

– In our application domain, we only have a fairly weak notion of consistency. The
rules describing correspondences between flow sheets and simulation models are
of heuristic nature. Similar observations apply e.g. to the relationships between
requirements definitions and software architectures in software engineering [6].

– In [2], it is assumed that the decoupling of transformations is achieved with the help
of graph parsers: Only when we know the production sequence on the source graph
can we apply the corresponding productions on the target graph. Building of graph
parsers is complicated anyway, but it completely breaks down when the parsing
problem is undecidable4. For these reasons, we have never considered building graph
parsers. Rather, the changes performed on source and target graph are determined in
a completely different way by traversing source, target, and correspondence graph,
as described in Section 7.

3 In the example given in [2], this grouping is introduced informally by composite node identifiers.
4 The original proposal assumes monotonic productions to guarantee decidability.
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9 Related Work

Triple graph grammars have their roots in the IPSEN project [11] which dealt with tightly
integrated software development environments. Originally, only a priori integration was
considered, i.e., tools were designed for integration from the very beginning. Lefering
[6] used triple graph grammars to develop incremental integration tools for the coupling
of requirements definitions and software architectures. Later on, triple graph grammars
were applied in several software engineering projects outside the scope of the IPSEN
project. In particular, they were used for the re-engineering of software systems. In the
Varlet project [12], incremental integration tools were built for mapping relational to
object-oriented database schemas. In ReforDi [13], tools were developed for migrating
mainframe applications to a client-server architecture. Here, the structure graph of the
original Cobol application was mapped to an object-based architecture with the help of
triple rules. Both projects relied on the PROGRES environment [10] as the underlying
specification and implementation machinery. Finally, [14] reports on an application of
triple graph grammars in chemical engineering. To some extent, this work served as a
starting point for the project described in this paper.

Graph transformations have been used for the specification of integration tools in a
couple of other projects as well. Some of this work is devoted to model transformations,
where a given model is transformed into another notation [15,16]. Model transforma-
tion tools usually operate in batch mode without user interaction, i.e., they work like a
compiler. In contrast, the applications we study demand for incremental, interactive inte-
gration tools. Closely related problems are studied in the ViewPoints project [17], which
investigates methods and tools for maintaining consistency between related view points
(documents in our terminology) in software engineering. Enders et al. [18] describe how
consistency analysis and repair actions in the ViewPoints approach are specified with the
help of distributed graph transformations. Here, the more restricted pair graph grammar
approach coined by Pratt [1] is applied.

10 Conclusion

We have presented an industrial application of triple graph grammars. Incremental in-
tegration tools are used to maintain consistency between inter-dependent design docu-
ments in chemical engineering. We have also discussed the strengths and limitations of
the triple graph grammar approach. In our future work, we will evaluate the tools which
we built in cooperation with our industrial partner. Furthermore, we will generalize the
framework such that it can be applied outside the chemical engineering domain.
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Abstract. The Minimum Degree Algorithm, one of the classical algo-
rithms of sparse matrix computations, is a heuristic for computing a
minimum triangulation of a graph. It is widely used as a component in
every sparse matrix package, and it is known to produce triangulations
with few fill edges in practice, although no theoretical bound or guarantee
has been shown on its quality. Another interesting behavior of Minimum
Degree observed in practice is that it often results in a minimal triangula-
tion. Our goal in this paper is to examine the theoretical reasons behind
this good performance. We give new invariants which partially explain
the mechanisms underlying this heuristic. We show that Minimum De-
gree is in fact resilient to error, as even when an undesirable triangulating
edge with respect to minimal triangulation is added at some step of the
algorithm, at later steps the chances of adding only desirable edges re-
main intact. We also use our new insight to propose an improvement of
this heuristic, which introduces at most as many fill edges as Minimum
Degree but is guaranteed to yield a minimal triangulation.

1 Introduction

For the past forty years, problems arising from applications have given rise to
challenges for graph theorists, and thus also to a wealth of graph-theoretic re-
sults. One of these is computing a minimum triangulation. Although the problem
originally comes from the field of sparse matrix computations [20], it has appli-
cations in various areas of computer science.

Large sparse symmetric systems of equations arise in many areas of engi-
neering, like the structural analysis of a car body, or the modeling of air flow
around an airplane wing. The physical structure can often be thought of as cov-
ered by a mesh where each point is connected to a few other points, and the
related sparse matrix can simply be regarded as an adjacency matrix of this
mesh. Such systems are solved through standard methods of linear algebra, like
Gaussian elimination, and during this process non-zero entries are inserted into
cells of the matrix that originally held zeros, which increases both the storage
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requirement and the time needed to solve the system. It was observed early that
finding a good pivotal ordering of the matrix can reduce the amount of fill thus
introduced: in 1957, Markowitz [14] introduced the idea behind the algorithm
known today as Minimum Degree, choosing a pivot row and column at each step
of the Gaussian elimination to locally minimize the product of the number of
corresponding off-diagonal non-zeros. Tinney and Walker [22] later applied this
idea to symmetric matrices, and Rose [20] developed a graph theoretical model
of it.

As early as 1961, Parter [18] presented an algorithm, known as Elimina-
tion Game (EG), which simulates Gaussian elimination on graphs by repeatedly
choosing a vertex and adding edges to make its neighborhood into a clique be-
fore removing it, thus introducing the connection between sparse matrices and
graphs. In view of the results of [8], the class of graphs produced by EG is ex-
actly the class of chordal graphs. Thus when the given graph is not chordal,
Gaussian elimination and EG correspond to embedding it into a chordal graph
by adding edges, a process called triangulation. As can be observed on the exam-
ple in Figure 1, the number of fill edges in the resulting triangulation is heavily
dependent on the order in which EG processes the vertices. This ordering of the
graph corresponds to the pivotal ordering of the rows and columns in Gaussian
elimination.

As mentioned above, it is of primary importance to add as few edges as
possible when running EG. The corresponding problem is that of computing
a minimum triangulation, which is NP-hard [23]. It is possible to compute in
polynomial time a triangulation which is minimal, meaning that an inclusion-
minimal set of edges is added [16], [21]. However, such a triangulation can be
far from minimum, as can be seen from the example of Figure 1(b). As a result,
researchers have resorted to heuristics, of which one of the most universally used
and studied is Minimum Degree (MD): this runs EG by choosing at each step
a vertex of minimum degree in the transitory elimination graph, as illustrated
by Figure 1(d). This algorithm is widely used in practice, and it is known to
produce low fill triangulations. In addition, MD is also observed [5] to produce
triangulations which are often minimal or close to minimal.

(a) (b) (c) (d)
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Fig. 1. (a) A graph G, and various triangulations of G by EG through the given order-
ings: (b) A minimal triangulation with O(n2) fill edges. (c) A non-minimal triangulation
of G with less fill. (d) A minimum triangulation of G.

MD has given rise to a large amount of research with respect to improving
the running time of its practical implementations, and the number of papers
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written on this subject is in the hundreds [1], [9]. However, very little is proved
about its quality. It has in fact been analyzed theoretically only to a limited
extent, which makes it difficult to gain control over this heuristic in order to
improve it yet further, although recent research has been done on algorithms for
low fill minimal triangulations [5], [6], [19].

In this paper, we use recent graph theoretical results on minimal triangulation
and minimal separation to explain, at least in part, why MD yields such good
results. In fact, it turns out that one of the reasons why MD works so well is
that the EG algorithm is remarkably robust, in the sense that it is resilient to
error: if at some step of the process an undesirable edge with respect to minimal
triangulation is added, at later steps the chances of adding only desirable edges
remain intact. One of our contributions here is that we use the insight we have
gained on the mechanisms which govern EG and MD to propose an algorithmic
process which improves the results obtained by MD, giving triangulations that
are both minimal and have low fill.

The remainder of this extended abstract is organized as follows: Section 2
gives the graph theoretic background, introduces EG formally, and gives previous
results on minimal separation and minimal triangulation. In Section 3, we give
some new invariants for EG and MD, and explain why these algorithms are
resilient to error, and why in many cases MD computes a minimal triangulation.
Section 4 proposes a new algorithmic process in view of using the results of the
paper to improve MD.

2 Preliminaries

Given a graph G = (V, E), we denote n = |V | and m = |E|. For any subset S
of V , G(S) denotes the subgraph of G induced by S, and CG(S) denotes the
set of connected components of G(V − S). For the sake of simplicity, we will
use informal notations such as H = G + {e} + {x} when H is obtained from
G by adding edge e and vertex x. For any vertex v of G, NG(v) denotes the
neighborhood of v in G, and NG[v] denotes the set NG(v)∪ {v}. For a given set
of vertices X ⊂ V , NG(X) = ∪v∈XNG(v)−X, and NG[X] = ∪v∈XNG(v) ∪X.
We will omit the subscripts when there is no ambiguity.

A vertex is simplicial if its neighborhood is a clique. We will say that we
saturate a set of vertices X when we add to the graph all the edges necessary
to make X into a clique. A graph is chordal, or triangulated, if it contains no
chordless cycle of length ≥ 4. The set F of edges added to an arbitrary graph
G = (V, E) to obtain a triangulation H = (V, E + F ) of G is called a fill.

A function α : V → {1, 2, ..., n} is called an ordering of the vertices of
G = (V, E), and (G, α) will denote a graph G the vertices of which are ordered
according to α. We will use α = (v1, v2, ..., vn), where α(vi) = i.

The algorithmic description of Elimination Game (EG) given below defines
the notations we will use in the rest of this paper:
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Algorithm Elimination Game
Input: A graph G = (V, E), and an ordering α of the vertices in G.
Output: A triangulation G+

α of G.
G1

α ← G; G+
α ← G;

for k = 1 to n do
Let F be the set of edges necessary to saturate NGk

α
(vk) in Gk

α;
Gk+1

α ← Gk
α + F − {vk}; G+

α ← G+
α + F ;

According to the definition used in [16], we will call Gk
α({vk, ..., vn}−NGk

α
[vk])

the section graph at step k. It is immediate from the description of EG that for
any distinct i, j ∈ [k, n], edge vivj is present in Gk

α iff there is a path in G
between vi and vj (the path may have only one edge) all intermediate vertices of
which are numbered < k (i.e. do not belong to Gk

α). Similarly, the edges added
during an execution of EG are well defined as vivj is an edge of G+

α iff vivj is
an edge of G or there is a path in G between vi and vj , all intermediate vertices
of which have a number which is strictly smaller than min{i, j} [21].

The Minimum Degree (MD) heuristic is based on EG: it takes as input an
unordered graph G, and computes an ordering α along with the corresponding
triangulation G+

α , by choosing at each step a vertex of minimum degree in Gk
α

and numbering it as vk.
Before proceeding to the next section, we will need some results on minimal

separation. The notion of a minimal separator was introduced by Dirac [7] to
characterize chordal graphs. Given a graph G = (V, E), a vertex set S ⊂ V is a
minimal separator if G(V − S) has at least two connected components C1 and
C2 such that NG(C1) = NG(C2) = S (C1 and C2 are called full components).

Characterization 1. ([7]) A graph is chordal iff all its minimal separators are
cliques.

Recent research [11], [17], [2] has shown that minimal separators are central
to minimal triangulations. The idea behind this is that forcing a graph into
respecting Dirac’s characterization will result into a minimal triangulation, by
repeatedly choosing a not yet processed minimal separator and saturating it. We
will need the definition of crossing separators, which characterize the separators
that disappear when a saturation step of this process is executed:

Definition 1. ([11]) Let S and S′ be two minimal separators of G. S and S′ are
said to be crossing if there exist two connected components C1, C2 of G(V − S),
such that S′ ∩ C1 �= ∅ and S′ ∩ C2 �= ∅ (the crossing relation is symmetric).

The saturation process described above can be generalized by choosing and
simultaneously saturating a set of pairwise non-crossing minimal separators in-
stead of a single minimal separator at each step, until a chordal graph is obtained.
We will refer to this generalized process as the Saturation Algorithm. Given a
set S of minimal separators of G, we will denote GS the graph obtained from G
by saturating all the separators belonging to S.

The following results from the works of Kloks, Kratsch and Spinrad [11] and
Parra and Scheffler [17] provide a proof of this algorithm and will be used in
Sections 3 and 4.
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Theorem 1. ([11], [17]) A graph H = (V, E + F ) is a minimal triangulation
of G = (V, E) iff there is a maximal set S of pairwise non-crossing minimal
separators of G such that H = GS.

Corollary 1. A graph H = (V, E +F ) is a minimal triangulation of G = (V, E)
iff H is chordal and there is a set S of pairwise non-crossing minimal separators
of G such that H = GS.

Lemma 1. ([17]) Let G = (V, E) be a graph, let S and S′ be sets of pairwise
non-crossing minimal separators of G and GS, respectively. Then S∪ S′ is a set
of pairwise non-crossing minimal separators of G.

Lemma 2. ([17]) Let G = (V, E), be a graph and S a set of pairwise non-
crossing minimal separators of G. Then any minimal triangulation of GS is a
minimal triangulation of G.

We will also use the notion of substar, which was introduced by Lekkerkerker
and Boland [12] in connection with their characterization of chordal graphs.

Definition 2. ([12]) Given a graph G = (V, E) and a vertex x of G, the substars
of x in G are the neighborhoods in G of the connected components of G(V −N [x]).

In fact, although Lekkerkerker and Boland seemed not to be aware of this,
the set of substars of some vertex x is exactly the set of minimal separators
included in the neighborhood of x. LB-simpliciality of a vertex was defined in
[3] in the following way for more convenient terminology.

Definition 3. A vertex x is LB-simplicial if every substar of x is a clique.

This was implicitly used by [12] to characterize chordal graphs as graphs
such that every vertex is LB-simplicial, but the notion of substar is also very
useful in the context of minimal triangulation, because it provides a fast and
easy way of repeatedly finding sets of pairwise non-crossing minimal separators
when running the Saturation Algorithm. This is fully described in [4], with in
particular the following lemma:

Lemma 3. ([4]) The substars of a vertex x in a graph G are pairwise non-
crossing in G.

3 Properties of EG Related to Minimal Triangulation

We will now examine how EG behaves with respect to the minimal separators
of the graph which is to be triangulated.
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3.1 EG and Partial Minimal Triangulation

We will first extend the definition of substar given in Section 2 to that of substars
of (G, α).

Definition 4. Given (G = (V, E), α), we will say that a set S ⊂ V of vertices
is a substar of (G, α) if there is some step k of EG such that S is a substar of
vk in Gk

α, which will be referred to as a substar defined at step k of EG.

Clearly, during the execution of the EG, at each step k, making the currently
processed vertex vk simplicial will saturate these substars, and may also add some
extraneous edges which do not have both endpoints in some common substar,
so that two kinds of edges can be added:
– Edges which have both endpoints in some common substar defined at step

k. We will refer to these edges as substar fill edges.
– Edges which do not have both endpoints in some common substar defined

at step k. We will refer to these as extraneous edges.
In Section 2, we mentioned that in G and for a given vertex v, the substars of

v are the minimal separators included in the neighborhood of v. One of our most
interesting discoveries is that, in fact, all the substars defined by EG are minimal
separators of the input graph, whether or not extraneous edges have been added
at earlier steps. This fact is stated in Theorem 2, and its proof is based on the
following lemma, which is interesting in its own right, as it describes a strong
correspondence between the structures of G and Gk

α.

Lemma 4. Given (G = (V, E), α) and an integer k ∈ [1, n], let Gk
α = (V k

α , Ek
α)

and S ⊆ V k
α . The connected components of Gk

α(V k
α − S) are the sets C ∩ V k

α

where C is a connected component of G(V − S) such that C ∩ V k
α �= ∅, with the

same neighborhoods, i.e. NGk
α

(C ∩ V k
α ) = NG(C).

Proof. Let S ⊆ V k
α . We have to prove that CGk

α
(S) = {C∩V k

α , C ∈ CG(S) | C∩
V k
α �= ∅} and ∀C ∈ CG(S) such that C ∩ V k

α �= ∅, NGk
α

(C ∩ V k
α ) = NG(C).

Let C ∈ CG(S) such that C ∩ V k
α �= ∅ and let C ′ = C ∩ V k

α . Let us show that
C ′ ∈ CGk

α
(S) and NGk

α
(C ′) = NG(C). Gk

α(C ′) is connected because for any
vertices x and y in C ′, there is a path P in G(C) between x and y, and by the
properties of EG, the sub-sequence of P containing only the vertices belonging to
V k
α is a path in Gk

α(C ′) between x and y. Let us show that NGk
α

(C ′) ⊆ NG(C).
Let x ∈ NGk

α
(C ′) and y ∈ C ′ such that xy ∈ Ek

α. By the description of EG,
there is a path in G between x and y all intermediate vertices of which belong
to V − V k

α , and therefore belong to V − S and consequently belong to C, so
x ∈ NG(C). Let us show that NG(C) ⊆ NGk

α
(C ′). Let x ∈ NG(C) and y ∈ C

such that xy ∈ E. As C ′ �= ∅, we may choose z ∈ C ′. Let P be a path in G(C)
between y and z and let z′ be the first vertex of P from y belonging to V k

α . Vertex
z′ ∈ C ′, and due to EG, xz′ ∈ Ek

α, so x ∈ NGk
α

(C ′). Thus NGk
α

(C ′) = NG(C). As
C ′ �= ∅, C ′ ⊆ V k

α −S, Gk
α(C ′) is connected and NGk

α
(C ′) = NG(C) ⊆ S, it follows

that C ′ ∈ CGk
α

(S). Therefore, {C ∩ V k
α , C ∈ CG(S) | C ∩ V k

α �= ∅} ⊆ CGk
α

(S).
As ∪C∈CG(S)(C ∩ V k

α ) = V k
α − S, the reverse inclusion holds too.
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Theorem 2. Every substar of (G, α) is a minimal separator of G.
Proof. Let S be a substar defined at step k. S is a minimal separator of Gk

α,
and by Lemma 4, there are at least as many full components of G(V − S) as of
Gk
α(V k

α − S). So S is also a minimal separator of G.

We are now ready to state our Main Theorem:

Theorem 3. The set of substars of (G, α) forms a set of pairwise non-crossing
minimal separators of G.

Proof. Let S and S′ be two substars of (G, α) defined at steps k and k′ respec-
tively, with k ≤ k′. By Theorem 2, they are both minimal separators of G. Let
us show that they are non-crossing in G. If k = k′ then they are non-crossing
in Gk

α by Lemma 3, so they are non-crossing in G by Lemma 4. We suppose
now that k < k′. S is a clique of Gk+1

α and S′ ⊆ V k+1
α , so there is a connected

component C of Gk+1
α (V k+1

α − S′) such that S ⊆ S′ ∪ C. By Lemma 4, there is
a connected component C ′ of G(V − S′) containing C, so S ⊆ S′ ∪C ′. Hence S
and S′ are non-crossing in G.

Note that this theorem does not guarantee that the set of substars defines a
set of pairwise non-crossing minimal separators which is maximal. For instance,
for any non complete graph G, if v1 is a universal vertex of G then there is no
substar of (G, α) whereas G has at least one minimal separator. A less trivial
counterexample is given in Figure 2(b) of Example 1.
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Fig. 2. Two executions of EG on the same graph with (b) an arbitrary ordering, and
(c) an MD ordering.

Example 1. Figure 3.1 shows two executions of EG on graph G. A graph G and
an ordering α are given in (a). The minimal separators of G are: {1, 3}, {3, 5},
{3, 7}, {1, 4, 6}, {1, 4, 7}, {1, 4, 8}, {3, 5, 7}, {4, 5, 7}, {4, 5, 8}, {4, 6, 8}, {3, 4, 6}.

We now demonstrate the execution of EG on (G, α) resulting in the graph
shown in (b). Step 1: N(1) = {2, 3, 5}, C1 = {4, 6, 7, 8}, N(C1) = {3, 5}; substar
fill edge 35 and extraneous edge 25 are added. Step 2: N(2) = {3, 5}; C2 =
{4, 6, 7, 8}, N(C2) = {3, 5}; 2 is simplicial, so no edge is added. Step 3: N(3) =
{4, 5, 8}, C3 = {6, 7}, N(C3) = {4, 5, 8}; substar fill edges 48 and 58 are added.
Step 4: N(4) = {5, 6, 7, 8}; 4 is universal, so no component is defined; extraneous
edges 57 and 68 are added; the remaining graph becomes a clique; no further
edge is added. The set of substars of (G, α) is thus {{3, 5}, {4, 5, 8}}, which is a
set of pairwise non-crossing minimal separators of G, but not a maximal one as
{{3, 5}, {4, 5, 8}, {4, 5, 7}} and {{3, 5}, {4, 5, 8}, {4, 6, 8}} are also sets of pairwise
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non-crossing minimal separators of G. If only substar fill edges are preserved, a
chordless cycle 5678 remains in the graph thus obtained. In order to saturate
a maximal set of pairwise non-crossing minimal separators of G, {4, 5, 7} or
{4, 6, 8} should also be saturated.

On the same graph, MD yields a minimal (and even minimum) triangulation,
as shown in (c).

We would like to end this subsection with a discussion on the robustness of
EG and MD regarding the process of defining non-crossing minimal separators of
G. If, during the EG process, no extraneous edge is added, then the triangulation
which is computed is minimal. However, due to Theorem 3, even when extraneous
edges have been added, all substar fill edges added later belong to a set of pairwise
non-crossing minimal separators of G, and therefore to a minimal triangulation
of G. Thus if only a few extraneous edges are added during EG process, they will
not destroy the property that all the substar fill edges are “useful” edges and
that these few extraneous edges are the only “unnecessary” edges introduced.
This makes EG a fault-tolerant procedure.

3.2 Conditions for EG and MD to Produce Minimal Triangulations

We have seen that EG does not necessarily compute a minimal triangulation.
However, as mentioned earlier, MD is observed in practice to often produce
orderings that are minimal or close to minimal, in addition to low fill. We will
now give an explanation of this good behavior of MD through Lemma 5.

Lemma 5. Let vk be a vertex of minimum degree in Gk
α such that the union of

all substars defined at step k is equal to a substar S defined at step k. Then only
substar fill edges are added at step k.

Proof. Assume by contradiction that there is an extraneous edge yz added at
step k. Then y or z, say y, is not in S. NGk

α
(y) ⊆ NGk

α
[vk] − {y, z}, so that

|NGk
α

(y)| < |NGk
α

(vk)|, which contradicts the fact that vk is a vertex of minimum
degree in Gk

α.

This result shows in particular that when the section graph is connected at
some step of MD, then fill edges are added at that step only within the single
substar defined. As is clear from the proof of this lemma, this is not the case in
general for EG. Moreover, in most practical applications [15], the input graph is
sparse; although no statistical result has been established on this, intuitively, a
vertex x of minimum degree quite often defines only one substar, which usually
corresponds to a connected section graph. MD run on sparse graphs thus stands
a significantly higher chance of generating minimal triangulations than EG.

4 Improving the Results of Minimum Degree

Based on the results of the previous sections, we now present a variant of MD
that produces a minimal triangulation and yields at most the same amount of
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fill, because it computes a minimal triangulation which is a subgraph of the
graph computed by MD.

We have seen in Section 3 that the set S of non-crossing minimal separators
of G defined by the set of all substars of (G, α) is not necessarily maximal. Thus
if we remove all extraneous edges from G+

α (or equivalently, add to G only the
substar fill edges), the graph GS thus obtained might fail to be triangulated.
However, by Lemma 2, we know that any minimal triangulation H of GS is a
minimal triangulation of G. We thus propose a process which computes a mini-
mal triangulation of the graph GS obtained by running MD on G and removing
the extraneous edges. In order to give the MD approach its chances, we will
repeat the process of running MD on the partially triangulated graph obtained
and removing the extraneous edges, until a chordal graph is obtained. However,
at the beginning of each iteration, we will remove all LB-simplicial vertices,
according to the following result:

Lemma 6. Let G = (V, E) be a graph, X the set of LB-simplicial vertices of G,
and G′ = G(V −X) = (V ′, E′). For any minimal triangulation H ′ = (V ′, E′+F ′)
of G′, the graph H = (V, E + F ′) is a a minimal triangulation of G.

Proof. H is chordal because for any cycle C in H of length ≥ 4, either C is in
H ′ and then C has at least one chord, or C contains a vertex x of X and then
the neighbors of x in C induce a chord of C, as they belong to the substar of
x in H defined by the component containing the other vertices of C, which is
also substar of x in G (otherwise there would be an edge yz in F ′ such that y
belongs to a connected component D of G(V − NG[x]) and z does not belong
to NG[D]; by Theorem 1, y and z would be in a minimal separator of G′, so
they would be vertices of a chordless cycle C ′ in G′, C ′ would have to contain
two distinct vertices in NG(D) inducing a chord of C ′, a contradiction). So H
is a a triangulation of G. It is a minimal one because for any chordal graph
H1 = (V, E + F ′

1) with F ′
1 ⊆ F ′, the graph H ′

1 = (V ′, E′ + F ′
1) is chordal too, so

that F ′
1 = F ′.

Thus the LB-simplicial vertices can only cause MD to add extraneous edges,
as well as unnecessarily increasing some vertex degrees, which justifies our sys-
tematically eliminating them from the graph at each step. Note that any step
of the MD process tends to create LB-simplicial vertices, so removing these can
make a significant difference regarding the quality of the fill obtained. We now
present the new algorithm.

Algorithm Minimal Minimum Degree (MMD)
Input: A graph G.
Output: A minimal triangulation H of G.
Run MD on G, which defines an ordering α and a set of substars S of (G, α);
G′ ← GS; H ← GS;
while G′ is not chordal do

Remove all LB-simplicial vertices from G′;
Run MD on G′, which defines an ordering α and a set of substars S of (G′, α);
G′ ← G′

S; H ← HS;
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It should be noted that graphs can be constructed such that no execution of
MD can produce a minimal triangulation. Such an example is a graph consisting
of two large cliques, connected by a single path of length ≥ 2. The graph is
chordal, but vertices on the path will be chosen by MD at first steps, introducing
unnecessary fill. MMD will not encounter any problem with that kind of graph,
since the only minimal triangulation of a chordal graph is the graph itself.

We now prove that MMD gives a fill which is as least as good a that of MD,
by showing that MMD yields a subgraph of the graph computed by MD.

Theorem 4. Let S be the set of substars of (G, α). Then any minimal triangu-
lation H of GS is a minimal triangulation of G which is a subgraph of G+

α .

Proof. In [4] the following property (P) is proved: Let S be a set of pairwise
non-crossing minimal separators of G. Then ∀S ∈ S, CG(S) = CGS(S) and
∀C ∈ CG(S), NG(C) = NGS(C). We will use (P) in our proof. Let H be a
minimal triangulation of GS. By Theorem 3 and Lemma 2, H is a minimal
triangulation of G. Let us show that H is a subgraph of G+

α . By Theorem 1 and
the fact that GS is a subgraph of G+

α , it is sufficient to show that any minimal
separator of GS is a clique of G+

α . Let T be a minimal separator of GS, let u and v
be two vertices of T with α(u) < α(v) and let k = α(u) (i.e. u = vk). Let us show
that uv is an edge of G+

α , i.e. v ∈ NGk
α

(vk). We assume by contradiction that
v �∈ NGk

α
(vk). Let S be the substar of (G, α) defined at step k by the component

containing v. S is a minimal separator of Gk
α separating the vertices vk and v of

T . By Lemma 4 S is also a minimal separator of G separating vk and v, and by
Theorem 3 and (P), it is a minimal separator of GS separating vk and v. So S
and T are crossing in GS. Hence S intersects at least two components of CGS(T ).
But as S ∈ S, S is a clique of GS so that S cannot intersect two components of
CGS(T ), a contradiction.

Theorem 5. MMD computes a minimal triangulation of G which is a subgraph
of G+

α , where α is the MD ordering computed at the beginning of the algorithm.

Proof. MMD terminates, because at the beginning of each step, the LB-simplicial
vertices are all removed and this process cannot make a non LB-simplicial vertex
become LB-simplicial. This is because a vertex is not LB-simplicial iff it belongs
to a chordless cycle of length ≥ 4, and such a cycle remains after removing LB-
simplicial vertices. Thus the vertex of minimum degree which is chosen first is
not LB-simplicial; as a result, making it simplicial cannot fail to add at least
one substar fill edge. Let us now prove MMD correctness. Let H be the output
graph, let S0 be the set of substars computed at the beginning of the algorithm
and S′ be the union of those computed in the while-loop. Thus H = (GS0)S′ ,
GS0 being the input graph of the while-loop. By Theorem 4 it is sufficient to
show that H is a minimal triangulation of GS0 , or more generally that for any
input graph G′ of the while-loop, the graph G′

S′ , where S′ is the union of the
sets of substars computed in the while-loop, is a minimal triangulation of G′.
Let us prove this property by induction on the number p of iterations of the
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while-loop before G′ gets chordal. It trivially holds for p = 0, as in that case G′

is chordal and S′ is the empty set. We suppose that it holds when the number
of iterations of the while-loop before G′ gets chordal is p. Let us show that
it holds when this number is p + 1. Let G′

1 be the graph obtained from G′ by
removing all its LB-simplicial vertices, let S′

1 be the set of substars computed
at the first iteration of the while-loop and S′′ be the union of those computed
at the following iterations, and let G′′ be the graph obtained at the end of the
first iteration. Thus G′′ = (G′

1)S′
1

and S′ = S′
1 ∪ S′′. By induction hypothesis,

G′′
S′′ is a minimal triangulation of G′′, so by Theorem 3 and Lemma 2, it is also

a minimal triangulation of G′
1. G′′

S′′ = ((G′
1)S′

1
)S′′ = (G′

1)S′
1∪S′′ = (G′

1)S′ . Thus
the graphs G′

S′ and G′′
S′′ are obtained from G′ and G′

1 respectively by adding the
same set F ′ of edges, so by Lemma 6, G′

S′ is a minimal triangulation of G′, which
completes the proof by induction and therefore the proof of MMD correctness.

With practical tests, we have compared MMD against MD with respect to
the number of edges in the resulting triangulation. We have done a simple and
straightforward implementation of MMD in Matlab, and we have run the tests
both on randomly generated graphs of varying density, and on graphs from
Matrix Market [15]. On each graph G, we first generated an MD ordering α.
Then we compared the number of fill edges in G+

α to the number of fill edges
produced by MMD. As expected by Theorem 5, the number of fill edges resulting
from MMD was always less than or equal to the number of fill edges resulting
from MD. An interesting point is that on most graphs, MMD required only two
iterations of the while-loop. The reduction in the number of fill edges achieved
by MMD was not very large, because of MD’s remarkably good performances.
However, this improved algorithm may both give significant results on very large
graphs and help researchers gain a better evaluation of how close MD gets to an
optimal solution.

Finally, we would like to mention that existing MD codes in use are very fast
although the theoretical running time of these implementations is not good [10].
In addition, other iterative procedures for computing minimal triangulations
have been implemented to run fast in practice [19]. Thus we believe that, with
some effort, MMD can be implemented to run efficiently in practice.

5 Conclusion

Our contributions in this paper are threefold. We have found new invariants
for the Elimination Game process, proving that it defines and saturates a set of
minimal separators of the input graph, with a remarkably fault-tolerant behavior.
We have shown that Minimum Degree has additional properties that gives it a
high chance of actually producing minimal triangulations, thereby explaining
this practical behavior of MD. Finally, we have given a new algorithm that
produces minimal triangulations with low fill, based on our findings about EG
and MD.
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Abstract. Given an undirected edge-weighted n-nodes network in
which a single edge-capacity is allowed to vary, Elmaghraby studied the
sensitivity analysis of the multi-terminal network flows. The procedure
he proposed requires the computation of as many Gomory-Hu cut trees
as the number of critical capacities of the edge, leading to a pseudo-
polynomial algorithm.
In this paper, we propose a fully polynomial algorithm using only two
Gomory-Hu cut trees to solve the Elmaghraby problem and propose
an efficient generalization to the case where k edge capacities can vary.
We show that obtaining the all-pairs maximum flows, for the case
where k edge capacities vary in the network, is polynomial whenever
k = O(polylog n), since we show that it can be solved with the
computation of 2k Gomory-Hu trees.

Keywords: Multi-Terminal Flows, Gomory-Hu Cut Tree, Parametric
Flows, Dynamic Networks, Max-Flow, Min-Cut, Sensitivity Analysis,
Network Management.

1 Introduction

In the late 1950’s, the single source–single terminal maximum flow problem was
popularized by the resolution of Ford and Fulkerson [9]. They specially showed
the connection between the maximum flow and the min cut problems in extension
of Menger’s theorem.

In the setting of a connected, undirected graph with constant edge-weights,
the multi-terminal network flows problem consists in finding the all pairs max-
imum flows in the network. Clearly, this problem is solvable with n(n − 1)/2
� Partially supported by the Europeans projects RTN ARACNE and FET CRESCCO,

and by the French AS Dynamo.

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 71–80, 2003.
c© Springer-Verlag Berlin Heidelberg 2003

Verwendete Distiller 5.0.x Joboptions
Dieser Report wurde automatisch mit Hilfe der Adobe Acrobat Distiller Erweiterung "Distiller Secrets v1.0.5" der IMPRESSED GmbH erstellt.
Sie koennen diese Startup-Datei für die Distiller Versionen 4.0.5 und 5.0.x kostenlos unter http://www.impressed.de herunterladen.

ALLGEMEIN ----------------------------------------
Dateioptionen:
     Kompatibilität: PDF 1.3
     Für schnelle Web-Anzeige optimieren: Nein
     Piktogramme einbetten: Nein
     Seiten automatisch drehen: Nein
     Seiten von: 1
     Seiten bis: Alle Seiten
     Bund: Links
     Auflösung: [ 2400 2400 ] dpi
     Papierformat: [ 595.276 841.889 ] Punkt

KOMPRIMIERUNG ----------------------------------------
Farbbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Graustufenbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Schwarzweiß-Bilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 2400 dpi
     Downsampling für Bilder über: 3600 dpi
     Komprimieren: Ja
     Komprimierungsart: CCITT
     CCITT-Gruppe: 4
     Graustufen glätten: Nein

     Text und Vektorgrafiken komprimieren: Ja

SCHRIFTEN ----------------------------------------
     Alle Schriften einbetten: Ja
     Untergruppen aller eingebetteten Schriften: Nein
     Wenn Einbetten fehlschlägt: Warnen und weiter
Einbetten:
     Immer einbetten: [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     Nie einbetten: [ ]

FARBE(N) ----------------------------------------
Farbmanagement:
     Farbumrechnungsmethode: Farbe nicht ändern
     Methode: Standard
Geräteabhängige Daten:
     Einstellungen für Überdrucken beibehalten: Ja
     Unterfarbreduktion und Schwarzaufbau beibehalten: Ja
     Transferfunktionen: Anwenden
     Rastereinstellungen beibehalten: Ja

ERWEITERT ----------------------------------------
Optionen:
     Prolog/Epilog verwenden: Ja
     PostScript-Datei darf Einstellungen überschreiben: Ja
     Level 2 copypage-Semantik beibehalten: Ja
     Portable Job Ticket in PDF-Datei speichern: Nein
     Illustrator-Überdruckmodus: Ja
     Farbverläufe zu weichen Nuancen konvertieren: Ja
     ASCII-Format: Nein
Document Structuring Conventions (DSC):
     DSC-Kommentare verarbeiten: Ja
     DSC-Warnungen protokollieren: Nein
     Für EPS-Dateien Seitengröße ändern und Grafiken zentrieren: Ja
     EPS-Info von DSC beibehalten: Ja
     OPI-Kommentare beibehalten: Nein
     Dokumentinfo von DSC beibehalten: Ja

ANDERE ----------------------------------------
     Distiller-Kern Version: 5000
     ZIP-Komprimierung verwenden: Ja
     Optimierungen deaktivieren: Nein
     Bildspeicher: 524288 Byte
     Farbbilder glätten: Nein
     Graustufenbilder glätten: Nein
     Bilder (< 257 Farben) in indizierten Farbraum konvertieren: Ja
     sRGB ICC-Profil: sRGB IEC61966-2.1

ENDE DES REPORTS ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Joboption Datei
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments true
     /DoThumbnails false
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize false
     /ParseDSCCommentsForDocInfo true
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue true
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.3
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends true
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo true
     /GrayACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /LeaveColorUnchanged
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 300
     /EndPage -1
     /AutoPositionEPSFiles true
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 2400
     /AutoFilterGrayImages true
     /AlwaysEmbed [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 300
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 595.276 841.890 ]
     /HWResolution [ 2400 2400 ]
>> setpagedevice
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single source–single terminal maximum flow computations. In 1961, Gomory
and Hu [10] delivered an ingenious method to solve this maximum flow analysis
problem using only n− 1 maximum flow computations. They summarized their
results in a tree referred to as GH cut tree (in the literature) reflecting the all
pairs maximum flows in the network. Later in 1990, Gusfield [11] provided a
simpler procedure to obtain the GH cut tree but using also n−1 maximum flow
computations.

In 1964, Elmaghraby [8] was the first to extend the former problem to the
case where a single edge is allowed to vary in capacity. He did the sensitivity
analysis of the multi-terminal network flows, i.e., the analysis of the capacity
variation effects on the all pairs maximum flows in the network. As far as the
variation is concerned, some maximum flows will be affected by the variation
and others not. This give rise to the concept of critical capacities, i.e., values
for which a current flow changes of behavior by either beginning to vary with
the parametric capacity or stopping to vary and remaining constant for the rest
of the parameterization process. Thus the former sensitivity analysis problem
turns to be the one of finding all the critical capacities, since the flows remain
unchanged when the parametric capacity vary between two critical capacities.
To solve this problem, Elmaghraby proposed an algorithm that computes as
many GH cut trees as the number of possible critical capacities, leading to a
pseudo-polynomial algorithm.

Recently, Diallo and Hamacher [6], showed that the analysis in [8] fails to
determine all affected flows and provided an algorithmic improvement on the
Elmaghraby analysis without improving the pseudo-polynomiality of the algo-
rithm. In [5], it is proposed some pseudo-polynomial heuristics for the general-
ization of the Elmaghraby method.

In this paper we improve all methods and propose an efficient generalization
of the sensitivity analysis of multi-terminal network flows. To do so, we start
first by showing a fully polynomial algorithm that requires the computation of
only two Gomory-Hu trees in order to solve the Elmaghraby sensitivity analysis
problem. Second, since our algorithm is very simple compared to the existing
pseudo-polynomial solution, it can be generalized to many varying capacities.
Our main result is then that obtaining the all-pairs maximum flows for any
value of the parameters, in the case where k edge capacities vary in the network,
is polynomial whenever k = O(polylog n), since we show that it can be solved
with the computation of 2k Gomory-Hu trees. In particular, the critical capacities
become not a central key but a simple consequence of our results, since for more
than one parametric edge-capacity, this notion of critical capacity may become
more complex than obtaining directly the values of the maximum flows.

The multi-terminal network flows problem with constant capacity has many
known applications in the fields of transports, energy and telecommunications
(see for example [4, 5, 8] and references therein). The parametric multi-terminal
network flows problem also reflects in these fields problems including link break-
down, capacity improvement, bandwidth reservation, network expansion.
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In the remainder, we present in Section 2 some basic definitions and briefly
describe the main ideas of Elmaghraby’s method, and its improvements by Diallo
and Hamacher. Section 3 is devoted to the details of our method in the case of
a single edge-capacity variation. In Section 4, we provide the generalization to
several parametric edge-capacities. We close the paper with concluding remarks
and perspectives. Interested readers are referred to the technical report [2] where
some examples illustrate our algorithms.

2 Definitions and Preliminaries

In this section we provide a precise definition of a GH cut tree and some pre-
liminary results. Throughout this paper, we assume that the reader is familiar
with general concepts of graph theory and network flows. For example, we refer
to [1, 9, 12].

2.1 Definitions

Let G be a connected undirected graph. We denote by V (G) the vertex-set
of G and by E(G) its edge-set. A network is intended to be G associated to an
edge-weight function c : E(G)→ R+ called edge-capacity function. A flow from a
source vertex s to a terminal vertex t in G is given by a function f : E(G)→ R+.
The flow has to be conserved in each vertex, excepted in vertices s and t, i.e,
∀u ∈ V \ {s, t}, ∑v∈V f(u, v) = 0. We notice that the graphs we deal with are
symmetric thus each undirected edge [u, v] can be replaced by two directed arcs
(u, v) and (v, u), both with the same arc capacity, i.e., c(u, v) = c(v, u). For
each (u, v) ∈ E(G), f(u, v) ≤ c(u, v). For the sake of simplicity, we denote the
maximum flow from a source s to a terminal t as fst.

Definition 1. (GH cut tree) Given a network G = (V, E), a GH cut tree
T = (V, F ) obtained from G is a weighted tree with the same set of vertices V
with the two following properties:

Equivalent flow tree: the value of the maximum flow between any s, t ∈ G
is equal to the value of the maximum flow in T between s and t, i.e., the
smallest of the capacities of the edges on the unique path from s to t in T ;
thus the maximum flows between all pairs of vertices in G are represented in
T ;

Cut property: the removal of any edge of capacity c from T separates its ver-
tices into two classes, where the cut in G given by this partition has capacity
c as well.

In Figure 1(b), we illustrate a GH cut tree T obtained from the given network
G with the illustrated minimum cuts in Figure 1(a). As shown in [10], n−1 min-
cut computations are sufficient to obtain the global structure of the GH cut tree.
We notice that GH cut trees are not unique. Algorithms to compute a GH cut
tree are provided in [10] and in [11]. An experimental study of minimum cut
algorithms and a comparison of algorithms producing GH cut trees are provided
in [3].
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Fig. 1. A graph and one of its Gomory-Hu cut trees

2.2 Sensitivity Analysis and All Critical Capacities

A natural extension of the multi-terminal network flows problem with constant
edge-capacities is the analysis of the effects of a single edge-capacity parame-
terization on the all pairs maximum flows. This was effectively the aim of El-
maghraby in [8]. He mainly described a procedure to analyze the case where a
single capacity decreases linearly and gave a sketch of the procedure to solve the
capacity increasing case.

The sensitivity analysis problem solved in [8] can be stated as follows. Given
the former network description, and an edge e = (i, j) of E(G) with a capacity
given by c(e) = c̄ − ε, 0 ≤ ε ≤ c̄, where c̄ is the initial capacity, one has to
determine the set of all pairs maximum flows for all values of ε.

The Elmaghraby procedure can be briefly described as follows. With the
decrease on the capacity c(e), it is clear that some maximum flow values will be
modified and others not. If the edge e is present in a minimum cut, this implies
a reduction in the respective maximum flow value. As far as the variation is
concerned, some maximum flow values that were constant may begin to decrease
linearly with respect to ε. The value of c(e) for which some flow changes of
behavior is called critical capacity. Thus, in the interval between two critical
capacities prevails the status quo, i.e. , no maximum flow behavior change occurs.
With this remark, Elmaghraby transfers the sensitivity analysis of multi-terminal
network flows to the problem of determining all the critical capacities, since in
each such interval a GH cut tree computation provides the desired maximum
flows.

In order to obtain the first critical capacity λ̂0, a GH cut tree is computed
with the parameter set to zero. From this cut tree, an incident-like E(G)×(n−1)
matrix is constructed [7]. This matrix defines the minimum cuts in the cut tree
in terms of the original edges in G. Thus, based on this matrix, one identifies
the set C of the minimum cuts that contain the parameterized edge and its
complement set C̄ in the cut tree. The critical capacity λ̂0 is then the smallest
value of the parameter λ for which a cut would move from C̄ to C. With λ̂0 at
hand, in order to compute the next critical value, we decrease the parametric
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capacity in G by λ̂0 and repeat the same procedure with this updated capacity.
The analysis ends when the parametric capacity is null, i.e., ε = c̄.

In [8], it is described with detail how to obtain the critical capacities. We
just emphasize that to obtain each critical capacity, a GH cut tree computation
is needed, thus leading to a pseudo-polynomial algorithm.

Furthermore, when the parameter is negative, i.e., when the capacity of the
edge increases, Elmaghraby proposed to set the capacity of the tested edge to a
big enough value and do the backward process using the decreasing case proce-
dure to determine the critical capacities. What again leads to another pseudo-
polynomial algorithm with some additional operations.

In [6], Diallo and Hamacher showed that the E(G)×(n−1) matrix used by El-
maghraby [7] to determine the minimum cuts that contain the investigated edge
may fail to provide all such minimum cuts. They provided a counter-example
and deliver a very simple algorithm to generally test whether or not a minimum
cut between a given pair of vertices contains a given edge.

In the sequel, we show that if a single capacity is varying, then two GH cut
trees are enough to compute all the critical capacities. Furthermore, the method
we provide delivers simultaneously the critical capacities for both the capacity
decreasing and capacity increasing problems. Nevertheless, the advantage of El-
maghraby’s method is that one can obtain a minimum cut for any value of the
parameter.

3 Computing Critical Capacities with Two GH Cut Trees

In this section, we show that if a single capacity is parameterized, then only
two GH cut trees are needed to obtain all the critical capacities. To do so,
we first provide a way to obtain the critical capacity with respect to a single
maximum flow, and then, in Section 3.2, we explore this result to obtain the
critical capacities for the all pairs maximum flows.

3.1 Critical Capacity with Respect to a Single Maximum Flow

For s and t two vertices of G, we define fs,t(λ) as the value of the maximum
flow between s and t when the capacity of the edge e is λ. We denote by f0

s,t (or
simply f0) the maximum flow fs,t(0), i.e. , when the edge e is removed from the
network, and by f∞

s,t (or simply f∞) the lim
λ→∞

fs,t(λ), i.e. , the maximum flow

when there is no constraint on the edge e. This latter value is finite for all pairs,
except when (s, t) = e. It can be simply computed by setting the capacity of the
tested edge e to the sum of the capacities of its adjacent edges.

One interesting point is to observe the global behavior of the function fs,t(λ),
for a given pair (s, t), for which the maximum value changes of behavior during
the parameterization. As shown in Figure 2, it is composed by two distinct parts:

– as far as the capacity λ of the edge e increases, the maximum flow increases
in the same way. During this stage, the parameterized edge is present in any
s, t-minimum cut;
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f∞

f0

0

fs,t

λ∗ λ

Fig. 2. behavior of a sensitive maximum flow function fs,t(λ)

– at some value λ∗ of λ, namely the critical capacity, the maximum flow be-
comes saturated (except if {s, t} = e). During this stage, the parameterized
edge is out of all s, t-minimum cuts.

However, a maximum flow fst may never depend on the parameter, in this
case, f0

s,t = f∞
s,t, thus we admit that its critical capacity is λ∗

s,t = 0.
Notice that fij → ∞ as λ → ∞, thus by convention we also admit that

f∞
i,j =∞.

Lemma 1. Let G = (V, E) be a network and e = (i, j) one edge of E(G) with
parametric capacity λ ≥ 0. Let p and q be two vertices of G. The critical capacity
λ∗
p,q exists if {p, q} �= {i, j} and satisfies:

λ∗
p,q = f∞

p,q − f0
p,q. (1)

Proof. This is a direct consequence of the behavior of the maximum flow func-
tion: it grows linearly from f0

p,q up to f∞
p,q, thus the breakpoint is when the

capacity equals to f∞
p,q − f0

p,q. �	

Corollary 1. The critical capacity λ∗ of λ for an arbitrary maximum flow can
be computed using only two maximum flow computations.

Proof. Using Lemma 1, we deduce that only f0 and f∞ are necessary to compute
λ∗. Furthermore, in order to compute f∞, the result of f0 can be used as initial
value. �	

Corollary 2. Let G = (V, E) be a network and e = (i, j) one edge of E(G) with
capacity λ ≥ 0. Let s and t be two vertices of G. The maximum flow fs,t(λ)
verifies:

fs,t(λ) =
{

f0
s,t + λ if λ < f∞

s,t − f0
s,t

f∞
s,t otherwise (2)

or more simply:
fs,t(λ) = min(f0

s,t + λ, f∞
s,t). (3)
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Note that, in the case of a network for which the investigated edge is a cut-
edge, then, the previous formula is also valid, since when the investigated edge
is removed, the maximum flow between two vertices, one in each side of the
cut-edge, is null due to disconnectivity, and the critical capacity is simply f∞.

3.2 Critical Capacities for the All Pairs Maximum Flows

Theorem 1. Let G = (V, E) be a network with n nodes. If only one edge ca-
pacity is allowed to vary, then the set of all critical capacities can be computed
using two GH cut trees followed by O(n2) operations.

Proof. Two remarks shall be made. First, for a given single pair of vertices s and
t of the network, Lemma 1 provides a simple way to compute the unique critical
capacity if we know the values of the maximum flows f0

s,t and f∞
s,t. Second, the

GH procedure provides an efficient way to compute the all pairs maximum flows.
Thus, the desired result can be obtained by the computation of a GH cut tree

in the absence of the investigated edge e in order to obtain all the f0
s,t, ∀s, t ∈

V (G), and the computation of a second GH cut tree where the capacity of the
edge e is set to ∞. This latter computation provides all the f∞

s,t ∀s, t ∈ V (G).
With these two values of maximum flows at hand, using Lemma 1, one get all
critical capacities by computing and sorting increasingly the differences

f∞
s,t − f0

s,t, ∀s, t ∈ V (G).

The final step considers n(n−1) pairs of vertices, thus it takes O(n2) operations
to be performed. �	

The algorithm can be directly obtained from this proof. Notice that it does
not matter the case (increasing or decreasing) we deal with. Once the algorithm
is performed, the critical values for both type of cases can be obtained.

4 Analyzing the Effects of Several Parametric
Edge-Capacities

In this section, we study the case where more than one capacity vary either or
not independently.

4.1 Analyzing the Effects of Two Parametric Capacities

We examine in detail the case where the capacities of two edges vary indepen-
dently. The main result of this section is that the algorithm given by the former
Theorem 1 can also be applied in the current case, and only four (actually 22)
maximum flow computations are needed to compute any maximum flow value,
whatever the value of the capacities of the selected edges are.

The general problem in this section can be formally stated as follows. Given
a network G = (V, E) and two distinct edges e1 and e2, we want to determine
the maximum flow between all pairs of vertices when the capacity of e1 is λ and
the capacity of e2 is µ, where λ, µ ≥ 0 are varying.
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On the effects of two parametric capacities on a single maximum flow.
In this paragraph, we consider two selected vertices s and t in the network and
provide a way to compute fs,t(λ, µ). Before stating our results, one can remark
that all the partial functions λ 
→ fs,t(λ, µ0), with µ0 fixed, have the same profile
as illustrated in Figure 2: the maximum flow first increases up to a saturation
step (critical capacity), and then stagnates. The partial functions µ 
→ fs,t(λ0, µ),
with λ0 fixed, behave analogously.

As previously, we denote f0,0
s,t the maximum flow between s and t when both

edges e1 and e2 are removed (respective capacities set to 0) from the network.
The flows f0,∞

s,t , f∞,0
s,t and f∞,∞

s,t can be defined in a similar way considering
the capacities c(e1) and c(e2) set to 0 or to ∞. In other words we denote the
maximum flows f0,0

s,t , f0,∞
s,t , f∞,0

s,t and f∞,∞
s,t as extreme flows.

Theorem 2. Let G = (V, E) be a network, e1 and e2 two different edges of
E, and s and t two distinct vertices of V . Then, the maximum flow (fs,t(λ, µ))
between s and t with the capacity of e1 set to λ and the capacity of e2 set to
µ can be directly obtained from the four maximum flows f0,0

s,t , f0,∞
s,t , f∞,0

s,t and
f∞,∞
s,t . The maximum flow (fs,t(λ, µ)) can be computed as follows:

fs,t(λ, µ) = min(f0,0
s,t + µ + λ, f0,∞

s,t + λ, f∞,0
s,t + µ, f∞,∞

s,t ). (4)

Proof. The main point of this proof is to decompose the computation of the
general maximum flow into several computations of simple maximum flows and
use Corollary 2 to obtain the desired values.

Thus, let us consider that µ is fixed. As noted previously, the partial function
λ 
→ fs,t(λ, µ) can be obtained if both maximum flows fs,t(0, µ) and fs,t(∞, µ)
are known by using Corollary 2 or its closed form given in Equation 3:

fs,t(λ, µ) = min(fs,t(0, µ) + λ, fs,t(∞, µ)) (5)

At this step, it remains to compute fs,t(0, µ) and fs,t(∞, µ). For the former,
we consider the partial function µ 
→ fs,t(0, µ). Again, this function can be
described using Corollary 2:

fs,t(0, µ) = min(fs,t(0, 0) + µ, fs,t(0,∞)) (6)

Using their definitions, Equation 6 can be rewritten as:

fs,t(0, µ) = min(f0,0
s,t + µ, f0,∞

s,t ) (7)

Similarly, fs,t(∞, µ0) can be obtained by the following equation:

fs,t(∞, µ) = min(f∞,0
s,t + µ, f∞,∞

s,t ) (8)

Consequently, we have:

fs,t(λ, µ) = min(min(f0,0
s,t + µ, f0,∞

s,t ) + λ, min(f∞,0
s,t + µ, f∞,∞

s,t )) (9)
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Using simple properties of the min function, we have:

fs,t(λ, µ) = min(f0,0
s,t + µ + λ, f0,∞

s,t + λ, f∞,0
s,t + µ, f∞,∞

s,t ). (10)

�	
As previously, the proof yields an algorithm to compute the resulting maxi-

mum flows.

Effects on the All Pairs Maximum Flows. From the property given by The-
orem 2, we can deduce the all pairs maximum flows theorem for two parametric
capacities, given below.

Theorem 3. Let G = (V, E) be a network, and e1 and e2 be two different edges
of E. Then, the all pairs parametric maximum flow problem can be solved using
the computation of four GH cut trees if the capacity of both edges e1 and e2 vary.

Proof. This is a direct consequence of Theorem 2. We need to compute all the
f0,0
s,t , f0,∞

s,t , f∞,0
s,t and f∞,∞

s,t for all the pairs (s, t) of vertices. The set of f0,0
s,t , for

all the vertices s and t can be obtained by the computation of a GH cut tree
considering the network G in which have been removed both edges e1 and e2.
The three other GH cut trees can be obtained similarly considering the presence
or the removal of each tested edge with the infinite capacity.

Once the four GH cut-trees are computed, all values of maximum flows can
be obtained using Theorem 2. The four GH cut trees provide the four extremal
maximum flows and the desired maximum flow can be obtained using Equation 4.

�	

4.2 On the Generalization to Several Parametric Capacities

In this section, we consider the case where the capacities of more than two edges
vary. Let e1, e2, . . . , ek be the selected edge capacities that will be parametrized
by λ1, λ2, . . . and λk, k ≤ m, where m is the number of edges in the network.

Theorem 4. Let G = (V, E) be a network, k be an integer, and e1, e2, . . . , ek
be k different edges. All pairs maximum flows for all values of the parameters
can be computed by using 2k GH cut tree computations if the capacities of the
edges vary independently.

Proof. This result can be obtained by a simple recurrence. The basic case k = 1
is solved in Section 3.2. The sketch of the general case strictly follows the proof
of Theorem 3. The main idea is to consider as fixed one of the parameters
and use the recursion hypothesis for this case, leading to 2k−1 maximum flow
computations. Then, it remains to develop each maximum flow computation in
terms of the final dimension. Thus, for each computation, two maximum flows
are necessary by using Corollary 2, leading to 2k maximum flow computations.

The graphs on which the GH cut trees have to be computed are the variations
of the initial graphs where the considered edges are either removed or their
capacity set to infinity. �	
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5 Conclusion

In this paper, we have shown how to obtain efficiently allways the all pairs
maximum flows when the capacities of some edges are parameterized. Previously,
to solve the single parametric capacity case, as many GH cut tree computations
were needed as the number of critical capacities, whereas in our approach, only
two GH cut trees are required. Our work provides on the one hand a major
improvement for the single varying capacity case and on the other hand, provides
an efficient algorithm to solve the generalized varying capacities case.

An algorithmic improvement on our paper would be to provide a more effi-
cient way to reuse a GH cut tree to compute a next one. We know that (n− 1)
maximum flow computations are required to compute one GH cut tree. How-
ever, since there exists an important relationship between all the graphs for
which we compute the GH cut trees, there should be a way to compute less than
2k(n − 1) maximum flows overall. We can expect a significant improvement on
computation time in this way.
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Abstract. In this article we define a canonical decomposition of rooted
outerplanar maps into a spanning tree and a list of edges. This decom-
position, constructible in linear time, implies the existence of bijection
between rooted outerplanar maps with n nodes and bicolored rooted
ordered trees with n nodes where all the nodes of the last branch are col-
ored white. As a consequence, for rooted outerplanar maps of n nodes,
we derive:
– an enumeration formula, and an asymptotic of 23n−Θ(log n);
– an optimal data structure of asymptotically 3n bits, built in O(n)

time, supporting adjacency and degree queries in worst-case constant
time;

– an O(n) expected time uniform random generating algorithm.

1 Introduction

A graph is outerplanar if it can be drawn on the plane with non-intersecting
edges such that all the nodes lie on the boundary of the infinite face, also called
outerface. Characterization of outerplanar graphs has been given by Chartrand
and Harary [CH67]: a graph is outerplanar if and only if it has neither K2,3
nor K4 as a minor. A linear time recognition algorithm has been given by
Mitchell [Mit79]. Labeled and unlabeled outerplanar graphs can be randomly
generated in O(n4 log n) space and O(n2) time [BK03] after a preprocessing of
O(n5) time. Among graph properties, outerplanar graphs contain trees, have
tree-width at most two, and are exactly the graphs of pagenumber one [Bil92].
Recall that a graph G has pagenumber k if k is the smaller integer for which
G has a k-page embedding, also called book embedding. In such an embedding
the nodes are drawn on a straight line (the spine of a book), and the edges are
partitioned into k pages, each page consisting of non-intersecting edges.
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A planar map is a connected graph drawn on the sphere with non-intersecting
edges (see [CM92] for a survey). A planar map is outerplanar if all the nodes lie
on one face, called the outerface. For convenience, outerplanar maps are drawn
on the plane such that the outerface corresponds to the infinite face. A map is
rooted if one of its edges, the root, is distinguished and oriented. In this case,
the map is drawn on the plane in such a way that whenever traveling clockwise
around the boundary of the outerface, the tail of the root edge is traversed before
its head. A planted tree is the rooted planar map of a rooted tree such that the
tail of the root of the map coincides with the root of the tree. In the literature,
planted trees are also named ordered rooted trees. All the maps considered in
this paper are planar, rooted, and are simple (have no loops and multi-edges).

Some sub-classes of outerplanar maps are well-known. Planted trees and max-
imal outerplanar maps, i.e., the map of an outerplanar graph with the maximum
number of edges, are counted by the Catalan numbers. Finally, biconnected out-
erplanar maps can be seen as dissections of a convex polygon, and their number
can be counted by Schröder numbers. For these three sub-classes there exist
linear time random generation algorithms [ARS97,BdLP99,ES94].

Besides the combinatorial aspect and random generation, a lot of attention
is given in Computer Science to efficiently represent discrete objects. By ”effi-
ciently”, we mean that the representation should be succinct, i.e., the storage of
these objects requires few bits, and that the time to compute such representation
should be polynomial in its size. Fast manipulation of the so encoded objects
and easy access to a part of the code are also desirable properties. Typically,
adjacency query, i.e., check if two nodes are neighbors or not, and degree query,
i.e., how many neighbors a node has, should be given very fast.

For instance, a folklore encoding of n-edge planted trees, based on a clockwise
depth-first traversal, yields a representation with 2n − O(1) bits. This coding
length is asymptotically optimal since the number of possible n-edge planted
trees is the nth Catalan number 1

n+1

(2n
n

) ∼ 22n−O(log n). Completing this coding
by an efficient data structures of length o(n) bits, it has been shown in [MR01,
CLL01] that adjacency and degree queries can then be answered in constant
time, assuming that: 1) nodes of the tree are labeled according to the depth-first
traversal (i.e., the node i must be the ith node encountered in the clockwise
prefix order of the tree); and 2) standard arithmetic operations on integers of
Ω(log n) bits can be performed in constant time.

Outerplanar graphs are an interesting class of graphs because they are iso-
morphic to graphs of pagenumber one. Our contribution is an optimal 3n-bit
encoding for outerplanar maps. We point out that there exist many 1-page em-
beddings for a graph of pagenumber one. From the asymptotic formula of Flajolet
and Noy [FN99], any encoding of 1-page embeddings requires 3.37n bits1.

Let us sketch our technique. First we show that an outerplanar map admits
a canonical decomposition into a particular rooted spanning tree (called well-

1 In their article, 1-page embeddings are called non-crossing graphs.
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orderly tree and defined in Section 2), and a set of additional edges (u, v) such
that v is the first node after u (in a clockwise preorder of the tree) that is
not a descendant of v. This decomposition can be computed in linear time.
Then, we give three applications to this decomposition: enumeration formula
(Section 3), efficient encoding (Section 4), and random generation algorithm
with experiments (Section 5).

Hereafter we denote by Tn,d the number of n-node planted trees where the
depth of the clockwise last leaf is d (formulas for these numbers are given
in [Fel68,Kre70]). Our canonical decomposition gives a bijection between out-
erplanar maps and bicolored trees (more precisely planted trees in which the
nodes are colored either white or black), and where all the nodes (including the
root) of the clockwise last branch are colored white. Clearly these last objects
are counted by the following numbers:

∑n−1
d=1 2n−d−1Tn,d . From this bijection,

we show that the number of n-node outerplanar maps is asymptotically 23n

36n
√
πn

.

An information-theoretic optimal encoding algorithm is deduced from the
previous decomposition. It takes a O(n) time and uses at most 3n − 6 bits, for
n � 2, as follows: 2n−4 bits are used to encode the spanning tree, and n−2 bits
(at most) are used to encode the additional edges. Adding a standard o(n)-bit
data structure to this coding [MR01,CLL01], adjacency and degree queries can
be then answered in worst-case constant time.

Using a grammar to produce bicolored rooted ordered trees with n nodes
where all the nodes of the last branch are colored white, and using Goldwurm’s
algorithm [Gol95], a random outerplanar map can be generated uniformly with
O(n) space and O(n2) average time. Using Floating-Point Arithmetic [DZ99],
this average time complexity can be reduced to O(n1+ε). In Section 5, we propose
a O(n) expected time and O(n) space complexity generating algorithm. It can
generate outerplanar maps with a given number of nodes, or with a given number
of nodes and of edges.

Due to space limitations, some proofs are not given.

2 The Well-Orderly Tree of an Outerplanar Map

In [BGH03] the authors introduced the well-orderly trees, a special case of the
orderly spanning trees [CLL01]. Let T be a rooted spanning tree of a planar map
H. Two nodes are unrelated if neither of them is an ancestor of the other in T .
An edge of H is unrelated if its endpoints are unrelated. Let v1, v2 . . . , vn be the
clockwise preordering of the nodes in T . A node vi is well-orderly in H w.r.t.
T if the incident edges of vi in H form the following blocks (possibly empty) in
clockwise order around vi:

– BP (vi): the edge incident to the parent of vi;
– B<(vi): unrelated edges incident to nodes vj with j < i;
– BC(vi): edges incident to the children of vi;
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– B>(vi): unrelated edges incident to nodes vj with j > i; and
– the clockwise first edge (vi, vj) ∈ B>(vi), if it exists, verifies that vi is a

descendant of the parent of vj ;

v1

v15

v10

v11

v8

v6 v9

v14

v13

v12v2

v4

v3

v7

v5

Fig. 1. A rooted outerplanar map, and its well-orderly tree depicted with solid edges.

T is a well-orderly tree of H if all the nodes of T are well-orderly in H, and
if the root of T belongs to the boundary of the outerface of H (see Fig. 1 for an
example). Note that a well-orderly tree is necessarily a spanning tree. Observe
also that for every edge e of H, with e = (vi, vj) and i < j, we have either
e ∈ BC(vi) (i.e., e ∈ T ), or e ∈ B>(vi). For convenience, the clockwise first edge
of B>(vi), if it exists, is called the front edge of vi.

All planar maps do not admit a well-orderly tree. Actually, we have:

Lemma 1 ([BGH03]). Every rooted planar map admits at most one well-
orderly tree rooted at the tail of the root edge of the map.

We will show that in fact every outerplanar map admits a well-orderly tree. It
can be computed by the following recursive algorithm Traversal. H is the rooted
outerplanar map, and r is the tail of its root edge. Traversal(H, ∅, r) returns the
well-orderly tree T of H rooted at r, the second parameter is the current set of
edges of the tree.

Theorem 1. Every rooted outerplanar map H has a well-orderly tree T , com-
putable in linear time, rooted at the tail of the root edge of H. Moreover, for
every node u, if (u, v) ∈ B>(u), then v is the next unrelated node with u in the
clockwise preordering of T . In particular, |B>(u)| � 1 for every u.

Proof. Let T be the set of edges returned by Traversal(H, ∅, r) (cf. Algorithm 1),
where r is the tail of the root edge of H. Let us denote by Ti and by vi respectively
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Algorithm 1 Traversal(H, T, u).
C ← {(u, v) ∈ H | v /∈ T}
T ← T ∪ C
for all edges (u, v) ∈ C taken in the clockwise order around u do

T ← Traversal(H, T, v)
end for
return T

the second and the third parameters of the ith call of Traversal. We have T1 = ∅

and v1 = r. Note that there are exactly n calls to Traversal, where n is the number
of nodes of H. By induction, Ti is a tree with i nodes, for every i ∈ {1, . . . , n}.
Therefore Tn = T is a spanning tree of H. An important observation is that the
clockwise preordering of the nodes of T is precisely v1, . . . , vn, and that Ti is a
subtree of Ti+1, for i ∈ {1, . . . , n− 1}.

This algorithm can be easily implemented to run in O(n) time. Let us show
that the tree T satisfies the properties of Theorem 1. This is done thanks to the
following properties.

Unrelated Edges. Every edge of H is either in T , or an unrelated edge. Indeed,
let (vi, vj) be any edge with i < j. Clearly, vj is not an ancestor of vi. When vi
is being treated: 1) if vj ∈ Ti, then vj is not a descendant of vi, and thus (vi, vj)
is an unrelated edge; and 2) if vj �∈ Ti, then vj becomes a child of vi in Ti+1,
thus an edge of Tn since Ti is a subtree of Ti+1.

Blocks. The incident edges of vi form clockwise around vi the four blocks
BP (vi), B<(vi), BC(vi), and B>(vi). Since T is a spanning tree of a planar
map, all the edges of B<(vi) are (clockwise) after BP (vi) and before the edges
of B>(vi). Let us show that the edges of BC(vi) are after the edges of B<(vi)
and before the edges of B>(vi).

Let us consider the ith call of Traversal. Let (vi, vt) be the last edge (in
clockwise order around vi) toward a node that is before vi in Ti. Let vk be the
nearest common ancestor of vi and vt. The path from vk to vi, the edge (vi, vt)
and the path from vt to vk defines a region of the plane, R, distinct from the
outerface. Since H is outerplanar there is no node inside the region R. So all the
neighbors of vi that are not in Ti follow the edge (vi, vt) in the clockwise order
around vi. Hence, the edges of BC(vi) are after the edges of B<(vi).

The same reasoning can be done to show that the edges of BC(vi) are before
the edges of B>(vi).

Descendant of the Parent. For every (vi, vj) ∈ B>(vi), vi is a descendant of
the parent of vj . Assume (vi, vj) ∈ B>(vi). In particular (vi, vj) /∈ T . When vi
is being treated, the node vj must be in Ti, otherwise vj becomes a child of vi
in Ti+1, and thus in T . By construction, the only nodes vj ’s of Ti that are after
the node vi in the prefix clockwise preordering of Ti are such that their parent
is an ancestor of vi.
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At this point, we have proved that every node in T is well-orderly, and thus
T is a well-orderly tree of H.

Next Unrelated Node. Let (vi, vj) ∈ B>(vi). Let vk be the first unrelated
node with vi clockwise after vi in T . Assume that vj �= vk, so i < k < j. Let vt
be the parent of vj in T . The cycle composed of the path in T from vt to vi, and
of the edges (vi, vj) and (vj , vt) defines a region of the plane, R, distinct from
the outerface. Because i < k < j, vk must belong to R or to its boundary. As vj
is the only node of the boundary of R that is unrelated with vi, vk must belong
to R: a contradiction with the fact that H is an outerplanar map. It follows that
vj = vk. Therefore, we have showed that (vi, vj) ∈ B>(vi) implies that vj is the
next unrelated node with vi in T .

This completes the proof of Theorem 1. �

Combining Lemma 1 and Theorem 1, it is clear that an outerplanar map H
has an unique decomposition into a well-orderly tree T , and a set of edges of the
kind (u, v) ∈ B>(u), where v is the next unrelated node after u in T . (Recall that
an edge of H belongs either to T or to a B> block). Conversely, given T , and
a piece of information on whether B>(u) is empty or not for each node u, one
can uniquely determine the corresponding rooted outerplanar map. The coding
of the cardinality of each B> block can be done by coloring the nodes of T as
follows: if |B>(u)| = 0, u is colored white, and if |B>(u)| = 1, u is colored black.
Observing that for every node u of the clockwise last branch of T , |B>(u)| = 0,
we obtain:

Corollary 1. There is a bijection, computable in linear time, between the n-
node bicolored rooted trees where all the nodes of the last branch (including the
root) are colored white, and the n-node rooted outerplanar maps.

Recall that a graph (or a map) is k-connected if G has more than k nodes
and if, for every subset X of fewer than k nodes, G \ X is connected [Die00].
biconnected is a synonym for 2-connected.

Theorem 2. There is a bijection, computable in linear time, between the (n−1)-
node bicolored rooted trees with a white root, all leaves colored in black, and the
set of n-node rooted biconnected outerplanar maps.

Observe that if the well-orderly tree of an outerplanar map H has its
clockwise last leaf of depth d, then from Corollary 1 H has no more than
(n−1)+n− (d+1) = 2n−2−d edges. In particular, the depth of the last leaf of
the well-orderly tree of any maximal outerplanar map (i.e., having 2n−3 edges)
must be d = 1. As the well-orderly tree is unique, this yields another bijective
proof of the well known following result:

Corollary 2. There is a bijection, computable in linear time, between maximal
n-node outerplanar maps and planted trees with n− 1 nodes.



Canonical Decomposition of Outerplanar Maps 87

3 Enumeration of Outerplanar Maps

Let Tn,d be the number of rooted n-node plane trees whose clockwise last leaf is
of depth d. These numbers are called the ballot numbers (or Delannoy numbers),
and we have [Fel68,Kre70]:

Tn,d =
d

2n− 2− d

(
2n− 2− d

n− 1− d

)
, for all n > d > 0.

So, there are exactly 2n−1−dTn,d bicolored trees whose all the nodes of the last
branch (including the root of the tree) are colored white. Let Mn be the number
of n-node outerplanar maps.

Theorem 3. For all n � 2, Mn =
n−1∑

d=1

2n−d−1Tn,d, and Mn ∼ 23n

36n
√

πn
.

Theorem 4. The number Mn,m of rooted outerplanar maps with n � 3 nodes
and m � n− 1 edges is:

Mn,m =
2n−2−m∑

d=1

(
n− d− 1
m− n + 1

)
Tn,d .

4 Coding Supporting Adjacency and Degree Queries

From Corollary 1, every outerplanar map with n nodes can be represented by
a bicolored tree with n nodes. A standard coding for n-node planted trees uses
2n − 4 bits if n � 2, and the colors can be stored using n − 2 bits at most,
observing that the color associated to the last branch (containing the last leaf
and the root) is known (white). For the tree encoding, we use a clockwise depth-
first traversal of the tree, each edge being traversed twice starting from the root.
During the traversal, we output “1” if the edge is traversed for the first time,
and “0” otherwise. This leads to a 2(n − 1)-bit encoding. Actually, if the tree
has at least one edge (n � 2) two bits can be saved observing that the previous
coding always starts we “1” and ends with “0”.

This leads to a 3n− 6 bits encoding. By Lemma 3, the length of this coding
is asymptotically optimal, up to an adding factor of O(log n) bits. It follows:

Theorem 5. Every n-node rooted outerplanar map or every outerplanar graph,
n � 2, can be coded (and decoded) in O(n) time and using a representation on
at most 3n− 6 bits.

In the following, we show how to extend this coding with an extra o(n)
bits (still constructible in linear time) so that the data structure supports adja-
cency and degree queries in worst-case constant time. For that we present below
efficient well-known data structures for binary strings and balanced string of
parentheses.
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4.1 Constant Time Queries in Strings of Parentheses

Let S be a string of symbols defined over a given alphabet. We denote by S[i]
the ith symbol of S, i � 1. Let select(S, i, �) be the position of the ith � in S.
Let rank(S, j, �) be the number of symbols � before or at the jth position of S.
That is if select(S, i, �) = j then rank(S, j, �) = i.

Now, let S be a string of open and closed parentheses, i.e., � ∈ {(, )}. Two
parentheses S[i] = ( and S[j] = ) match if i < j and the difference of the
number of open and closed parentheses between them is null. The string S is
balanced if for each parenthesis, there is a matching parenthesis. Let match(S, i)
be the position in S of the matching parenthesis of S[i]. S[k] is enclosed by S[i]
and S[j] if i < k < j. Let enclose(S, i1, i2) be the closest matching parenthesis
pair (j1, j2) that encloses S[i1] and S[i2]. Finally, let wrapped(S, j) denote twice
the number of pairs of matching parentheses (i1, i2) such that enclose(S, i1, i2) =
(j,match(S, j)).

The following results are valid in the word-RAM model, in which standard
arithmetic operations on binary words of length Ω(log n) can be done in constant
time.

Lemma 2 ([MR01,CLL01]). For every balanced string S of parentheses (or
a binary string) of length O(n), the operations select, rank, match, enclose, and
wrapped can be done in worst-case constant time using an auxiliary table of
o(|S|) bits and O(|S|) preprocessing time.

Actually, Lemma 2 holds for the operations select and rank, even if S is not
balanced.

4.2 Coding of Outerplanar Maps

We can associate to any planted tree T a balanced string of parentheses (or Dyck
word) as follows: during a clockwise depth-first traversal of T starting at the root,
whenever an edge is traversed for the first time, output an open parenthesis and
otherwise output an closed parenthesis. For convenience, an open parenthesis
(resp. a closed parenthesis) is added at the beginning (resp. at the end) of the
output string. One can think this latter transformation as an extra edge entering
in the root of T . If T has n nodes, the final string of parentheses contains 2n
symbols as each of T (plus the extra edge) is traversed twice. The final string is
called the clockwise prefix coding of T .

Consider T an n-node planted tree, and its clockwise prefix coding ST . Let
v1, . . . , vn be the clockwise preordering of the nodes of T . To perform efficiently
queries on T , we label the node vi by its index i, so that an adjacency query
between the nodes vi and vj is simply the pair {i, j}. By construction of the
clockwise prefix coding, the ith open parenthesis corresponds to the edge of
T entering in vi. And, the matching parenthesis of the ith open parenthesis
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corresponds to the edge of T leaving vi. In other words, each node vi can be seen
as a pair (i, j) of matching parentheses, i.e., such that ST [i] matches with ST [j]
in ST . See Example 1.

Lemma 2 and the clockwise prefix coding leads to two useful operations for
the tree that can be done in constant time: adjacency and degree.

Two nodes are adjacent in T if one of them is the parent of the other one.
One can determine the parent of a node vi finding the position p of the ith open
parenthesis using p = select(ST , i, (), and the position of the closest enclosing
pair (j1, j2) of (p, match(ST , p)) with (j1, j2) = enclose(p, match(ST , p)). Then,
the parent of vi is vj where j = rank(ST , j1, ().

As for the degree, one can check that the number of children of vi is
1
2wrapped(ST , select(ST , i, ()). We just have to add 1 if vi is not the root, i.e., if
i �= 1.

From the previous explanations, one can claim the following lemma:

Lemma 3 ([CLL01]). Let T be an n-node planted tree and its clockwise prefix
coding ST . The parent, degree and adjacency of a node can be done in constant
time using an auxiliary table of o(|ST |) bits and a O(n) preprocessing time.

We encode an outerplanar map H with two binary strings:

1. ST of length 2n: the clockwise prefix coding of the well-orderly tree T of H;
2. SB of length n: a binary string such that SB [j] = |B>(vi)|, where vi is the

node corresponding to the jth closed parenthesis of ST .

Given j, i can be obtained by i = rank(ST , match(ST , select(ST , j, ))), (). Ob-
serve that if j > n − 2, then vi belongs to the last branch of T , and thus
|B>(vi)| = 0. Thus, SB can reduce to the first n−2 entries. To perform |B>(vi)|
given i, one can compute j = rank(ST , match(ST , select(ST , i, ()), )), and return
SB [j].

The sequence of nodes vi1 , vi2 , . . . , vij is a branch of T if vij is a leaf, and if for
every t ∈ {1, . . . , j − 1}, vit+1 is the clockwise last child of vit . The last branch
consists therefore of all the nodes of the path between the root and the clockwise
last leaf of T . The branches partition the nodes of T and there is exactly one
branch per leaf. One can check that a branch of T corresponds to a maximal
block of closed parentheses in ST .

Example 1. The outerplanar map of Fig. 1 can be encoded by the following two
strings: ST = (((()((()))(()()))())((())())) and SB = 101110111010000.
The sequence of nodes v3, v8, v10 is a branch. To know if node v3 has a front edge,
do the following sequence of operations: p = select(ST , 3, () = 3, match(ST , p) =
18, rank(ST , 18, )) = 8. Since SB [8] = 1, node v3 has a front edge.

Lemma 4. Let vi1 , . . . , vij be a branch of T . Then, |B<(vij+1)| =∑j
t=1 |B>(vit)|. Moreover, |B<(vij+1)| can be computed in constant time.
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Theorem 6. Every rooted outerplanar map with n nodes admits a 3n + o(n)-
bit encoding, built in linear time, such that adjacency and degree queries can be
computed in worst-case constant time.

Proof. We proposed a 3n-bit encoding for a rooted outerplanar map. Adding
auxiliary tables of size o(n), Lemmas 2 and 3 provide us constant time for com-
puting the parent and the degree of vi in T .

Adjacency: it remains to check the adjacency for the edges of H that does not
belong to T . Nodes vi and vj , with i < j, are adjacent in H if vj is the next
unrelated node after vi (that is j = r − 1 where vr is the leaf of the branch of
vi) and if |B>(vi)| = 1.

Degree: the degree of node vi is the sum of the degree in the tree T (see
Lemma 3), the cardinality of B<(vi) (see Lemma 4) and of B>(vi). �

Starting from a connected outerplanar graph, we can compute a rooted outer-
planar map using the algorithm presented in [CNAO85]. So the previous results
on outerplanar maps can also be applied to outerplanar graphs.

5 Uniform Random Generation

To randomly generate an outerplanar map, one can randomly generate a bi-
colored tree where the nodes of the last branch are colored white. Thanks to
Corollary 1, one can then construct in linear time the corresponding random
outerplanar map.

Theorem 7. A rooted outerplanar map with n nodes or with n nodes and m
edges can be generated uniformly at random in O(n) expected time.

Proof. Let Bn,b be the set of all bicolored rooted trees with n nodes such that:

1. the root is colored white;
2. the clockwise last leaf is colored white; and
3. there are exactly b nodes colored black.

Let Bn =
⋃n−2
b=0 Bn,b. From the bijection between outerplanar maps and some

bicolored trees (cf. Corollary 1), the outerplanar maps with n nodes are in bi-
jection with a subset, say M̃n, of bicolored trees. Clearly, M̃n ⊂ Bn. Similarly,
the outerplanar maps with n nodes and m edges are in bijection with a subset,
say M̃n,m, of bicolored trees. The trees of M̃n,m have exactly m− (n− 1) black
nodes, so M̃n,m ⊂ Bn,m−n+1.

The algorithm we proposed is an accept-reject algorithm: it consists in re-
peating a uniformly generation of an element of Bn (or of Bn,m−n+1) until we get
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an element of M̃n (or of M̃n,m). This clearly provides a uniform random gener-
ation on the set M̃n (or on M̃n,m), and thus on the corresponding outerplanar
maps.

A rooted tree can be generated in linear time using for example the Arnold
and Sleep algorithm [AS80]. The colors of the n−2 nodes are colored black with
probability 1/2 (recall that the root and the last leaf are forced to be colored
white by definition of Bn). This provides an O(n) time algorithm to generate an
element of Bn.

To generate an element of Bn,m−n+1, we have to select exactly b = m−n+ 1
black nodes among n − 2 (the root and the last leaf are forced to be colored
white). Selecting b elements among n − 2 can be done in O(n) time [Wil77]
(the procedure uses O(n) arithmetic operations on O(log n) bit integers). This
provides an O(n) time algorithm to generate an element of Bn,m−n+1.

Testing whether T ∈ Bn belongs to M̃n (or whether T ∈ Bn,m−n+1 belongs
to M̃n,m) clearly takes O(n) time: it suffices to test whether all the inner nodes
of the last branch are white or not.

As the bijection between bicolored trees and maps is linear, it remains to
show that the average number of rejects in the above procedure is bounded by
a constant.

Observe that every tree T ∈ Bn whose the last leaf is of depth 1 belongs to
M̃n and to M̃n,m−n+1 as well. Thus the probability to accept a tree T ∈ Bn
in M̃n (or in M̃n,m−n+1) is at least (we use the fact that

∑n−1
d=1 Tn,d = cn−1

and Tn,1 = cn−2, where cn = 1
n+1

(2n
n

)
is the nth Catalan number counting the

number of n-edge rooted trees):

Tn,12n−2

|Bn| =
Tn,12n−2

∑n−1
d=1 Tn,d2n−2

=
cn−2

cn−1
=

n

4n− 6
>

1
4

.

It follows that the average number of rejects is at most 4, that completes the
proof. �

The algorithm presented in the proof of Theorem 7 can be enhanced into
an anticipated-reject version. In this version, the bicolored tree is constructed
from the end (so from the last branch). As soon an inner black node appears in
the last branch, we reject. The advantage of this version is that fewer random
bits are needed to generate an outerplanar map since the expected length of the
last branch is O(1), so only O(1) bits would be wasted before acceptation of the
whole bicolored tree. An implementation of the enhanced algorithm is available
in the PIGALE Library (http://pigale.sourceforge.net/).

References
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The Complexity of the Matching-Cut Problem
for Planar Graphs and Other Graph Classes

(Extended Abstract)

Paul Bonsma

Department of Applied Mathematics, University of Twente, The Netherlands
bonsma@math.utwente.nl

Abstract. The Matching-Cut problem is the problem to decide
whether a graph has an edge cut that is also a matching. Chvátal
studied this problem under the name of the Decomposable Graph
Recognition problem, and proved the problem to be NP-complete for
graphs with maximum degree 4, and gave a polynomial algorithm for
graphs with maximum degree 3. In this paper it is shown that the
problem is NP-complete when restricted to planar graphs with girth 5
and planar graphs with maximum degree 4. In addition, for claw-free
graphs and planar graphs with girth at least 7 polynomial algorithms to
find matching-cuts are described.

1 Introduction

Let G = (V, E) be a graph. A matching is a subset of E such that no two edges
in the set share a common end vertex. A subset M of E is an edge cut if there
is a subset S of the vertices (S �= ∅, S �= V ) such that M is the set of edges
with exactly one end vertex in S. So an edge cut can be written as [S, S] (with
S = V \S). The Matching-Cut problem is the problem to decide whether a given
graph has an edge cut that is also a matching (a matching-cut):

Matching-Cut:
Instance: A graph G = (V, E).
Question: Does G have an edge cut [S, S] that is also a matching?

Throughout this paper only connected graphs will be considered. A graph with
a matching-cut is called decomposable, and other graphs indecomposable.

Previous Results. Chvátal [3] studied this problem under the name of the De-
composable Graph Recognition problem, and showed that the problem is NP-
complete for graphs with maximum degree 4 (using the 3-uniform Hypergraph
Bicolorability problem), and gave a polynomial algorithm to solve the problem
for graphs with maximum degree 3. Moshi [8] gave polynomial algorithms for
this problem for line graphs and quadrangulated graphs. Le and Randerath [7]
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adapted Chvátal’s construction to prove the NP-completeness of the problem
for bipartite graphs in which all vertices in one class of the bipartition have
degree 3 and all vertices in the other class have degree 4. Recently, unaware of
Chvátal’s result, Patrignani and Pizzonia [9] also proved the NP-completeness
of the problem for graphs with maximum degree 4 using a different reduction,
though from nearly the same problem (Not-All-Equal-3-Satisfiability). In addi-
tion they presented a linear time algorithm for series-parallel graphs. They also
posed the question whether the problem is NP-complete for the class of planar
graphs.

Other results on matching-cuts appear in [4] and [5]: in [4] matching-cuts
are studied in the context of network applications, and [5] contains an extremal
result regarding matching cuts (see Section 4.1 for more details.)

New Results. In this paper the Matching-Cut problem is shown to be NP-
complete for planar graphs, using a reduction from Planar Graph 3-colorability.
This is done in Section 2. By changing the components used in the transforma-
tion, in Section 3 the NP-completeness of the problem is proved for the more
restricted classes of planar graphs with girth 5 and planar graphs with maxi-
mum degree 4. Next, in Section 4 for some graph classes polynomial algorithms
for Matching-Cut are described. These classes are claw-free graphs (this gen-
eralizes the result on line graphs) and planar graphs with girth at least 7. We
also observe that for any fixed k, a linear time algorithm can be constructed to
solve Matching-Cut for graphs with treewidth bounded by k. Such an algorithm
generalizes the algorithm for series-parallel graphs.

2 The NP-Completeness of Planar Matching-Cut

In this section, the NP-completeness of the Matching-Cut problem is proved
when instances are restricted to the class of planar graphs. This NP-
completeness proof is by a polynomial transformation from the following graph
coloring problem:

Planar Graph 3-Colorability
Instance: A planar graph G = (V, E)
Question: Does G have a vertex coloring using at most 3 colors?

In [6], this problem is shown to be NP-complete. In order to prove the
NP-completeness of Planar Matching-Cut, two intermediate problems will
be used that are also NP-complete. First we need the fact that Graph
3-Colorability is still NP-complete when restricted to a smaller set of instances:

Planar Hamiltonian Graph 3-Colorability:
Instance: A planar graph G = (V, E) with a Hamilton cycle H ⊆ E.
Question: Does G have a vertex coloring using at most 3 colors?

Lemma 1. Planar Hamiltonian Graph 3-Colorability is NP-complete.
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Before we can use Graph 3-Colorability to prove the NP-completeness of
Planar Matching-Cut, we transform the problem into an artificial, but more
suitable vertex coloring problem in which every vertex is incident with only one
vertex that has to be colored with a different color, and at most two that have
to be colored with the same color:

Segment 3-Colorability
Instance: A set of vertices V and three edge sets A, B and C such that
G = (V, A∪B ∪C) is a 3-regular planar multigraph with Hamilton cycle A∪B.
Question: Can we find a color function f : V → {1, 2, 3} such that if uv ∈ A
then f(u) = f(v) and if uv ∈ C then f(u) �= f(v)?

An instance of Segment 3-Colorability will be denoted by the multigraph
G = (V, A ∪ B ∪ C). Note that this instance gives a multigraph, so if for
instance B and C both contain an edge between vertices u and v, in G these
are considered to be different edges. Edges in the sets A, B and C will be
called respectively A-edges, B-edges and C-edges. If G = (V, A ∪ B ∪ C) is
an instance of Segment 3-Colorability, the components of the graph (V, A) are
called segments. All vertices of one segment receive the same color in a solution
of this problem, and therefore the problem is called segment coloring. Note that
C is a perfect matching in G.

Using lemma 1, we can prove the NP-completeness of Segment 3-
Colorability:

Lemma 2. Segment 3-Colorability is NP-complete.

Proof: We can construct an instance G′ of Segment 3-Colorability from an
instance G of Planar Hamiltonian Graph 3-Colorability such that:

– the vertices of G correspond to the segments of G′,
– the edges of G correspond to the edge set C of G′: G′ has a C-edge between

vertices of segments x and y if and only if there is an edge between the
vertices of G corresponding to x and y, and

– the vertex ordering given by the Hamilton cycle H in G is the same as the
segment ordering given by the Hamilton cycle A ∪B in G′.

Using the first two properties above, it is easy to see that Segment 3-Colorability
on G′ is equivalent with Planar Hamiltonian Graph 3-Colorability on G. An
example of this transformation is shown in Figure 1. �

Now, using Lemma 2 we can prove the NP-completeness of Planar Matching-
Cut.

Theorem 1. Planar Matching-Cut is NP-complete

Proof: For this proof, we transform an instance G = (V, A∪B ∪C) of Segment
3-Colorability into an instance G′ of Planar Matching-Cut. For every vertex in
V we will introduce a vertex component in G′. (Throughout this proof, we do
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Edges in G:
Edges in G′:

A-edge

B-edge

C-edge

Hamilton cycle

Other edge

Fig. 1. An example of the transformation in the proof of Lemma 2

not use the graph theoretical meaning of the word component.) If two vertices
in V are joined by an A-edge, the corresponding vertex components will be
connected using a vertex connection component. If two vertices in V are joined
by a B-edge, the corresponding vertex components will be connected using a
segment connection component. In order to properly label the components that
will be introduced, first label the vertices of G with labels 1, . . . , k1. Label the
edges in A with labels k1 + 1, . . . , k2. Label the edges in B with k2 + 1, . . . , k3.
Note that for C-edges no components will be introduced.

ci1

ri1li1

li2

li3 ri3

ci3ci2

ri2

li4 ri4

Fig. 2. A vertex component with three possible matching-cuts

For every vertex i ∈ V (G), introduce a vertex component as shown in Fig-
ure 2. There are three possible matching-cuts through these components, also
shown in Figure 2. It can be checked that these are the only matching-cuts. If
edge lij li(j+1) is in the matching-cut, we will say that this vertex component is
cut by cut j (j = 1, 2, 3). Below, this will correspond to a coloring of vertex i in
G with color j. Observe that in this case, rijri(j+1) is also in the matching-cut,
and vertex cij is incident with one of the edges in the matching-cut, whereas cik
for k �= j is not.

For each edge i in A (i = k1 + 1, . . . , k2), we introduce a vertex connection
component as shown in Figure 3. It is easy to see that there are exactly three
possible matching-cuts through these components. Observe that if edge lij li(j+1)
is in the matching-cut, then edge rijri(j+1) also is.
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ri2

ri3

ri4

li1

li2

li3

li4

ri1

Fig. 3. A vertex connection component and a vertex connection

If in G, there is an A-edge k from i to j, the two vertex components i and
j will be connected by vertex connection component k as follows: identify ril
with lkl for l = 1, 2, 3, 4. This new vertex is called ril. Now, for l = 1, 2, 3 there
are two edges from ril to ri(l+1). Delete one of these. Next, identify rkl with ljl
for l = 1, 2, 3, 4 and call the new vertices ljl. Also delete one of all the double
edges introduced here. An example of such a vertex connection is also shown in
Figure 3. This connection has the following property:

Property 1. If two vertex components i and j are connected by a vertex connec-
tion component, then for any matching-cut: i is cut by cut l if and only if j is
cut by cut l (l = 1, 2, 3).

Clearly, to achieve this property, vertex components can also be connected with-
out using a vertex connection component, but for the alternative constructions
in the next section, vertex connection components are useful.

For each edge i in B (i = k2 + 1, . . . , k3), we introduce a segment connection
component as shown in Figure 4.

ri4

ri3

ri2

ri1

li4

li3

li2

li1

Fig. 4. A segment connection component and the nine possible matching-cuts

Because the triangle edges cannot be in a matching-cut, there are nine possi-
ble matching-cuts through these components, all of which cut exactly one edge
lij li(j+1) and one edge rikri(k+1). There is one cut for every combination of j
and k (j = 1, 2, 3, k = 1, 2, 3).

If in G there is a B-edge from i to j, we can connect the vertex components i
and j using a segment connection component in the same way as described above
for vertex connection components. This segment connection has the following
property:
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Property 2. If two vertex components i and j are connected by a segment con-
nection component, then for any matching-cut: i is cut by this matching-cut if
and only if j is cut by this matching-cut. Any combination of cuts through i and
j is possible.

The C-edges of G determine the last type of connection between vertex compo-
nents: if ij ∈ C, identify cil with cjl (l = 1, 2, 3). This connection is called an
edge connection. We know that if vertex component i is cut by cut l, then cil
is incident with an edge of this matching-cut. So because a matching-cut is a
matching, this connection has the following property:

Property 3. If two vertex components i and j are connected by an edge connec-
tion, then for any matching-cut and l = 1, 2, 3: it is not possible that i is cut by
cut l and j is cut by cut l.

Let G′ be the graph that is constructed by introducing vertex components for
every vertex in G and connecting them with vertex connection components,
segment connection components and edge connections for every edge in respec-
tively A, B and C as described above. Using the observed properties of these
connections, G′ has the following properties:

– Because A ∪ B gives a Hamilton cycle in G, and the fact that the different
components have no matching-cuts other than the indicated cuts, we use
Property 1 and Property 2 to conclude that if G′ has a matching-cut, this
matching-cut cuts every vertex component.

– Property 1 shows that if G′ has a matching-cut, all vertex components that
correspond to vertices in the same segment of G are cut by the same cut l.

– By Property 3, in any matching-cut, two vertex components that correspond
to vertices in segments that are joined by a C-edge must be cut by different
cuts.

– Property 2 shows that segment connection components do not impose addi-
tional constraints on the possible combinations of cuts through vertex com-
ponents.

Now it is easy to see how any matching-cut in G′ corresponds to a proper segment
3-coloring of G and vice versa.

The only question left is whether G′ is indeed an instance for Planar
Matching-Cut, so whether G′ is planar. Actually, with vertices of the vertex
components labeled as in Figure 2, the edge connections, vertex connections and
segment connections can not be made without destroying planarity. But it is
possible to find labelings for the different vertex components such that G′ will
be planar.

This concludes the NP-completeness proof of Planar Matching-Cut. �
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3 The NP-Completeness of Matching-Cut for Several
Other Graph Classes

3.1 Planar Graphs with Maximum Degree 4

As Chvátal proved the Matching-Cut problem to be NP-complete for graphs
with maximum degree 4, the question arises whether the problem is also NP-
complete for planar graphs with maximum degree 4. To prove that this is indeed
the case, we outline how the construction used in the proof of Theorem 1 should
be altered such that the resulting graph G′ is a planar graph with maximum
degree 4, and still has the properties needed in the proof.

For this alteration, in the graph G′ from the proof of Theorem 1, we will
replace all segment connection components by new segment connection com-
ponents. The vertex components will be replaced pairwise: in G′, every vertex
component occurs in a pair of vertex components connected with an edge connec-
tion. Call this subgraph, composed of vertex components i and j, edge component
ij.

lj1

ri3
ri4

ri2

ri1

lj4
lj3
lj2

li3

li2

li1

rj1

rj2

rj3

(c) Vertex connection component l

(a) Edge component ij

(b) Segment connection component k

rj4

li4

rk1

rk2

rk3

rk4

ll1

ll2

ll3

ll4

rl1

rl2

rl3

rl4
lk4

lk2

lk1

lk3

Fig. 5. Components with maximum degree 4

Replace each edge component ij in G′ by the new edge component ij shown
in Figure 5(a). This component is obviously planar and has maximum degree 4.
Furthermore, the vertices lik, rik, ljk and rjk (k = 1, 2, 3, 4) have smaller degree
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e f

(c)(a)

e f

(b)

Fig. 6. Making an indecomposable graph with girth 5

such that further connections are possible. With a little effort it can be checked
that the possible combinations of matching-cuts through this new edge compo-
nent are similar to the possible combinations of matching-cuts through the orig-
inal edge component. There is one difference: the matching-cuts are ‘reversed’,
so for instance the matching-cut that contains the edge li1li2 also contains the
edge ri3ri4 and the matching-cut that contains the edge li3li4 also contains the
edge ri1ri2. This is easily remedied by replacing each edge component in G′ by
two of the edge components in Figure 5(a), and connecting them with two of the
vertex connection components shown in Figure 5(c).

Replace each segment connection component (Figure 4) by the component
shown in Figure 5(b). This component is again planar, has maximum degree
4 and has a set of matching-cuts equivalent to the nine matching-cuts of the
original segment connection component. For the vertex connection components
we again use the component shown in Figure 5(c).

If we replace all subgraphs of G′ exactly as described, then next to some edge
components, vertices of degree 5 will occur. This problem can easily be solved
by inserting extra vertex connection components (with a double edge between
ll4 and rl4 instead of between ll1 and rl1) and/or deleting vertex connection
components.

This shows how the construction can be altered such that the resulting graph
has maximum degree 4 and still has all the necessary properties. Therefore,
the Matching-Cut problem is NP-complete for the class of planar graphs with
maximum degree 4.

3.2 Planar Graphs with Large Girth

After we observe that the indecomposable graphs that we have seen all contain
small cycles (triangles), the question arises whether the Matching-Cut problem
is still NP-complete for graphs with large girth (the girth of a graph is the
length of a shortest cycle). First consider simple graphs without triangles or,
for a stronger result, bipartite simple graphs. Moshi [8] observes that if in a
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Matching-Cut instance G every edge is replaced by two parallel edges and both
of those edges are subdivided with one vertex, this gives a bipartite Matching-
Cut instance G′ that is equivalent with G. This operation does not destroy
planarity, so Matching-Cut is NP-complete for planar bipartite graphs.

Before we can prove that the Matching-Cut problem is NP-complete for
planar graphs with girth 5, we must find such a graph that is indecomposable.
In Figure 6(a), a planar graph with girth 5 is shown. It can be checked that
none of the thick edges can be part of a matching-cut. A different embedding of
this graph is shown in Figure 6(b). If we draw this second embedding into two
of the faces of the first embedding, we obtain the planar graph with girth 5 in
Figure 6(c). Again, the thick edges can not be part of a matching-cut. Therefore
it can be checked that this graph has no matching-cuts.

In a similar way, for any d ≥ 5 embeddings of indecomposable planar graphs
with girth 5 can be constructed such that the outer face has degree d. Call such
a graph an indecomposable perimeter-d graph.

Now we can outline how to change the proof of Theorem 1 such that the re-
sulting graph is a planar graph with girth 5, which proves the NP-completeness
of the Matching-Cut problem for planar graphs with girth 5. Consider the com-
ponents in Figure 7. Replace edge components and segment connection compo-
nents in the graph G′ from the proof of Theorem 1 by these new components.
Recall that vertex connection components do not have to be used. Now, edges
on the boundary of the shaded faces can be subdivided until all 2-cycles, 3-cycles
and 4-cycles are removed (observe that in the graph obtained from G′, all these
small cycles contain such an edge). To ensure that none of the edges around the
shaded faces can be part of a matching-cut, insert in every shaded face of degree
d an indecomposable perimeter-d graph. By this ‘insert’ operation we mean the
operation we also used to obtain the graph in Figure 6(c). It can be checked that
the resulting graph again has girth 5. So this yields a planar graph of girth 5
that has the desired matching-cut properties.
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Fig. 7. Components for the construction with girth 5
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4 Graph Classes for Which Matching-Cut Is Easy

For some graph classes the matching-cut problem can be solved efficiently:
Chvátal [3] described an algorithm for graphs with maximum degree 3, and
Patrignani and Pizzonia [9] described an algorithm for series-parallel graphs.
Moshi [8] describes algorithms for line graphs and quadrangulated graphs. Quad-
rangulated graphs are graphs without chordless cycles of length 5 or more. We
first observe that the property of having a matching-cut can be described in
monadic second order logic, and therefore results in [1] and [2] imply that for
any graph class with fixed bounded treewidth the problem can be solved in
polynomial time. This generalizes the result on series-parallel graphs. Below a
few other positive results on the matching-cut problem are described. We first
continue the study of the influence of the girth on the complexity of the problem
for planar graphs.

4.1 Planar Graphs with Girth at Least Seven

In this section, it is shown that the Matching-Cut problem is easy for the class
of planar graphs with girth at least 7. In fact, it is shown that every such graph
has a matching-cut.

Theorem 2. Every planar graph with girth at least 7 has a matching-cut

Proof: Suppose this is not true. Let G be a planar graph with girth 7 without
a matching cut. We have the following observations:

1. δ(G) ≥ 2.
2. G can not contain two vertices with degree 2 that are neighbors. Using the

fact that G has no triangles, this structure gives a matching-cut.
3. G can not contain vertices v with at least d(v) − 1 neighbors with degree

2. Using the fact that G has no cycles of length 4 or less, this would give a
matching-cut [S, S]. (Let S be v together with its degree 2 neighbors.)

Now define for every v ∈ V (G): e(v) := |{u ∈ N(v) : d(u) = 2}|, the number of
neighbors of v with degree 2. So by Observation 3 above: e(v) ≤ d(v)− 2 for all
v ∈ V (G). Now, if d(v) = 3 and e(v) = 1, call v a critical 3-vertex. If d(v) = 3
and e(v) = 0, call v a simple 3-vertex. Then in addition, we can observe the
following:

4. G can not contain two critical 3-vertices that are neighbors. Using the fact
that G has no cycles of length 5 or less, this would give a matching-cut [S, S].
(Let S be these two vertices together with their degree 2 neighbors.)

5. G can not contain a simple 3-vertex with more than one critical 3-vertex as
neighbor. Using the fact that G has no cycles of length 6 or less, this would
give a matching-cut [S, S]. (Let S be these degree 3 vertices together with
their degree 2 neighbors.)
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Now assign weights to the vertices in the following way:

w(v) := d(v) + e(v) if d(v) ≥ 3
w(v) := 0 if d(v) = 2

Observation 2 above shows that every vertex of degree 2 contributes 1 to the
weights of exactly two vertices of degree at least 3, and thus

∑

v

d(v) =
∑

v

w(v).

Now for every critical 3-vertex v, with x and y the two neighbors with degree at
least 3, apply the following redistribution of weights once:

w(v) := w(v)− 1
2

w(x) := w(x) + 1
4

w(y) := w(y) + 1
4

Clearly, after this is done for every critical 3-vertex, the sum of the weights
over all vertices remains the same. Now we will show that after this weight
redistribution step: w(v) ≤ 7

2 (d(v)− 2) for every vertex v.

– If d(v) = 2, then w(v) is not changed by the redistribution, so w(v) = 0 =
7
2 (d(v)− 2).

– If v is a critical 3-vertex, then because of Observation 4, the redistribution
will not add weight to w(v), only substract once. So w(v) = d(v)+e(v)− 1

2 =
7
2 = 7

2 (d(v)− 2).
– If v is a simple 3-vertex, then because of Observation 5, v will gain at most

1
4 in the redistribution step. So w(v) ≤ d(v) + e(v) + 1

4 = 13
4 < 7

2 (d(v)− 2).
– If v has d(v) ≥ 4, then v can gain at most 1

4 for every neighbor with degree
at least 3, so w(v) ≤ d(v) + e(v) + 1

4 (d(v)− e(v)) = 5
4d(v) + 3

4e(v) ≤ 5
4d(v) +

3
4 (d(v)− 2) = 2d(v)− 3

2 < 7
2 (d(v)− 2). For the last step we use d(v) ≥ 4.

Now let g be the girth of G, and let n be the number of vertices, m the number
of edges and k the number of faces in an embedding of G. Using Euler’s formula
we have m − n = k − 2. Let F be the set of faces in this embedding. Then for
f ∈ F , d(f) denotes the face degree. For graphs without bridges such as G, d(f)
is equal to the number of edges on the boundary of f . We get:

gk ≤
∑

f∈F
d(f) = 2m =

∑

v∈V
d(v) =

∑

v∈V
w(v) ≤

∑

v∈V

7
2

(d(v)− 2) =
7
2

(2m− 2n) =

7
2

(2k − 4) = 7k − 14,

so g < 7, a contradiction. �

Note that the proof above describes an efficient algorithm that will al-
ways find a matching-cut in planar graphs with girth at least 7: every such
graph must have one of the structures mentioned in Observations 1 to 5 in the
above proof.
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Remark. At WG2003 the open question was presented whether the above result
is also true for planar graphs with girth 6. Andrzej Proskurowski pointed out
that [5] might be useful for answering this question. Indeed, the main result
of [5] is that for every indecomposable graph on n vertices with m edges, m ≥
	3(n− 1)/2
, and that this bound is best possible. For planar graphs with girth
6 we have m ≥ 3k. Rewriting Euler’s formula then gives m ≤ 3(n− 2)/2, which
proves that all planar graphs with girth at least 6 are decomposable. We believe
that the alternative proof in this section, even though the result is weaker, is
still useful for the understanding of the problem.

4.2 Claw-Free Graphs

A claw is a K1,3. A claw-free graph is a graph without induced claws. For any
connected claw-free graph G = (V, E), let M ⊆ E be the set of edges that are
not part of a triangle. Since G is claw-free, ∆(V, M) ≤ 2, so the graph (V, M)
is a set of paths and cycles. Let U ⊆ V be the set of vertices with degree 2 in
(V, M). If v ∈ U , then dG(v) = 2. So if (V, M) contains a cycle, then because G
is connected, G must be this cycle. The cycle has at least 4 vertices, so G has a
matching-cut. Now assume (V, M) is a set of paths. Then

– if (V, M) contains a path on at least 4 vertices, then G contains two neighbors
of degree 2 that are not part of a triangle, so G has a matching-cut.

– if (V \U, E\M) is not connected, then G has a matching-cut M ′: for each
path in (V, M), put one edge in M ′. Now M ′ is a matching and an edge cut.

We will show that these are the only cases in which G has a matching-cut, if
G is not a cycle. Suppose G has a matching-cut [S, S]. [S, S] can only contain
edges in M . If it contains two edges of the same path in (V, M), then this path
must contain at least 4 vertices. Otherwise, there is a path in (V, M) with end
vertices u ∈ S and v ∈ S. Also u, v ∈ V \U . Because [S, S] ⊆ M , u and v are
also in different components of (V \U, E\M), and therefore (V \U, E\M) is not
connected.

This gives a polynomial decision algorithm for Matching-Cut for claw-free
graphs. We remark that in the NP-completeness proof of Chvátal [3] a K1,4-
free graph is constructed, so for K1,4-free graphs the Matching-Cut problem is
NP-complete. Line graphs are claw-free, so this generalizes the result in [8].

References

1. S. Arnborg, J. Lagergren, and D. Seese. Easy problems for tree-decomposable
graphs. Journal of Algorithms, 12:308–340, 1991.

2. H. L. Bodlaender. A linear-time algorithm for finding tree-decompositions of small
treewidth. SIAM Journal on Computing, 25:1305–1317, 1996.
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Abstract. A tree t-spanner T in a graph G is a spanning tree of
G such that the distance between every pair of vertices in T is at
most t times their distance in G. The tree t-spanner problem asks
whether a graph admits a tree t-spanner, given t. We first substantially
strengthen the known results for bipartite graphs. We prove that the
tree t-spanner problem is NP-complete even for chordal bipartite graphs
for t ≥ 5, and every bipartite ATE–free graph has a tree 3-spanner,
which can be found in linear time. The best known before results were
NP-completeness for general bipartite graphs, and that every convex
graph has a tree 3-spanner. We next focus on the tree t-spanner problem
for probe interval graphs and related graph classes. The graph classes
were introduced to deal with the physical mapping of DNA. From a
graph theoretical point of view, the classes are natural generalizations
of interval graphs. We show that these classes are tree 7-spanner
admissible, and a tree 7-spanner can be constructed in O(m log n) time.

Keywords: Chordal bipartite graph, Interval bigraph, NP-completeness,
Probe interval graph, Tree spanner

1 Introduction

A tree t-spanner T in a graph G is a spanning tree of G such that the distance
between every pair of vertices in T is at most t times their distance in G. The
tree t-spanner problem asks whether a graph admits a tree t-spanner, given t.
The notion is introduced by Cai and Corneil [8,9], which finds numerous ap-
plications in distributed systems and communication networks; for example, it
was shown that tree spanners can be used as models for broadcast operations
[1] (see also [23]). Moreover, tree spanners were used in the area of biology [2],
and approximating the bandwidth of graphs [27]. We refer to [24,26,6] for more
background information on tree spanners.
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The tree t-spanner problem is NP-complete in general [9] for any t ≥ 4.
However, it can be solved efficiently for some particular graph classes. Especially,
the complexity of the tree t-spanner problem is well investigated for chordal
graphs and its subclasses. For t ≥ 4 the problem is NP-complete for chordal
graphs [6], strongly chordal graphs are tree 4-spanner admissible [3] (i.e., every
strongly chordal graph has a tree 4-spanner), and the following graph classes are
tree 3-spanner admissible: interval graphs [18], directed path graphs [17], split
graphs [27] (see also [6]).

We first focus on the tree t-spanner problem for bipartite graphs and its sub-
classes. The class of bipartite graphs is wide and important from both practical
and theoretical points of view. However, the known results for the complexity
of the tree t-spanner problem for bipartite graph classes are few comparing to
chordal graph classes. The NP-completeness is only known for general bipartite
graphs (this result can be deduced from the construction in [9]), and the pro-
blem can be solved for regular bipartite graphs, and convex graphs as follows; a
regular bipartite graph is tree 3-spanner admissible if and only if it is complete
[18]; and any convex graph is tree 3-spanner admissible [27].

We substantially strengthen the known results for bipartite graph classes,
and reduce the gap. We show that the tree t-spanner problem is NP-complete
even for chordal bipartite graphs for t ≥ 5. The class of chordal bipartite graphs
is a bipartite analog of chordal graphs, introduced by Golumbic and Goss [13],
and has applications to nonsymmetric matrices [12]. We also show that every
bipartite asteroidal-triple-edge–free (ATE–free) graph has a tree 3-spanner, and
such a tree spanner can be found in linear time. The class of ATE–free graphs
was introduced by Müller [22] to characterize interval bigraphs. The class of
interval bigraphs is a bipartite analog of interval graphs and was introduced by
Harary, Kabell, and McMorris [14].

Our results reduce the gap between the upper and lower bounds of the com-
plexity of the tree t-spanner problem for bipartite graph classes since the follo-
wing proper inclusions are known [22,7]; convex graphs ⊂ interval bigraphs ⊂
bip. ATE–free graphs ⊂ chordal bipartite graphs ⊂ bipartite graphs.

We next focus on the tree t-spanner problem on probe interval graphs and
related graph classes. The class of probe interval graphs was introduced by Zhang
to deal with the physical mapping of DNA, which is a problem arising in the
sequencing of DNA (see [28,21,20,29] for background). A probe interval graph is
obtained from an interval graph by designating a subset P of vertices as probes,
and removing the edges between pairs of vertices in the remaining set N of
nonprobes. In the original papers [28,29], Zhang introduced two variations of
probe interval graphs. An enhanced probe interval graph is the graph obtained
from a probe interval graph by adding the edges joining two nonprobes if they are
adjacent to two independent probes. The class of STS-probe interval graphs is a
subset of the probe interval graphs; in those graphs all probes are independent.

From the graph theoretical point of view, it has been shown that all probe
interval graphs are weakly chordal [21], and enhanced probe interval graphs are
chordal [28,29]. In full version, we show that (1) the class of STS-probe interval



108 A. Brandstädt et al.

graphs is equivalent to the class of convex graphs (hence the class is tree 3-
spanner admissible), and (2) the class of the (enhanced) probe interval graphs
is incomparable with the classes of strongly chordal graphs and rooted directed
path graphs.

Hence, from both viewpoints of graph theory and biology, the tree t-spanner
problem for (enhanced) probe interval graphs is worth investigating. Especially,
it is natural to ask that if those graph classes are tree t-spanner admissible for
fixed integer t. We give the positive answer to that question: The classes of probe
interval graphs and enhanced probe interval graphs are tree 7-spanner admissi-
ble. A tree 7-spanner of a (enhanced) probe interval graph can be constructed
in O(m + n log n) time if it is given with an interval model. Therefore, using the
recognition algorithms in [15,19], we can construct a tree 7-spanner for a given
(enhanced) probe interval graph G = (P, N, E) in O(m log n) time.

Due to space limitation, proofs are omitted, and can be found in full version1.

2 Preliminaries

Given a graph G = (V, E) and a subset U ⊆ V , the subgraph of G induced by U
is the graph (U, F ), where F = {{u, v}|{u, v} ∈ E for u, v ∈ U}, and denoted by
G[U ]. For a subset F of E, we sometimes unify the edge set F and its edge induced
subgraph (U, F ) with U = {v|{u, v} ∈ F for some u ∈ V }. For two vertices u and
v on G, the distance of the vertices is the minimum length of the paths joining u
and v, and denoted by dG(u, v). The disk of radius k centered at v is the set of all
vertices with distance at most k to v, Dk(v) = {w ∈ V : dG(v, w) ≤ k}, and the
kth neighborhood Nk(v) of v is defined as the set of all vertices at distance k to v,
that is Nk(v) = {w ∈ V : dG(v, w) = k}. By N(v) we denote the neighborhood of
v, i.e., N(v) := N1(v). More generally, for a subset S ⊆ V let N(S) = ∪v∈SN(v)
denote the neighborhood of S.

A tree t-spanner T in a graph G is a spanning tree of G such that for each pair
u and v in G, dT (u, v) ≤ t · dG(u, v). We say that G is tree t-spanner admissible
if it contains a tree t-spanner. The tree t-spanner problem is to determine, for
given graph and positive integer t, if the graph admits a tree t-spanner. A class
C of graphs is tree t-spanner admissible if every graph in C is tree t-spanner ad-
missible. On the tree t-spanner problem, the following result plays an important
role:

Lemma 1. [9] A spanning tree T of G is a tree t-spanner if and only if for every
edge {u, v} of G, dT (u, v) ≤ t.

It is well known that a graph G is bipartite if and only if G contains no
cycle of odd length [16]. Thus, for each positive integer k, a tree 2k-spanner of a
bipartite graph G is also a tree (2k − 1)-spanner. Hence we will consider a tree
t-spanner for each odd number t for bipartite graphs.

A graph (V, E) with V = {v1, v2, · · · , vn} is an interval graph if there is a set
of intervals I = {I1, I2, · · · , In} such that {vi, vj} ∈ E if and only if Ii ∩ Ij �= ∅
1 Full version is available at http://www.komazawa-u.ac.jp/˜uehara/ps/t-span.pdf
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for each 1 ≤ i, j ≤ n. We call the set I interval representation of the graph. For
each interval I, we denote by R(I) and L(I) the right and left endpoints of the
interval, respectively. A bipartite graph (X, Y, E) with X = {x1, x2, · · · , xn1}
and Y = {y1, y2, · · · , yn2} is an interval bigraph if there are families of intervals
IX = {I1, I2, · · · , In1} and IY = {J1, J2, · · · , Jn2} such that {xi, yj} ∈ E if and
only if Ii ∩ Jj �= ∅ for each 1 ≤ i ≤ n1 and 1 ≤ j ≤ n2. We also call the families
of intervals (IX , IY ) interval representation of the graph. We sometimes unify a
vertex vi and its corresponding interval Ii; Iv denotes the interval corresponding
to the vertex v, and R(v) and L(v) denote R(Iv) and L(Iv), respectively.

An edge which joins two vertices of a cycle but is not itself an edge of the
cycle is a chord of that cycle. A graph is chordal if each cycle of length ≥ 4 has
a chord. A graph G is weakly chordal if G and Ḡ contain no induced cycle Ck
with k ≥ 5. A bipartite graph G is chordal bipartite if each cycle of length ≥ 6
has a chord. Let the neighborhood N(e) of an edge e = {v, w} be the union
N(v) ∪ N(w) of the neighborhoods of the end-vertices of e. Three edges of a
graph G form an asteroidal triple of edges (ATE) if for any two of them there is
a path from the vertex set from one to the vertex set of the other that avoids
the neighborhood of the third edge. ATE–free graphs are those graphs which do
not contain any ATE. This class of graphs was introduced in [22], where it was
also shown that any interval bigraph is an ATE–free graph, and any bipartite
ATE–free graph is chordal bipartite.

A graph G = (V, E) is a probe interval graph if V can be partitioned into
subsets P and N (corresponding to the probes and nonprobes) and each v ∈ V can
be assigned to an interval Iv such that {u, v} ∈ E if and only if both Iu ∩ Iv �= ∅
and at least one of u and v is in P . In this paper, we assume that P and N are
given, and we denote the considered probe interval graph by G = (P, N, E). Let
G = (P, N, E) be a probe interval graph. Let E+ be a set of edges {u1, u2} with
u1, u2 ∈ N such that there are two probes v1 and v2 in P such that {v1, u1},
{v1, u2}, {v2, u1}, {v2, u2} ∈ E, and {v1, v2} �∈ E. Each edge in E+ is called an
enhanced edge, and the resulting graph G+ = (P, N, E ∪ E+) is said to be an
enhanced probe interval graph. See [28,21,20,29] for further details.

3 NP-Completeness for Chordal Bipartite Graphs

S1[a, b] S2[a, b] S3[a, b]

a b a b a b

a′ b′

a′ b′
a′ b′

Fig. 1. The graph S�[a, b]

In this section we show that, for
any t ≥ 5, the tree t-spanner
problem is NP-complete for
chordal bipartite graphs. The
proof is a reduction from Mo-
notone 3SAT which consists of
instances of 3SAT such that
each clause contains either only
negated variables or only non-
negated variables (see [11, LO2]). For which the following family of chordal
bipartite graphs will play an important role.
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First, S0[a, b] is an edge {a, b}, and S1[a, b] is the 4-cycle (a, a′, b′, b, a). Next,
for a fixed integer � > 1, S�+1[a, b] is obtained from one cycle (a, b, b′, a′, a),
S�[a, a′], S�[b, b′], and S�[a′, b′] by identifying the corresponding vertices (see
Fig. 1). We will connect the vertices a and b to other graphs, and use S�[a, b] as
a subgraph of bigger graphs. Sometimes, when the context is clear, we simply
write S� for S�[a, b]. In case � > 0 we write (a, a′, b′, b, a) for the 4-cycle in S�[a, b]
containing the edge {a, b}. Each of the edges {a, a′}, {a′, b′}, {b, b′} belongs to a
unique S�−1, the corresponding S�−1 in S�[a, b] to {a, a′}, {a′, b′}, {b, b′}, respec-
tively. The following observations collect basic facts on S� used in the reduction
later.

Observation 1. For every integer � ≥ 0, S�[a, b] has a tree (2� + 1)-spanner
containing the edge {a, b}.

Observation 2. Let H be an arbitrary graph and let e be an arbitrary edge of
H. Let K be an S�[a, b] disjoint from H. Let G be the graph obtained from H
and K by identifying the edges e and {a, b}; see Fig. 2. Suppose that T is a
tree t-spanner in G, t > 2�, such that the (a, b)-path in T belongs to H. Then
dT (a, b) ≤ t− 2�.

Observation 2 indicates a way to force an edge {x, y} to be a tree edge:
Choosing � = 
 t−1

2 � shows that {a, b} must be an edge of T .
We now describe the reduction. Let k ≥ 2 be

an integer, and let F be a 3SAT formula with m
clauses Cj for 1 ≤ j ≤ m, over n variables xi for
1 ≤ i ≤ n.

Definition 1. In a graph G, an edge {a, b} is
said to be forced by an S� if {a, b} appears in
some S�[a, b] (as induced subgraph in G) such
that {a, b} disconnects S�[a, b] from the rest. We
require that each two S�[a, b] and S�′ [c, d] have
at most 2 vertices in {a, b, c, d} in common. An
edge {a, b} is said to be strongly forced if it is
forced by two Sk[a, b].

H

a e b

Fig. 2. The graph obtained
from H and S�[a, b] by iden-
tifying the edge e = {a, b}

By Observation 2, if G has a tree (2k + 1)-spanner T every strongly forced
edge must belong to T .

For each variable xi create the gadget G(xi) as follows: (1) Take 2m + 4 ver-
tices x1

i , . . . , x
m
i , xi

1, . . . , xi
m, pi, qi, ri, si, and (2) for 1 ≤ j, j′ ≤ m, add the ed-

ges {xji , xij
′}, {qi, xji}, {ri, xji}, {pi, xij}, {si, xij}, and {pi, ri}, {ri, si}, {si, qi}.

Furthermore, (3) each of the edges {pi, ri}, {ri, si}, {si, qi}, and {xji , xij} with
1 ≤ j ≤ m, is a strongly forced edge, (4) force each edge {a, b} ∈ {{qi, xji} : 1 ≤
j ≤ m} ∪ {{ri, xji} : 1 ≤ j ≤ m} ∪ {{pi, xij} : 1 ≤ j ≤ m} ∪ {{si, xij} : 1 ≤
j ≤ m} ∪ {{xji , xij

′} : 1 ≤ j, j′ ≤ m, j �= j′} by an Sk−1[a, b]. (See Fig.3; in the
figure, the Sk and Sk−1 are omitted, and thick edges are strongly forced).

The vertex xji (xij , respectively) will be connected to the clause gadget of
clause Cj if xi (xi, respectively) is a literal in Cj . All edges {ri, xji} (1 ≤ j ≤ m)
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or else all edges {si, xij} (1 ≤ j ≤ m) will belong to any tree (2k + 1)-spanner
(if any) of the graph G which we are going to describe.

Definition 2. A clause is positive ( negative, respectively) if it contains only
variables (negation of variables).

We note that each clause is either positive or negative since given formula
is an instance of Monotone 3SAT. For each clause Cj , G(Cj) is the 4-cycle
(c+
j , d+

j , d−
j , c−

j , c+
j ) where {c+

j , d+
j }, {d+

j , d−
j }, and {d−

j , c−
j } are strongly forced

edges (see Fig.4).
Finally, the graph G = G(F ) is obtained from all G(vi) and G(Cj) by iden-

tifying all vertices pi, qi, ri and si to a single vertex p, q, r, and s, respectively
(thus, {p, r}, {r, s} and {s, q} are edges in G), and adding the following edges: (1)
Connect every xji with every xi′

j′
(i �= i′). (2) For every positive clause Cj : If xi

is in Cj then connect xji with c+
j and force the edge {xji , c+

j } by an Sk−2[xji , c
+
j ].

Connect c−
j with r and force the edge {c−

j , r} by an Sk−2[c−
j , r]. (3) For every

negative clause Cj : If xi is in Cj then connect xi
j with c−

j and force the edge
{xij , c−

j } by an Sk−2[xij , c−
j ]. Connect c+

j with s and force the edge {c+
j , s} by

an Sk−2[c+
j , s].

The description of the graph G = G(F ) is complete. Clearly, G can be
constructed in polynomial time. See Fig. 5 for an example.
Lemma 2. G is chordal bipartite.

Lemma 3. Suppose G admits a tree (2k + 1)-spanner. Then F is satisfiable.

Lemma 4. Suppose F is satisfiable. Then G admits a tree (2k + 1)-spanner.

Theorem 3. For every fixed k ≥ 2, the Tree (2k + 1)-Spanner problem is NP-
complete for chordal bipartite graphs.
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4 Tree 3-Spanners for Bipartite ATE-Free Graphs

In this section we show that any bipartite ATE–free graph admits a tree 3-
spanner.

We say that a vertex u of a graph G has a maximum neighbor if there is a
vertex w in G such that N(N(u)) = N(w). We will need the following result
from [5].

Lemma 5. [5] Any chordal bipartite graph G has a vertex with a maximum
neighbor.

It is easy to deduce from results [4, Lemma 4.4], [5, Corollary 5] and [10,
Corollary 1] that a vertex with a maximum neighbor of a chordal bipartite graph
can be found in linear time by the following procedure.

PROCEDURE NICE-VERTEX. Find a vertex with a maximum neighbor

Input: A chordal bipartite graph G = (X ∪ Y, E).
Output: A vertex with a maximum neighbor.
Method:

initially all vertices v ∈ X ∪ Y are unmarked;
repeat

among unmarked vertices of X select a vertex x such that N(x) contains
the maximum number of marked vertices;

mark x and all its unmarked neighbors;
until all vertices in Y are marked;
output the vertex of Y marked last.

Now let G = (V, E) be a connected bipartite ATE–free graph and u be a
vertex of G which has a maximum neighbor (recall that G is chordal bipartite
and therefore such a vertex u exists).

Lemma 6. Let S be a connected component of a subgraph of G induced by set
V \ Dk−1(u) (k ≥ 1). Then, there is a vertex w ∈ Nk−1(u) such that N(w) ⊃
S ∩Nk(u).

Lemma 6 suggests the following algorithm for constructing a spanning tree of
G.
PROCEDURE SPAN-ATEG. Tree 3-spanners for bip. ATE–free graphs

Input: A bipartite ATE–free graph G = (V, E) and a vertex u of G with a maximum
neighbor.

Output: A spanning tree T = (V, E′) of G (rooted at u).
Method:

set E′ := ∅;
set q := max{dG(u, v) : v ∈ V };
let sq

i , i ∈ {1, . . . , pq} be the vertices of Nq(u);
for every i ∈ {1, . . . , pq} do

pick a neighbor w of sq
i in Nq−1(u);

add edge {sq
i , w} to E′;

for k := q − 1 downto 1 do
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compute the connected components Sk
1 , . . . , Sk

pk
of

G[Nk(u) ∪ {sk+1
i , i ∈ {1, . . . , pk+1}}];

for every i ∈ {1, . . . , pk} do
set S := Sk

i ∩Nk(u);
pick a vertex w in Nk−1(u) such that N(w) ⊃ S;
for each v ∈ S add the edge {v, w} to E′;
shrink component Sk

i to a vertex sk
i and make sk

i adjacent in G to
all vertices from N(Sk

i ) ∩Nk−1(u).

It is easy to see that the graph T = (V, E′) constructed by this procedure is
a spanning tree of G and its construction takes only linear time. Moreover, T
is a shortest path tree of G rooted at u since for any vertex x ∈ V , dG(x, u) =
dT (x, u) holds.

Theorem 4. Let T = (V, E′) be a spanning tree of a bipartite ATE–free graph
G = (V, E) output by PROCEDURE SPAN-ATEG. Then, for any x, y ∈ V , we
have dT (x, y) ≤ 3 · dG(x, y) and dT (x, y) ≤ dG(x, y) + 2.

Since any interval bigraph is a bipartite ATE–free graph, and any convex
graph is an interval bigraph, we have the following corollaries.

Corollary 1. Any interval bigraph G = (V, E) admits a spanning tree T such
that dT (x, y) ≤ 3 · dG(x, y) and dT (x, y) ≤ dG(x, y) + 2 hold for any x, y ∈ V .
Moreover, such a tree T can be constructed in linear time.

Corollary 2. [27] Any convex graph G = (V, E) admits a spanning tree T such
that dT (x, y) ≤ 3 · dG(x, y) and dT (x, y) ≤ dG(x, y) + 2 hold for any x, y ∈ V .
Moreover, such a tree T can be constructed in linear time.

5 Tree 7-Spanners for (Enhanced) Probe Interval Graphs

In this section we show that any (enhanced) probe interval graph admits a tree
7-spanner.

Let G = (P, N, E) be a connected probe interval graph. We assume that
an interval representation of G is given (if not, an interval model for G can be
constructed by a method described in [19] in O(m log n) time, where n = |P |+|N |
and m = |E|). Let I = {Ix : x ∈ P} be the intervals in the interval model
representing the probes and J = {Jy : y ∈ N} be the intervals representing the
nonprobes.

First we discuss two simple special cases. If N = ∅ then clearly G = (P, E)
is an interval graph. It is known (see [25]) that for any interval graph G and
any vertex u of G there is a shortest path spanning tree T of G rooted at u
such that dT (x, y) ≤ dG(x, y) + 2 holds for any x, y. In fact, a procedure similar
to PROCEDURE SPAN-ATEG produces such a spanner in linear time for any
interval graph G and any start vertex u. Evidently, T is a tree 3-spanner of G.

To describe other special case, we will need the following notion. A connected
probe interval graph G = (P, N, E) is superconnected if for any two intersecting
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intervals Iv, Iw ∈ I there is always an interval Jy ∈ J such that Iv ∩ Iw ∩
Jy �= ∅. For a superconnected probe interval graph G, a tree 4-spanner can be
constructed easily. First we ignore all edges in G[P ] to get an interval bigraph
G′ = (X = P, Y = N, E′) and then run PROCEDURE SPAN-ATEG on G′.
We claim that a spanning tree T of G′, produced by that procedure, is a tree
4-spanner of G. Indeed, for any edge {x, y} of G such that x ∈ P and y ∈ N ,
dT (x, y) ≤ 3 holds by Corollary 1; it is an edge of G′, too. Now consider an edge
{v, w} of G with v, w ∈ P . Since G is superconnected, there is a vertex y ∈ N
such that Iv ∩ Iw ∩ Jy �= ∅, i.e., dG′(v, w) = 2. Then, by Corollary 1, we have
dT (v, w) ≤ dG′(v, w) + 2 = 2 + 2 = 4. Consequently, T is a tree 4-spanner of G.

To get a tree 7-spanner for an arbitrary connected probe interval graph G =
(P, N, E), we will use the following strategy. First we decompose the graph G
into subgraphs G0, G1, . . . , Gk such that Gi and Gj (i �= j) share at most one
common vertex and each Gi is either an interval graph or a superconnected probe
interval graph. Then iteratively, given a tree 7-spanner T i for G0 ∪G1 ∪ . . .∪Gi

(i < k) and a tree t-spanner Ti+1 (t ≤ 4) of Gi+1, we will extend T i to a tree
7-spanner T i+1 for G0 ∪ G1 ∪ . . . ∪ Gi ∪ Gi+1 by either making all vertices of
Gi+1 adjacent in T i+1 to a common neighbor in G0 ∪G1 ∪ . . . ∪Gi (if it exists)
or by gluing trees T i and Ti+1 at a common vertex.

Now we give a formal description of the decomposition algorithm. Let
S0, S1, . . . , Sq be segments of the union ∪y∈NJy. (see Fig. 3 for an illustration).

Fig. 3. Segments and a decomposition of a probe interval
graph

Clearly, all probe
interval graphs
G2i+1 (i = 1, . . ., q)
are superconnected
and a decomposition
of G into G0,G1,. . .,
G2q+2 can be done
in linear time if
endpoints of the
intervals I ∪ J are
sorted.

PROCEDURE DECOMP. A decomposition of a probe interval graph
Input: A probe interval graph G and its interval representation (I,J ).
Output: Subgraphs G0, G1, . . . , G2q+2 of G, where G2i (i ∈ {0, . . . , q + 1}) is an

interval graph and G2i+1 (i ∈ {0, . . . , q}) is a superconnected probe interval graph,
and special vertices uj (j = 1, . . . , 2q + 2), where uj belongs to Gj−1 and Gj .

Method:
for i = 0 to q do

/* define an interval graph */
set X := {Ix ∈ I : L(x) ≤ L(Si)};
on intervals X define an interval graph G2i;
let I∗ be an interval from X with maximum R(·) value;
set u2i+1 := a vertex of G corresponding to I∗;
set I := I \ (X \ {I∗});
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/* define a superconnected probe interval graph */
set Y := {Iy ∈ J : Iy ⊆ Si};
set X := {Ix ∈ I : L(x) ≤ R(Si)};
define a probe interval graph G2i+1 with probes X and nonprobes Y;
let I∗ be an interval from X with maximum R(·) value;
set u2i+2 := a vertex of G corresponding to I∗;
set I := I \ (X \ {I∗});

define on I an interval graph G2q+2.

Lemma 7. For any i = 2, . . . , 2q + 2, R(ui) ≥ R(ui−1) holds.

Now, for an interval graph G0 (if it is not empty), we can construct a tree
3-spanner T0 = T0(u0) rooted at any vertex u0 of G0. For an interval graph
G2i (i = 1, . . . , q + 1), we can construct a tree 3-spanner T2i = T2i(u2i) rooted
at vertex u2i (see PROCEDURE DECOMP). Since all those trees are shortest
path trees, the neighborhoods of vertex u2i in G2i and T2i coincide.

Let G−
2i+1 be an interval bigraph obtained from a superconnected probe in-

terval graph G2i+1 by ignoring all edges between probes and deleting all probes
Iv such that Iv ⊂ Iu2i+1 .

Lemma 8. For any i = 0, . . . , q, vertex u2i+1 has a maximum neighbor in
G−

2i+1.

Let T−
2i+1 = T−

2i+1(u2i+1) be a tree 3-spanner of an interval bigraph G−
2i+1

constructed starting at vertex u2i+1, i ∈ {0, . . . , q} (see PROCEDURE SPAN-
ATEG). Clearly, the neighborhoods of vertex u2i+1 in G−

2i+1 and T−
2i+1 coincide.

We can extend tree T−
2i+1 to a spanning tree T2i+1 = T2i+1(u2i+1) of G2i+1 by

adding, for each probe Iv of G2i+1 such that Iv ⊂ Iu2i+1 , a pendant vertex v
adjacent to u2i+1.

Lemma 9. T2i+1(u2i+1) is a tree 4-spanner for G2i+1, i ∈ {0, . . . , q}. Moreover,
for any edge {w, u2i+1} of G2i+1, dT2i+1(w, u2i+1) ≤ 2 holds.

Now we are ready to construct a spanning tree T for the original probe
interval graph G = (P, N, E). We say that a vertex v of G dominates a subgraph
Gk of G if every vertex of Gk, different from v, is adjacent to v in G.

PROCEDURE SPAN-PIG. Tree 7-spanner for probe interval graphs
Input: A probe interval graph G = (P, N, E), its interval representation (I,J ) and

a decomposition of G into graphs G0, G1, . . . , G2q+2.
Output: A spanning tree T = (P ∪N, E′) of G.
Method:

set E′ = ∅ and k := 0;
while k ≤ 2q + 2 do

if there is an index j such that k ≤ j and uk dominates Gj then do
find the largest index j with that property;
for each v in Gk ∪ . . . ∪Gj (v 	= uk) add edge {v, uk} to E′;
set k := j + 1;

else do
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if k is even then do
find a tree 3-spanner Tk(uk) of an interval graph Gk;
add all edges of Tk(uk) to E′;

if k is odd then do
find a tree 4-spanner Tk(uk) of a superconnected probe interval graph Gk;
add all edges of Tk(uk) to E′;

set k := k + 1.

It is easy to see that the tree T constructed by PROCEDURE SPAN-PIG is
a spanning tree of G and its construction takes only linear time.

Lemma 10. If for graph Gk (k ∈ {0, . . . , 2q + 2}) there exists a vertex ui ∈
{u0, . . . , uk} which dominates Gk, then there is a vertex us ∈ {u0, . . . , uk} such
that dT (x, us) ≤ 1 holds for any x in Gk. Otherwise, if such vertex ui does not
exist, then for any vertices x, y of Gk, dT (x, y) = dTk

(x, y) holds.

Corollary 3. For any vertices x, y of Gk (k ∈ {0, . . . , 2q + 2}), dT (x, y) ≤
max{2, dTk

(x, y)} holds.

Lemma 11. T is a tree 7-spanner for G.

Theorem 5. Any probe interval graph G admits a tree 7-spanner. Moreover,
such a tree 7-spanner can be constructed in O(m log n) time, or in O(m+n log n)
time if the intersection model of G is given in advance.

Now let G = (P, N, E) be an enhanced probe interval graph with probes P
and nonprobes N .

Corollary 4. Any enhanced probe interval graph G = (P, N, E) admits a tree
7-spanner. Moreover, such a tree spanner can be constructed in O(m log n) time.

6 Concluding Remarks

In the paper, we have shown that the tree t-spanner problem is NP-complete
even for chordal bipartite graphs for t ≥ 5. The complexity of the tree 3-spanner
problem is still open. We have also shown that every (enhanced) probe interval
graph has a tree 7-spanner. However, it is also open whether the graph classes
are tree t-spanner admissible for smaller t.

Acknowledgements. The authors are greatful to an anonymous referee for
simplifying the reduction in Section 3.
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Abstract. This paper introduces a new simple linear time algorithm
to recognize cographs (graphs without an induced P4). Unlike other co-
graph recognition algorithms, the new algorithm uses a multisweep Lex-
icographic Breadth First Search (LexBFS) approach, and introduces a
new variant of LexBFS, called LexBFS−, operating on the complement
of the given graph G and breaking ties with respect to an initial LexBFS.
The algorithm either produces the cotree of G or identifies an induced
P4).

1 Introduction

Cographs or complement reducible graphs have the property of being defined
both recursively and by a simple forbidden induced subgraph characterization.
Cographs are the family of graphs constructed from a single vertex under the
closure of the operations of union and complementation or equivalently, union
and join (the join of G1, G2, . . . , Gk is the graph G1∪G2∪ . . .∪Gk together with
all edges between vertices of different Gi). As shown by Lerchs (see [4]) these
operations uniquely define a tree representation of the cograph referred to as a
cotree. See Fig. 1 for a cograph G = (V,E) and the corresponding cotree TG.
Leaves represent the vertex set V and each internal node represents the union
(0) or join (1) operations on the children. The significance of the 0(1) nodes is
captured by the fact that xy ∈ E iff the smallest subtree containing x and y
is rooted at a 1 node. Note that the labels on any path from a leaf to the root
of the cotree alternate. Alternatively, Lerchs (see [4]) also proved that cographs
are exactly those graphs that do not contain an induced P4 (i.e. a path on 4
vertices).

The cotree is algorithmically significant as a tool for reducing NP-hard prob-
lems such as colouring, clique detection, Hamiltonicity, etc., on arbitrary graphs
to fast linear time problems on cographs [4]. Cographs arise in applications such
as examination scheduling problems [14] and automatic clustering of index terms.
Surprisingly, despite the structural simplicity of cographs, constructing linear
time recognition algorithms has been challenging. The first such algorithm to
recognize cographs and construct the cotree was achieved by Corneil, Perl and
Stewart [5] in 1985. The algorithm examines each vertex in turn, inserting it
into the cotree if the graph is a cograph and returns “false” otherwise. Recently,

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 119–130, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Habib and Paul [9] have used vertex splitting to produce a new linear time recog-
nition algorithm for cographs. Note that any linear time modular decomposition
algorithm, such as [12,8,6], immediately yields a somewhat complicated, linear
time cograph recognition algorithm.

One of the most elegant recognition algorithms for a restricted family of
graphs was developed in 1976 by Rose, Tarjan and Lueker [13] for chordal graphs.
This algorithm introduced a restricted form of Breadth First Search called Lexi-
cographic Breadth First Search (LexBFS). They showed that a graph is chordal
iff the ordering of any LexBFS is a perfect elimination ordering. Surprisingly,
LexBFS has only recently resurfaced appearing in recognition algorithms for in-
terval graphs [3,10], unit interval graphs [2] and bipartite permutation graphs [1]
as well as structural related algorithms on a host of other graph families. Given
the success of LexBFS on families of graphs related to cographs, it is natural
to wonder whether there exists a simple, linear time, LexBFS based recognition
algorithm for cographs.

The remainder of the paper reveals such an algorithm. We will define a vari-
ant of LexBFS denoted LexBFS− and a property of cographs called the Neigh-
bourhood Subset Property which form the basis of the algorithm. In particular,
Algorithm Recognize Cograph determines whether the input graph G is a
cograph using the Neighbourhood Subset Property, returning the cotree if G is
a cograph and an induced P4 if G is not a cograph.

Algorithm Recognize Cograph(G)
Input: Graph G.
Output: Cotree T if G is a cograph, an induced P4 otherwise.

Compute LexBFS(G) resulting in τ
Compute LexBFS−(G, τ) resulting in σ1
Compute LexBFS−(G, σ1) resulting in σ2
if σ1, σ2 satisfy the Neighbourhood Subset Property

return ( Construct Cotree(V ) )
else

return ( Construct P4)

The general graph theory notation of this paper follows that of West [15].
The remainder of this section provides an overview of LexBFS and cotree related
terminology. The following section provides the intuition of the new algorithm
and introduces LexBFS−, a new variant of LexBFS. The paper concludes with
some details behind the algorithm and its correctness.

1.1 LexBFS

We define a LexBFS as in Korte and Möhring [11]. We say that vertices x
and y disagree on z if one of x, y is adjacent to z. Given a graph G = (V,E),
LexBFS produces an ordering σ : (v1, v2, . . . , vn) of V such that if there exists
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1 ≤ i < j < k ≤ n in which vj , vk disagree on vi, then the leftmost vertex on
which they disagree is adjacent to vj . The algorithm details are given below in
Algorithm LexBFS(G,P ). We use σ(y) = i to indicate that y is the ith vertex
of σ. Note that the numbering convention in this paper follows that of [3] where
the ordering σ is the order in which vertices are visited during the LexBFS.

There are several different paradigms for implementing LexBFS. The term
lexicographic stems from the original labelling paradigm in which vertices pass a
label to each unnumbered neighbour. The earlier a vertex is visited, the higher
the label passed. The next vertex is chosen such that it has the lexicographically
largest label. Another conceptualization of LexBFS involves pivots and partitions
[10]. The partitioning paradigm will prove the most useful for illustrating the
new variant, LexBFS−.

The partitioning paradigm considers a pivot (the current vertex) and all
unnumbered vertices. A vertex is considered to be visited if it has been a pivot,
i.e. numbered. The algorithm begins with a partition list L initialized to a single
ordered set P of the vertices in V . The first pivot is the first vertex of P and is
first in the ordering σ. Let N(x) refer to the neighbourhood of x. For each pivot x,
remove x from its partition and define N ′ = {v|v ∈ N(x) and v unnumbered}.
For each set P in the partition L, all members of N ′ belonging to P are removed
from P and inserted into a new set P ′ positioned immediately to the left of P .

Fig. 1. a) A cograph G. b) An embedding of the cotree TG of G.

For example, for the graph in Fig. 1, if x is the first vertex selected, then the
remaining vertex set is split into two partitions y u v w z and d c a b where

y u v w z is moved ahead of d c a b since each of {yuvwz} is adjacent to x
while {dcab} are not adjacent to x.

The LexBFS terminates when all vertices have been visited. Algorithm
LexBFS is a variation of the version appearing in [10]. Table 1 walks through
a LexBFS of the cograph of Fig. 1.



122 A. Bretscher et al.

Algorithm LexBFS(G,P )
Input: a connected graph G = (V,E) and an initial ordering P of V
Output: an ordering σ of the vertices of G
1 L← (P ); L, the list of partitions, is initialized to the partition P
2 i← 1; The counter for assigning vertex positions
3 while there exists a set in L = (P1, . . . , Pk) of unnumbered vertices do
4 Let Pl be the leftmost partition of unnumbered vertices;
5 Remove the first vertex x from Pl; the pivot
6 σ(x)← i;
7 i← i+ 1;
8 for each partition Pj , j ≥ l do
9 Let P ′ = {v|v ∈ N(x) ∩ Pj}; P ′ are the vertices of Pj adjacent to x
10 if P ′ is non-empty and P ′ 
= Pj then
11 Remove P ′ from Pj ;
12 Insert P ′ to the left of Pj in L; P ′ forms a new partition
13 end for
14 end while
15 return (σ);
end LexBFS

Table 1. Step by step LexBFS of G from Fig. 1.

σ(v) v N ′(v) Partitions
x d y u v w c a z b

1 x {u v w y z} y u v w z d c a b

2 y {a b c d w z} w z u v d c a b
3 w {a b c d z} z u v d c a b
4 z {a u v} u v a d c b
5 u {a b c d v} v a d c b
6 v {a b c d} a d c b
7 a { } d c b
8 d {b c} c b
9 c {b} b
10 b { }

Definition 1 The vertices in the leftmost partition of line 5 of Algorithm
LexBFS(G,V ) are tied, in that their neighbourhoods of numbered vertices are
identical. We refer to such a set of tied vertices as a slice, S.
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An example of a slice is the partition y u v w z in Table 1 defined by the
neighbourhood of x. Notice that the entire vertex set is initially a slice.

Given a slice S of tied vertices, Algorithm LexBFS breaks the tie in an
arbitrary manner by selecting the first vertex of the leftmost partition. Some
variants of LexBFS use a more sophisticated tie breaking mechanism. For ex-
ample, LexBFS+ [3] breaks ties by considering the ordering τ , produced by a
previous LexBFS sweep, and selects the vertex x in S numbered latest in τ .
The partitioning paradigm easily facilitates this tie breaking mechanism in the
following way. The initial partition P is the vertex set in reverse τ order. Since
Algorithm LexBFS takes the first vertex of the leftmost partition Pl as the
next pivot, this implementation automatically satisfies the tie breaking rule.
The main insight of this paper involves the introduction of a new tie breaking
mechanism discussed in Section 2.2 on LexBFS−.

1.2 Cotrees

Some notation with respect to cotrees will be necessary in subsequent sections.
Let T be an embedding of the cotree of a cograph G = (V,E) rooted at R. For
each leaf x, let rx be the root of the largest subtree of the embedding such that
x is the rightmost leaf. Let Px be the directed path in T from x to rx. The
internal nodes on Px alternate between 0 and 1 nodes. Let (0x1 , 0

x
2 , . . . , 0

x
k) be

the sequence of 0 nodes on Px. Similarly let the sequence (1x1 , 1
x
2 , . . . , 1

x
k′) denote

the 1 nodes. Note that |k − k′| ≤ 1.
Now consider the subtree t′ rooted at 0xi , the ith 0 node on Px. Let z be the

child of 0xi that lies on Px. Define the subtree Tx
0i to be t′ without the subtree

rooted at z. An analogous definition holds for T x1i. Figure 2 highlights a subtree
T x02 for the cotree of Fig. 1.

d
yw

R

xa
z

0x1

1x1

1x2

0x2

uv
b c

Px

T x
02

0

1
1

0

1

0

1

0
1

Fig. 2. Let t = T and therefore r = R. Dark grey indicates the subtree T x
02 and light

grey the path Px.
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Observation 1 Cographs are closed under complementation. The cotree T of
G, the complement of G, is exactly T with 0 and 1 nodes interchanged.

Observation 2 Cographs are hereditary in the sense that any induced subgraph
is also a cograph. Furthermore, given cograph G with cotree TG, an induced,
rooted subtree t of TG is the cotree of an induced subgraph of G.

2 Unfolding the Cograph Recognition Algorithm

2.1 Relating Slices to Subtrees

An intuitive sense for the new cograph recognition algorithm is best developed
by observing how LexBFS reveals the structure of a given cograph. Consider the
LexBFS σ depicted in Table 1, that started with the arbitrarily chosen vertex x,

σ : xywzuvadcb.

In an attempt to reveal underlying relationships between the ordering σ and
the cograph structure ofG we investigate properties of the slices generated during
the course of the search. First, notice that selecting x defines the following slice
containing vertices adjacent to x (ordered as they appear in σ),

[ywzuv].

After numbering each of ywzu and v, only vertices not adjacent to x remain
(see Table 1, row 6), and are partitioned according to their adjacencies with
ywuzv. In particular, one vertex, a, is adjacent to each of ywzuv and therefore
defines its own slice [a]. The remaining vertices form the slice

[dcb].

The slices define an ordered partitioning of σ into the following sequence:

σ : x[ywzuv][a][dcb].

Recall that in Algorithm LexBFS(G,P ), each pivot is selected from a
slice, or the leftmost partition Pl. The set of all slices constructed during the
sweep defines nested ordered partitionings of σ. We often use the term subslice
to refer to a slice nested inside another slice. We now present notation to refer
to the first level of nested subslices of a slice.

Definition 2 Let S = [x, SA(x), 〈SN (x)〉] be an arbitrary slice constructed dur-
ing a LexBFS sweep where x is the first vertex of S. We consider only the first
level of nested subslices of S. Let SA(x) = [the subslice of S of vertices adja-
cent to x]. Each subsequent subslice of S contains vertices not adjacent to x.
Let 〈SN (x)〉 where 〈SN (x)〉 = SN1 (x), SN2 (x), . . . , SNk (x) denote the subslices not
adjacent to x in S.
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Recalling that the entire vertex set is initially a slice, if we let S = σ, then
SA(x) = [ywzuv], SN1 (x) = [a] and SN2 (x) = [dcb]. For all i ≥ 3, SNi (x) is empty
and is therefore omitted . If t is the first vertex of S and SA(t) is empty but
SN1 (t) is non-empty, then SA(t) = [ ] and is preserved as a place holder. The
following surprising observation forms the basis of the new algorithm.

Observation 3 Let σ denote a LexBFS of the cograph G of Fig. 1 starting
at vertex x and let T denote an embedding of the cotree of G such that x is
the rightmost leaf of T . Let S be the initial slice, then S is partitioned into
x, SA(x), 〈SN (x)〉 and each slice SNi (x) contains exactly the leaves of the
subtree T x0i of T .

Figure 3 illustrates Observation 3. Notice that SN
1 (x) = [a] contains exactly

the leaf of Tx
01 and similarly that SN

2 (x) = [dcb] contains exactly the leaves of
Tx

02. In fact, Observation 3 holds for any LexBFS of any cograph. Unfortunately,
as seen in Fig. 3, the vertices in SA(x) are not partitioned into their respective
subtrees. Naturally, we would like to have a similar relationship for the T x1i

x [y w z u v] 

a

d

cb

[a] [d c b]

0

1

0

0

R

uv
w y

z
x

σ :

1
1

0

1

1

Fig. 3. The pairing of slices with subtrees T x
0i.

subtrees. Recall Observation 1 that the cotree T of G is exactly T with the 0
and 1 nodes interchanged. Thus a LexBFS of the complement graph G, starting
at x, should partition vertices into slices of leaves of the subtrees T x1i.

Akin to the notation for slices of σ, we denote an arbitrary slice in σ by S.
Similarly, the sequence of subslices of a slice S for which x is the first vertex is
as follows:

– vertices adjacent to x in G are denoted by SA(x) and
– subslices of vertices not adjacent to x are denoted by the sequence 〈SNi (x)〉 =
SN1 (x), SN2 (x), . . . ,SNk (x).
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As expected, a LexBFS of G starting at x, does indeed define a partitioning
of the initial slice S = V into x, SA(x), 〈SN (x)〉 where each SNi (x) contains
exactly the leaves of T x1i in the embedding T .

Referring to Fig. 3 again, a LexBFS of G starting at x supports our claim,
for example,

σ : x[dacb][z][uwyv], (1)

reveals that SN
1 (x) = [z] contains the leaf of Tx

11 and SN
2(x) = [uwyv] con-

tains the leaves of Tx
12. As with Observation 3, this property generalizes to any

LexBFS of the complement of any cograph.
As mentioned, it is necessary that the LexBFS σ start at x in order to

determine the correct T x1i leaves on the path Px and in general, for any cograph,
σ must start at the same vertex as σ. In addition, the hope is that the above
observations about slices and subtrees applies recursively within each subtree.
Specifically, the subslices of SNi (x) defined by σ should determine the leaves of
the subtrees of T x1i. Similarly, the recursion should hold for the subslices of SNi (x)
of σ and the subtrees of T x0i.

Recall Observation 2 which says that the subgraph H of G induced by the
leaves of T x1i is a cograph. Additionally we know that SNi (x) contains the leaves
of T x1i. Therefore, if y is the first vertex of SNi (x), define Py to be the path from
y to the root of T x1i. We can now define the subtrees T y0j and T y1j rooted on Py.

Since SNi (x) contains the leaves of T x1i, the vertices of SNi (x) induce H.
Therefore the LexBFS σ restricted to SNi (x) is a LexBFS of H and assuming
that y is the first vertex of SNi (x), σ partitions SNi (x) into y, SA(y), 〈SN (y)〉.
Therefore, in H or equivalently T x1i, each SNj (x) contains exactly the leaves of
T y1j .

However, we still need to resolve which leaves of T x1i belong to which T y0j .
This requires that σ contain a sequence of slices 〈SN (y)〉 such that each SNj (y)
contains the leaves of each T y0j . Notice that this implies that at the very least,
σ number y before numbering any vertices of the sequence 〈SN (y)〉, i.e. before
the leaves of each subtree T y0j . In fact, it turns out that σ must number y before
all other leaves in T x1i.

Returning to the slice SNi (x), recall that the selection process for choosing
the first vertex to be numbered is arbitrary in that it is simply the first vertex
in the leftmost partition. Consider selecting vertex y from SNi (x) such that
y appears earliest in the ordering σ. This ensures that in σ, y is numbered
before any other vertex in SNi (x), i.e. before any other leaf in T x1i. This new tie
breaking mechanism defines a new variant of LexBFS referred to as LexBFS−

or LexBFS minus.
Figure 4 indicates the recursion on the subtree T x12 using a LexBFS− on G.

Notice that the LexBFS− version of σ in Fig. 4 is different than the arbitrary
LexBFS of G chosen in (1) above.
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Fig. 4. LexBFS− of G.

2.2 LexBFS−

Definition 3 A LexBFS−(G, σ) is a LexBFS of the complement graph G that
uses a previous LexBFS σ of G to break ties. That is, a vertex x of a slice S is
selected if its index in σ is smallest.

Observe that given a graph G, a LexBFS of G is found by implementing Algo-
rithm LexBFS with P ′ inserted to the right of Pj at line 12. In addition, the
implementation of the LexBFS− tie breaking mechanism mirrors the implemen-
tation of LexBFS+. In particular, if the initial partition P used by Algorithm
LexBFS is assigned the exact ordering of the previous sweep, then the minus
tie breaking mechanism is implemented automatically.

Lemma 1 LexBFS−(G, σ) can be implemented in linear time with respect to G.

As shown in Algorithm Recognize Cograph, the new cograph recognition
algorithm implements three sweeps leading to the following notation and theo-
rem. Let τ denote the initial LexBFS ordering, σ1 denote the second ordering
resulting from LexBFS−(G, τ) and σ2 denote the third ordering resulting from
LexBFS(G, σ1).

Theorem 1 If G = (V,E) is a cograph with σ1 and σ2 as defined above, then
the cotree T of G can be built in linear time from the slice sequences 〈SN (v)〉
(as determined by σ2) and 〈SN (v)〉 (as determined by σ1) for each v ∈ V .

In the next section we describe various aspects of Algorithm Recog-
nize Cograph, including details of how to construct the cotree if the input
graph is a cograph.
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3 The Cograph Recognition Algorithm

Having computed σ1 and σ2, Algorithm Recognize Cograph determines
whether σ1 and σ2 satisfy the Neighbourhood Subset Property and if so, calls
Construct Cotree described in the following section.

3.1 Constructing the Cotree

Algorithm Construct Cotree is a high level description of the algorithm
to build the cotree. An indication of theorems needed for the correctness of the
algorithm follows with complete implementation and proof details available in
the journal version of the paper.

The algorithm to build the cotree walks through the sequences 〈SN (v)〉 and
〈SN (v)〉 for each vertex v ∈ V , and builds a path Pvr from v to the root r of the
subtree containing all vertices in 〈SN (v)〉⋃〈SN (v)〉. For each 0vi node on Pvr,
the algorithm is recursively called to build the subtree T v0i and likewise for each
1vi node and the subtree T v1i.

Algorithm Construct Cotree(S)
Global Var: Slice sequences 〈SN (v)〉, 〈SN (v)〉, ∀v ∈ V ,

defined by σ1 and σ2.
Input: S: the current slice
Output: The cotree of G(S)
x← S[1]; Assign x the 1st vertex of the slice S
Starting at x construct a path T of alternating 0 and 1 nodes where each 0

node is represented by the slice SNi (x) and each 1 node by SNi (x)
for each i

Assign to the ith 0 node the subtree Construct Cotree(SNi (x));
Assign to the ith 1 node the subtree Construct Cotree(SNi (x));

return( T );
end Construct Cotree

Correctness. For the following two Lemmas, we assume that a graph G =
(V,E), and LexBFS− σ1 and LexBFS− σ2 are given. Let S be a slice of σ2 such
that S contains the vertices of a subtree t of T (possibly T itself). Let r represent
the root of t. If v is the first vertex of S, then the path from v to r is Pvr.

Lemma 2 Each slice SNi (v) in the sequence 〈SN (v)〉 contains the vertices of the
subtree T v0i rooted on Pvr. Similarly, each slice SNi (v) in the sequence 〈SN (v)〉
contains the vertices of the subtree T v1j.
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Lemma 3 Let x be the first vertex in the ordering σ2 (and therefore the first
vertex in the ordering σ1). The path PxR from x to the root R of the cotree TG
of G can be constructed from the slice sequences 〈SN (x)〉 and 〈SN (x)〉.
Lemmas 2 and 3 are the driving force behind Theorem 2.

Theorem 2 Given σ1 and σ2 of a cograph G, the cotree TG can be constructed
from the slices of σ1 and σ2.

3.2 The Neighbourhood Subset Property

Recall that during a LexBFS, a slice is a set of vertices all with equal neighbour-
hood of numbered vertices. Therefore it is natural to talk about the numbered
neighbourhood of a slice at the time that it is defined.

Definition 4 Given a slice SNi (v) we define the numbered neighbourhood of
SNi (v) to be

Ni(v) = {y | y numbered and y ∈ N(z), ∀z ∈ SNi (v)} .
Similarly we define the neighbourhood of a subtree T v0i to be

Nv
0i = {y | y 
∈ T v0i and y ∈ N(z),∀z ∈ T v0i} .

Lemma 4 Let T v0i and T
v
0i+1 be subtrees on the path PvR. The following hold:

– The leaves of T v0i are not adjacent to any leaves of T v0i+1.
– Nv

0i+1 ⊂ Nv
0i

A similar lemma appears in [7].

Definition 5 A LexBFS satisfies the Neighbourhood Subset Property iff

Ni+1(v) ⊂ Ni(v),∀v ∈ V,∀i ≥ 1 .

Lemma 4 coupled with the fact that for cographs, the vertices of SNi (v) and
SNi (v) are exactly the leaves of T v0i and T v1i respectively, forms the basis of the
proof of Theorem 3.

Theorem 3 Given graph G = (V,E) and σ1 and σ2 of Algorithm Recog-
nize Cograph(G). G is a cograph iff σ1 and σ2 satisfy the Neighbourhood
Subset Property.

If a pair of slices of a LexBFS fail the Neighbourhood Subset Property then by
Theorem 3, a P4 exists. In addition, the point where the condition fails provides
a starting point to construct a P4 from the numbered neighbourhoods of the
slices. This is accomplished by algorithm Construct P4.

Lemma 5 Given a pair of slices SNi (v) and SNi+1(v) failing the Neighbourhood
Subset Property, a P4 can be constructed in O(|N(v)|) time.

In conclusion, the complexity of Algorithm Recognize Cographs(G) is
linear in time and space.
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Abstract. We study backbone colorings, a variation on classical vertex
colorings: Given a graph G = (V, E) and a spanning subgraph H (the
backbone) of G, a backbone coloring for G and H is a proper vertex col-
oring V → {1, 2, . . .} in which the colors assigned to adjacent vertices in
H differ by at least two. We concentrate on the cases where the backbone
is either a spanning tree or a spanning path.
For tree backbones of G, the number of colors needed for a backbone
coloring of G can roughly differ by a multiplicative factor of at most
2 from the chromatic number χ(G); for path backbones this factor is
roughly 3

2 . In the special case of split graphs G, the difference from χ(G)
is at most an additive constant 2 or 1, for tree backbones and path
backbones, respectively. The computational complexity of the problem
‘Given a graph G, a spanning tree T of G, and an integer �, is there
a backbone coloring for G and T with at most � colors?’ jumps from
polynomial to NP-complete between � = 4 (easy for all spanning trees)
and � = 5 (difficult even for spanning paths).

1 Introduction and Related Research

Our work is motivated by the general framework for coloring problems related
to frequency assignment. In this application area graphs are used to model the
topology and mutual interference between transmitters (receivers, base stations):
the vertices of the graph represent the transmitters; two vertices are adjacent
in the graph if the corresponding transmitters are so close (or so strong) that
they are likely to interfere if they broadcast on the same or ‘similar’ frequency
channels. The problem in practice is to assign the frequency channels to the
transmitters in such a way that interference is kept at an ‘acceptable level’.
This has led to various different types of coloring problems in graphs, depending
on different ways to model the level of interference, the notion of similar fre-
quency channels, and the definition of acceptable level of interference (See e.g.
[13],[18]). One way of putting these problems into a more general framework is
the following.
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For a given graph G2 and for a given spanning subgraph G1 of G2,
determine a vertex coloring that satisfies certain restrictions of type 1 in
G1, and certain restrictions of type 2 in G2.

Many known coloring problems related to frequency assignment fit into this
general framework: First of all suppose that G2 = G2

1, i.e. G2 is obtained from
G1 by adding edges between all pairs of vertices that are at distance 2 in G1.
If one just asks for a proper vertex coloring of G2 (and G1), this is known as
the distance-2 coloring problem. Research has concentrated on the case that G1
is a planar graph. We refer to [1], [3], [4], [16], [19], and [20] for more details.
In some versions of this problem one puts the additional restriction on G1 that
the colors should be sufficiently separated, in order to model practical frequency
assignment problems in which interference should be kept at an acceptable level.
One way to model this is to use positive integers for the colors (modeling certain
frequency channels) and to ask for a coloring of G1 and G2 such that the colors
on adjacent vertices in G2 are different, whereas they differ by at least 2 on
adjacent vertices in G1. This problem is known as the radio coloring problem
and has been studied in [2], [5], [6], [7], [8], [9], and [17].

The so-called radio labeling problem models a practical setting in which all
assigned frequency channels should be distinct, with the additional restriction
that adjacent transmitters should use sufficiently separated frequency channels.
Within the above framework this can be modeled by considering the graph G1
that models the adjacencies of n transmitters, and taking G2 = Kn, the complete
graph on n vertices. The restrictions are clear: one asks for a proper vertex
coloring of G2 such that adjacent vertices in G1 receive colors that differ by at
least 2. We refer to [12] and [15] for more particulars.

In this paper, we model the situation that the transmitters form a network
in which a certain substructure of adjacent transmitters (called the backbone)
is more crucial for the communication than the rest of the network. This means
we should put more restrictions on the assignment of frequency channels along
the backbone than on the assignment of frequency channels to other adjacent
transmitters. The backbone could e.g. model so-called hot spots in the network
where a very busy pattern of communications takes place, whereas the other
adjacent transmitters supply a more moderate service. We consider the prob-
lem of coloring the graph G2 (that models the whole network) with a proper
vertex coloring such that the colors on adjacent vertices in G1 (that model the
backbone) differ by at least 2. Throughout the paper we consider two types of
backbones: spanning trees and a special type of spanning trees that are better
known as Hamiltonian paths.

1.1 Terminology and Notation

All graphs in this paper are connected, finite, simple, and undirected. Consider
a graph G = (V, E) with a spanning tree T = (V, ET ). A vertex coloring f of V
is proper, if |f(u)− f(v)| ≥ 1 holds for all edges uv ∈ E. A vertex coloring is a
backbone coloring for (G, T ), if it is proper and if additionally |f(u)− f(v)| ≥ 2
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holds for all edges uv ∈ ET in the spanning tree T . The chromatic number χ(G) is
the smallest integer k for which there exists a proper coloring f : V → {1, . . . , k}.
The backbone coloring number bbc(G, T ) of (G, T ) is the smallest integer � for
which there exists a backbone coloring f : V → {1, . . . , �}. When dealing with
colorings, we say that two colors z1 and z2 are adjacent if and only if |z1−z2| = 1.

A Hamiltonian path of the graph G = (V, E) is a simple path that contains
all the vertices of G. A split graph is a graph whose vertex set can be partitioned
into a clique (i.e. a set of mutually adjacent vertices) and an independent set (i.e.
a set of mutually nonadjacent vertices), with possibly edges in between. The size
of a largest clique in G is denoted by ω(G). Split graphs are perfect graphs, and
hence satisfy χ(G) = ω(G).

1.2 Results

We start our investigations of the backbone coloring number by analyzing its re-
lation to the classical chromatic number. How far away from χ(G) can bbc(G, T )
be in the worst case? To answer this question, we introduce for integers k ≥ 1
the values

T (k) := max { bbc(G, T ) : T is a spanning tree of G, and χ(G) = k}
It turns out that this function T (k) behaves quite primitively:

Theorem 1 T (k) = 2k − 1 for all k ≥ 1.

The upper bound T (k) ≤ 2k − 1 in this theorem in fact is straightforward to
see. Indeed, consider a proper coloring of G with colors 1, . . . , χ(G), and replace
every color i by a new color 2i− 1. The resulting coloring uses only odd colors,
and hence constitutes a ‘universal’ backbone coloring for any spanning tree T of
G. The proof of the matching lower bound T (k) ≥ 2k − 1 is more involved and
will be presented in Section 2.

Next, let us discuss the situation where the backbone tree is a Hamiltonian
path. Similarly as with spanning trees, we introduce for integers k ≥ 1 the values

P(k) := max { bbc(G, P ) : P is a Hamiltonian path of G, and χ(G) = k}
In Section 3 we will exactly determine all these values P(k) and observe that they
roughly grow like 3k/2. Their precise behavior is summarized in the following
theorem.

Theorem 2 For k ≥ 1 the function P(k) takes the following values:

(a) For 1 ≤ k ≤ 4: P(k) = 2k − 1;
(b) P(5) = 8 and P(6) = 10;
(c) For k ≥ 7 and k = 4t: P(4t) = 6t;
(d) For k ≥ 7 and k = 4t + 1: P(4t + 1) = 6t + 1;
(e) For k ≥ 7 and k = 4t + 2: P(4t + 2) = 6t + 3;
(f) For k ≥ 7 and k = 4t + 3: P(4t + 3) = 6t + 5;
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Next, let us turn to the special case of backbone colorings on split graphs.
Split graphs were introduced by Hammer & Földes [14]; see also the book [11]
by Golumbic. They form an interesting subclass of the class of perfect graphs.
The combinatorics of most graph problems becomes easier when the problem is
restricted to split graphs. The following theorem is a strengthening of Theorems
1 and 2 for the special case of split graphs. Because of space restrictions, its
proof has been moved to the full version of this extended abstract.

Theorem 3 Let G = (V, E) be a split graph.

(a) For every spanning tree T in G, bbc(G, T ) ≤ χ(G) + 2.
(b) If ω(G) �= 3, then for every Hamiltonian path P in G, bbc(G, P ) ≤ χ(G)+1.

Both bounds are best possible.
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Fig. 1. A split graph G with a Hamiltonian path P (bold edges), such that χ(G) = 3
and bbc(G, P ) = 5.

Let us show here why for split graphs with clique number 3 the statement in
Theorem 3.(b) does not work. Consider the split graph G on five vertices from
Figure 1. Vertices v, u, w form a clique, vertex a is adjacent to v, u and vertex b
is adjacent to u, w. The clique number (and hence the chromatic number) of this
graph is equal to 3. Let P = (a, v, u, w, b) be the Hamiltonian path. We claim
that bbc(G, P ) > χ(G) + 1. To the contrary, assume that G, P has a backbone
coloring with colors 1,2,3,4. It is easy to see that u can not be colored with
color 2 or 3; otherwise we are forced to use the same color for v and w, a clear
contradiction. Now suppose that u is colored with color 1 (the case when u is
colored with color 4 is similar). Then one of its neighbors in P must have color
3 and the other one color 4. Without loss of generality assume that v has color
3. Vertex a is adjacent in P to v, so the colors 2,3,4 are forbidden for a and the
only valid color for a is 1. But a is adjacent in G to u which has color 1 as well.
This contradiction completes the proof of the claim.



Backbone Colorings for Networks 135

Finally, we discuss the computational complexity of computing the backbone
coloring number: “Given a graph G, a spanning tree T , and an integer �, is
bbc(G, T ) ≤ �?” Of course, this general problem is NP-complete. It turns out
that for this problem the complexity jump occurs between � = 4 (easy for all
spanning trees) and � = 5 (difficult even for Hamiltonian paths).

Theorem 4

(a) The following problem is polynomially solvable for any � ≤ 4: Given a graph
G and a spanning tree T , decide whether bbc(G, T ) ≤ �.

(b) The following problem is NP-complete for all � ≥ 5: Given a graph G and a
Hamiltonian path P , decide whether bbc(G, P ) ≤ �.

2 Tree Backbones and the Chromatic Number

This section is devoted to a proof of the lower bound statement T (k) ≥ 2k − 1
in Theorem 1. Consider some arbitrary k ≥ 1. We will construct a graph G with
chromatic number χ(G) = k, and a spanning tree T of G, such that bbc(G, T ) =
2k − 1.

The graph G is a complete k-partite graph that consists of k independent
sets V1, . . . , Vk that are all of cardinality kk. Clearly, χ(G) = k. The spanning
tree T is defined as the final tree in the following inductive construction: The
tree T0 is a star with root in V1 and k− 1 leaves in the k− 1 sets V2, . . . , Vk, one
in each set. For j = 1, . . . , k the tree Tj is constructed from the tree Tj−1, by
creating k− 1 new vertices for every vertex v in Tj−1 and by attaching them to
v. If v is in the set Vq, then every independent set Vi with i �= q contains exactly
one of these new vertices. Note that all newly created vertices are leaves in the
tree Tj . It is easy to see that the tree Tj consists of kj+1 vertices that are equally
distributed among the sets V1, . . . , Vk. We denote the vertex set of Tj by V (Tj).
Note that V (Tj) ⊂ V (Tj+1).

Consider a backbone coloring of (G, T ) with � colors where T = Tk is the
final tree in the above sequence of trees. Since G is complete k-partite, any color
that is used in some set Vi cannot be used in any Vj with j �= i. We denote by
Ci the set of colors that are used on vertices in Vi. We now go through a number
of steps; in every step, the colors in one of the color sets Ci are labeled with the
labels A and B.

(Step s). If there exists some (yet unlabeled) color set Ci such that |Ci|−1
of the colors in Ci are adjacent to a color with label A, then: Label these
|Ci| − 1 colors by label B. Label the remaining color in Ci by label A.

Eventually, there will be no more color class that satisfies the condition in the
if-part: Either, all colors have been labeled, or each of the remaining unlabeled
color classes contains at least two colors that are not adjacent to any color with
label A. If this is the case at the start, then |Ci| ≥ 2 for all i, and we obtain
� ≥ 2k. We denote by a ≤ k the number of steps performed; we assume a ≥ 1.
We denote by π(s) (s = 1, . . . , a) the index of the color set that is labeled in
step s. Moreover, we denote by cπ(s) the unique color in Cπ(s) that is labeled A.
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Lemma 5 For any integer s with 1 ≤ s ≤ a the following statements hold.
(L1). The backbone coloring colors all vertices in V (Tk−s)∩ Vπ(s) with cπ(s).
(L2). The color cπ(s) is not adjacent to any color cπ(q) with q < s.

Proof. The proofs of (L1) and (L2) are done simultaneously by induction on s.
In step s = 1, only a color class Cπ(1) with |Cπ(i)| = 1 can be labeled. Then
the (unique) color in Cπ(1) is labeled by A, and thus becomes color cπ(1). But
by the definition of Cπ(1), in this case all vertices in Vπ(1) are colored by cπ(1).
Statement (b) is trivial for s = 1.

Now assume that we have proved the statements up to step s − 1 < a, and
consider step s. Every color in Cπ(s) − {cπ(s)} (if any) is labeled by B, and is
adjacent to some color that has been labeled by A in an earlier step. Let D be
the set of these adjacent colors. By the inductive assumption, the colors in D
are the only possible colors (from their corresponding color sets) that can be
used on the vertices in V (Tk−s+1). Every vertex v in V (Tk−s)∩Vπ(s) is adjacent
to k − 1 leaves in Tk−s+1, and therefore all the colors in D show up on these
leaves. Consequently, they block all colors from Cπ(s) for vertex v except color
cπ(s). This proves statement (L1). In case color cπ(s) was adjacent to some color
x labeled by A in an earlier step, the above argument with D∪{x} instead of D
yields that there is no possible color for vertex v. This proves statement (L2). 	


Let LA denote the set of colors that are labeled by A. Since every step labels
exactly one color by A, |LA| = a. Let L+ denote the set of colors z for which z−1
is in LA; clearly, |L+| ≥ |LA| − 1 = a − 1. By statement (L2) in Lemma 5, the
sets L+ and LA are disjoint. Moreover, there are k− a color sets with unlabeled
colors. Since they do not meet the condition in the if-part of the labeling step,
each of them contains at least two colors that are not adjacent to any color with
label A. These 2(k − a) colors are not contained in LA ∪ L+. To summarize, we
have found |LA|+ |L+|+ 2(k − a) pairwise distinct colors in the range 1, . . . , �.
Therefore,

� ≥ |LA|+ |L+|+ 2(k − a) ≥ a + (a− 1) + 2(k − a) = 2k − 1.

Note that these arguments also go through in the extremal case a = k. This
completes the proof of the lower bound statement in Theorem 1.

3 Path Backbones and the Chromatic Number

This section is devoted to a proof of Theorem 2. The upper bound is proved in
Section 3.1 by case distinctions. The lower bound is proved in Section 3.2; this
proof uses a similar idea as the proof in Section 2, but the actual arguments are
quite different.

3.1 Proof of the Upper Bounds

We start with statement (c) in Theorem 2. Hence, consider a graph G = (V, E)
with χ(G) = 4t for some t ≥ 2, and let V1, . . . , V4t denote the corresponding inde-
pendent sets in the 4t-coloring. Furthermore, let P = (V, EP ) be a Hamiltonian
path in G. Consider the following color sets:
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– For i = 1, . . . , 3t, we define the color set Ci = {2i− 1}.
– For i = 1, . . . , t, we define the color set C ′

i = {2i, 2t + 2i, 4t + 2i}.

Note that these 4t color sets are pairwise disjoint, and that all the used colors
are from the range 1, . . . , 6t.

We construct a backbone coloring for (G, P ) that for i = 1, . . . , 3t colors the
vertices in the independent set Vi with the color in color set Ci, and that for
i = 1, . . . , t colors the vertices in the independent set V3t+i with one of the three
colors in color set C ′

i. The vertices in V3t+1, . . . , V4t are colored greedily and
in arbitrary order: Consider some vertex v in V3t+i that is to be colored with
one of the colors 2i, 2t + 2i, 4t + 2i. In the worst case, the neighbors of v along
the Hamiltonian path P have already been colored by colors x and y, and thus
forbid the four colors x− 1, x + 1, y− 1, y + 1 for vertex v. Since t ≥ 2, the three
colors in C ′

i = {2i, 2t+ 2i, 4t+ 2i} are pairwise at distance at least four, whereas
x − 1, x + 1 and y − 1, y + 1 are at distance two. Therefore, the intersection
C ′
i ∩ {x− 1, x + 1, y − 1, y + 1} contains at most two elements, and C ′

i contains
at least one feasible color for vertex v. This completes the proof of P(4t) ≤ 6t
for all t ≥ 2.

The cases k = 4t + 1, k = 4t + 2, k = 4t + 3 with t ≥ 2 follow by simple
modifications of the above argument: For k = 4t+1, we add the color set C3t+1 =
{6t+ 1}. For k = 4t+ 2, we furthermore add the color set C3t+2 = {6t+ 3}. And
for k = 4t + 3, we furthermore add the color set C3t+3 = {6t + 5}. This proves
P(4t + 1) ≤ 6t + 1, P(4t + 2) ≤ 6t + 3, and P(4t + 3) ≤ 6t + 5 for all t ≥ 2, and
settles the upper bounds in Theorem 2 for all k ≥ 8.

The upper bounds in Theorem 2 for all k ≤ 4 follow trivially from Theorem 1.
For k = 5, we use the above argument with five color sets

D1 = {1}, D2 = {3}, D3 = {5}, D4 = {8}, D5 = {2, 6, 7}.

For k = 6, we add a sixth color set D6 = {10}. Finally, for k = 7 we use the seven
color sets D′

1 = {1}, D′
2 = {3}, D′

3 = {5}, D′
4 = {7}, D′

5 = {9}, D′
6 = {11},

and D′
7 = {2, 6, 10}. These three constructions prove P(5) ≤ 8, P(6) ≤ 10, and

P(7) ≤ 11. The proof of the upper bounds in Theorem 2 is complete.

3.2 Proof of the Lower Bounds

We consider a complete k-partite graph G with k ≥ 2 that consists of k in-
dependent sets V1, . . . , Vk that are all of cardinality 2Πk. Here Πk denotes the
number of different permutations of 1, 1, 2, 2, 3, 3, . . . , k, k in which no two sub-
sequent symbols are the same. It is routine to deduce by inclusion-exclusion that
Πk =

∑k
j=0(−1)j

(
k
j

) (2k−j)!
2k−j . The Hamiltonian path P consists of Πk segments

with 2k vertices each. Every such segment visits every independent set exactly
twice, since we let each segment correspond to one permutation π of the 2k in-
dices 1, 1, 2, 2, 3, 3, . . . , k, k that contributes to the total number of Πk defined
before, and we let the segment visit the independent sets exactly in the order
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Vπ(1), Vπ(2), . . . , Vπ(2k). Since G is complete k-partite it is clear that these seg-
ments can be combined (in many ways) to form a Hamiltonian path in G. It is
also obvious that χ(G) = k.

Consider some fixed backbone coloring of (G, P ) with � colors. Since G is
complete k-partite, any color that shows up in some set Vi cannot show up in
any Vj with j �= i. We denote by Ci the set of colors that are used on vertices
in Vi. If |Ci| = 1, then Vi is called mono-chromatic; if |Ci| = 2, then Vi is bi-
chromatic; if |Ci| ≥ 3, then Vi is poly-chromatic. We denote by s1, s2, and s3 the
number of mono-chromatic, bi-chromatic, and poly-chromatic sets, respectively.
Then clearly

s1 + s2 + s3 = k (1)

and
s1 + 2s2 + 3s3 ≤ �. (2)

Colors that are used on mono-chromatic, bi-chromatic, poly-chromatic sets, are
called mono-chromatic, bi-chromatic, poly-chromatic colors, respectively. We say
that two bi-chromatic colors x, y with 1 ≤ x < y ≤ � are partner colors, if
Ci = {x, y} holds for some bi-chromatic set Vi.

Clearly, we may assume there are mono-chromatic colors. Now consider the
following process that labels some of the colors in {1, 2, . . . , �} with the labels A
and B, and that creates a number of arcs among the labeled colors.

(Phase 1). All mono-chromatic colors are labeled by label A.
(Phase 2). Repeat the following step over and over again, as long as the
condition in the if-part is met:
If there exists an unlabeled bi-chromatic color y that is adjacent to an-
other color z that has already been labeled A at an earlier point in time,
then y is labeled B and its partner color x is labeled A. Moreover, we
create an arc going from z to y, and another arc going from y to x.

This process eventually terminates, since the step in the second phase can be
performed at most s2 times. We denote by a and b the number of A-labels and
B-labels in the final situation after termination.

Lemma 6 After termination, the following properties are satisfied.

(T1) a = b + s1.
(T2) For every labeled color z, there is a unique directed path from some

mono-chromatic color to z.
(T3) Out of two adjacent colors z and z + 1, at least one is not labeled A.

Proof. Proof of (T1). After the first phase, there are exactly s1 colors with A-
labels and no vertices with B-labels. Every time the step in the second phase is
performed, exactly one new label A and one new label B are created.

Proof of (T2). This is straightforward from the definition of the second phase.
Proof of (T3). Suppose for the sake of contradiction that the adjacent colors

z and z + 1 are both labeled A. By (T2), there exists a directed path from some
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mono-chromatic color xφ(0) to z (note that xφ(0) = z might hold). This path goes
through colors xφ(0), yφ(1), xφ(1), yφ(2), xφ(2), . . ., yφ(f), xφ(f), with xφ(f) = z.
Every color xφ(i) has an A-label, and every color yφ(i) has a B-label. Every
color yφ(i) is adjacent to color xφ(i−1). Moreover, the colors xφ(i) and yφ(i) are
used on the independent set Vφ(i). By similar considerations, we find a directed
path from some mono-chromatic color xψ(0) to z + 1 that goes through colors
xψ(0), yψ(1), xψ(1), . . ., yψ(g), xψ(g), with xψ(g) = z + 1. Every color xψ(i) has an
A-label, and every color yψ(i) has a B-label. Colors xψ(i) and yψ(i) are used on
the independent set Vψ(i).

Note that the colors in the directed path from xφ(0) to z are pairwise distinct,
and that the colors in the directed path from xψ(0) to z +1 are pairwise distinct.
By the construction of the complete k-partite graph G, there exists a subpath
Q of the Hamiltonian path P that visits the independent sets in the ordering

Vφ(0), Vφ(1), Vφ(2), . . . , Vφ(f), Vψ(g), Vψ(g−1), Vψ(g−2), . . . , Vψ(1), Vψ(0).

Let vφ(i) and v′
ψ(j) be the corresponding vertices on Q. What are the possible

colors for these vertices in the backbone coloring under investigation? Vertex
vφ(0) is in a mono-chromatic set, and so it must get color xφ(0). Vertex vφ(1) is in
a bi-chromatic set, and can be colored by color xφ(1) or by color yφ(1). However,
vφ(0) is adjacent to vφ(1), and its color xφ(0) is adjacent to yφ(1). Therefore, vφ(1)
must be colored by xφ(1). Analogous arguments show that every vertex vφ(i) is
colored by color xφ(i), and that every vertex v′

ψ(i) is colored by color xψ(i).
Now we arrive at the desired contradiction: Vertex vφ(f) is colored by color

xφ(f) = z, vertex v′
ψ(g) is colored by color xψ(g) = z + 1, and hence two adjacent

vertices on the backbone are colored by adjacent colors. 	

Let L denote the set of colors z for which z+1 is labeled A after termination.

If color 1 is labeled A, then |L| = a − 1, and otherwise |L| = a. In any case,
|L| ≥ a−1. No color in L can be labeled A, since this would contradict property
(T3) in Lemma 6. At most b of the colors in L can be labeled B. Hence, L
contains at least a− 1− b = s1 − 1 unlabeled colors, where the equation follows
from (T1). None of these s1−1 unlabeled colors can be bi-chromatic; otherwise,
there would be another possible step in the second phase. Hence, these s1 − 1
unlabeled colors in L must all be poly-chromatic. Among the � colors used by
the backbone coloring, there are s1 mono-chromatic ones, 2s2 bi-chromatic ones,
and at least s1 − 1 poly-chromatic ones. Therefore,

2s1 + 2s2 − 1 ≤ �. (3)

Adding inequality (2) to inequality (3), and subtracting three times the equation
in (1) yields

3k + s2 − 1 ≤ 2�. (4)

Since s2 is non-negative, (4) implies that � ≥ �(3k − 1)/2�. For the three cases
(c) k = 4t, (d) k = 4t + 1, (e) k = 4t + 2 in Theorem 2 this already implies the
claimed lower bounds (c) � ≥ 6t, (d) � ≥ 6t + 1, and (e) � ≥ 6t + 3, respectively.
The case (f) k = 4t + 3 can be handled as follows: If s1 + s2 ≥ 3t + 3, then (3)
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implies � ≥ 6t + 5. If s1 + s2 ≤ 3t + 2, then subtracting three times (1) from (2)
yields

�− 3k ≥ − 2s1 − s2 ≥ − 2(s1 + s2) ≥ − 6t− 4,

and hence � ≥ 6t + 5 as desired in statement (f).

3.3 The Lower Bounds for the Small Cases

It remains to settle the ‘small’ cases k ≤ 6 in statements (a) and (b) of Theo-
rem 2. The cases k = 1 and k = 2 are trivial.

Proof of the Case k=3. Suppose that for the case k = 3 there is a backbone
coloring of (G, T ) with � ≤ 4 colors. Then the equations and inequalities (1)–(4)
do not have any solution s1, s2, s3 over the non-negative integers. This settles
the case k = 3.

Proof of the Case k=4. Suppose that for the case k = 4 there is a backbone
coloring of (G, T ) with � ≤ 6 colors. Then the equations and inequalities (1)–(4)
have s1 = 3, s2 = 0, s3 = 1 as unique solution over the non-negative integers.
Up to symmetric cases Lemma 6.(T3) only allows C1 = {1}, C2 = {3}, C3 = {5}
and C1 = {1}, C2 = {3}, C3 = {6} as mono-chromatic color sets. In the first
case C4 = {2, 4, 6} and in the second case C4 = {2, 4, 5}. There exists a vertex
v ∈ V4 that is adjacent to vertices from C2 and from C3 on the Hamiltonian
path P . In either case, there is no feasible color for this vertex v, and we arrive
at the desired contradiction.

Proof of the Case k=5. Suppose for the sake of contradiction that for the case
k = 5 there is a backbone coloring of (G, T ) with � ≤ 7 colors. Then the equations
and inequalities (1)–(4) have s1 = 4, s2 = 0, s3 = 1 as unique solution over the
non-negative integers. By Lemma 6.(T3), the only possible mono-chromatic color
sets are C1 = {1}, C2 = {3}, C3 = {5}, C4 = {7}. Hence, the poly-chromatic
color set must be C5 = {2, 4, 6}. But there exists a vertex v ∈ V5 that is adjacent
to vertices from C2 and from C3 on the Hamiltonian path P . Hence, there is no
feasible color for v and we arrive at the desired contradiction.

Proof of the Case k=6. Suppose that for the case k = 6 there is a backbone
coloring of (G, T ) with � ≤ 9 colors. Then the equations and inequalities (1)–(4)
have only two solutions over the non-negative integers: s1 = 5, s2 = 0, s3 = 1,
or s1 = 4, s2 = 1, s3 = 1. Using Lemma 6.(T3), the first solution yields only one
possibility for the mono-chromatic color sets, with colors 1,3,5,7,9, respectively.
Since there exists a vertex v in the poly-chromatic set that is adjacent to vertices
with colors 3 and 7 in P , there is no feasible color for v. We continue with the
second solution. Suppose the colors c1, c2, c3 and c4 for the mono-chromatic color
sets C1, C2, C3, C4 are chosen in increasing order, and let C5 and C6 denote the
bi-chromatic and poly-chromatic color set, respectively. For a vertex v5 ∈ V5 and
a vertex v6 ∈ V6 that are adjacent to vertices with colors c2 and c4 on P , we have
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no feasible color within the set {c1, c2 − 1, c2, c2 + 1, c3, c4 − 1, c4} of different
colors, and we obtain an extra forbidden color if c4 �= 9. We conclude that c4 = 9,
and by symmetry (using c3 and c1) that c1 = 1. If c3 �= c2+2, then by considering
two vertices from V5 and V6 that are adjacent to vertices with colors c2 and c3 on
P , we obtain the eight forbidden colors 1, c2 − 1, c2, c2 + 1, c3 − 1, c3, c3 + 1, and
9, so we cannot color both of these vertices. Hence, c3 = c2 + 2. There remain
two possibilities, up to symmetry: c2 = 3 (or 5) or c2 = 4.

If c2 = 4, we have mono-chromatic colors 1,4,6,9; we obtain a contradiction in
the following way: considering vertices v5 ∈ V5 and v6 ∈ V6 adjacent to vertices
with colors 1 and 6 in P , we deduce that colors 3 and 8 are not in the same set;
similarly with colors 4 and 6, we deduce that colors 2 and 8 are in different sets;
finally with colors 6 and 9, we obtain that colors 2 and 3 are in different sets,
which is absurd.

We are left with the case that c2 = 3, and with mono-chromatic colors
1,3,5,9. Using colors 3 and 5 as in the previous case, we conclude that colors
7 and 8 cannot be in the same set (V5 or V6); using colors 3 and 9, the same
holds for colors 6 and 7; using colors 5 and 9, the same holds for colors 2 and 7.
The only possibility is a bi-chromatic set C5 = {4, 7} and a poly-chromatic set
C6 = {2, 6, 8}. Now consider a subpath Q of P on four vertices visiting the sets
in the order V2, V5, V6, V2. Since V2 has color 3, the only possible color on Q in
V5 is 7, and we cannot find a feasible color on Q in V6, our final contradiction.

4 The Complexity Results

We only prove the negative results in statement (b) of Theorem 4. The arguments
for the positive results in statement (a) can be found in the full version of this
extended abstract. The NP-hardness reduction is done from the NP-complete
classical �-coloring problem (see Garey & Johnson [10] for more information):
Given a graph H = (VH , EH), does there exist a proper �-coloring of H?

Let H = (VH , EH) be an instance of �-coloring, and let v1, v2, . . . , vn be
an enumeration of the vertices in VH . We create 3(n − 1) new vertices ai, bi, ci
with 1 ≤ i ≤ n − 1. For every i = 1, . . . , n − 1 we introduce the new edges
viai, aibi, bici, and civi+1. The graph that results from adding these 3(n − 1)
new vertices and these 4(n − 1) new edges to H is denoted by G. The vertices
v1, a1, b1, c1, v2, . . . , cn−1, vn form a Hamiltonian path P in G. We claim that
χ(H) ≤ � if and only if bbc(G, P ) ≤ �.

Indeed, assume that bbc(G, P ) ≤ � and consider such a backbone �-coloring.
Then the restriction to the vertices in VH yields a proper �-coloring of H. Next
assume that χ(H) ≤ �, and consider a proper �-coloring f : VH → {1, , . . . , �} .
We extend f to a backbone �-coloring of (G, P ): Every vertex bi receives color
3. If vertex f(vi) ≤ 3 then ai is colored �, and otherwise it is colored 1. If vertex
f(vi+1) ≤ 3, then ci is colored �, and otherwise it is colored 1. This completes
the proof of Theorem 4.
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Abstract. The maximum edge-disjoint paths problem (MEDP) is one
of the most classical NP-hard problems. We study the approximation
ratio of a simple and practical approximation algorithm, the shortest-
path-first greedy algorithm (SGA), for MEDP in complete graphs.
Previously, it was known that this ratio is at most 54. Adapting results
by Kolman and Scheideler [Proceedings of SODA, 2002, pp. 184–193],
we show that SGA achieves approximation ratio 8F + 1 for MEDP in
undirected graphs with flow number F and, therefore, has approxima-
tion ratio at most 9 in complete graphs. Furthermore, we construct
a family of instances that shows that SGA cannot be better than a
3-approximation algorithm. Our upper and lower bounds hold also for
the bounded-length greedy algorithm, a simple on-line algorithm for
MEDP.

Keywords: Approximation algorithm, Greedy algorithm, Shortening
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1 Introduction

The maximum edge-disjoint paths problem (MEDP) is one of the most classi-
cal NP-hard problems [5]. Several real-world problems concerning the efficient
operation of communication networks lead to problems that can be modeled as
MEDP.

An instance of MEDP is given by a pair (G,R) of an undirected connected
graph G = (V, E) and a multiset R of unordered pairs of vertices of V . Each
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Table 1. Results about the approximation ratio for MEDP in complete graphs.

approximation ratio algorithm contributors [reference]
27 Tripartition Erlebach and Vukadinović [4]
54 SGA Erlebach and Vukadinović [4]
17 BGA (L = 4), SGA Kolman and Scheideler [10]
9 BGA (L = 4), SGA this paper

element of R is called a request . Two paths are called edge-disjoint if they have
no common edge. We consider the problem of connecting as many requests as
possible along edge-disjoint paths. A feasible solution to the instance (G,R) of
MEDP is given by a pair (A,P) of a subset A of R and a set P of edge-disjoint
paths in G such that each request in A is connected by a unique path in P. The
task is to maximize the size of A, which is denoted by |A|. Note that |A| = |P|
in a feasible solution (A,P). A request is called accepted if it belongs to A.

Since it is known that MEDP is NP-hard even if input graphs are restricted
to complete graphs [4], we are interested in finding approximation algorithms
for MEDP. An algorithm for MEDP is called a ρ-approximation algorithm if it
runs in polynomial time and always outputs a feasible solution (A,P) for any
instance (G,R) which satisfies Opt ≤ ρ|A|, where Opt is the number of the
accepted requests in an optimal solution to (G,R). The value ρ is also called
approximation ratio. We refer to [8] for an introduction and more background
information about edge-disjoint paths problems and to [2] and the references
given there for recent results about the approximability of MEDP in general
undirected and directed graphs.

In this paper, we are mainly interested in MEDP in complete graphs. Table 1
shows the known and new results about the approximation ratio for MEDP in
complete graphs. The first approximation algorithm with a constant approxima-
tion ratio was given by Erlebach and Vukadinović [4]. In this algorithm, we first
divide the vertex set V into three parts V1, V2, V3, and also divide the requests
R into three parts R12,R23,R31 such that Rij consists of those requests with
both ends in Vi or one end in Vi and the other in Vj . Then, we solve the problem
in which the requests are restricted to Rij by a certain procedure independently
and take the best solution. We call this algorithm the tripartition algorithm, but
we do not precisely describe this algorithm here. It is important to say that they
showed that this algorithm is a 27-approximation algorithm.

Greedy algorithms appear to be the simplest algorithms for MEDP. The first
greedy algorithm that we consider is called the bounded-length greedy algorithm
(BGA). It takes a parameter L and accepts a request only if it can be routed
along a path of length at most L. (The length of a path is defined as the number of
edges on the path.) More formally, the algorithm processes the requests in given
order and greedily accepts each request if it can be routed along a path of length
at most L that is edge-disjoint from the paths of all previously accepted requests.
Otherwise, it rejects the request. BGA was first introduced by Kleinberg [8]. Note
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that BGA can process the requests in arbitrary order and is therefore an on-
line algorithm, i.e., it can process each request without knowledge about future
requests.

Kolman and Scheideler [10] invented a new network parameter F , called the
flow number, and they showed that BGA with parameter L = 4F is a (16F +1)-
approximation algorithm for the unsplittable flow problem (a generalization of
MEDP that will be explained in Section 2.1). Indeed, they discovered a “short-
ening lemma” and used it nicely to obtain this bound. We will see that complete
graphs have flow number one. Thus their result implies a 17-approximation al-
gorithm.

In this paper, we adapt their analysis to MEDP and prove, using the short-
ening lemma, that BGA with parameter L = 4F is actually an (8F + 1)-
approximation algorithm for undirected graphs with flow number F . This shows
that BGA with L = 4 is a 9-approximation algorithm for complete graphs.

Another variant of greedy algorithms is the shortest-path-first greedy algo-
rithm (SGA). This algorithm starts with A = ∅ and repeats the following step
until there is no request left in R that can be connected along a path in G: Let
{si, ti} be a request in R such that a shortest path πi from si to ti in G has min-
imum length among all the requests in R (ties can be broken arbitrarily); accept
{si, ti} (i.e., assign A ← A ∪ {{si, ti}}), assign it the path πi, remove {si, ti}
from R, and delete all edges of πi from G. In other words, the algorithm greedily
accepts the request that can be connected along a shortest possible path that
is disjoint to the paths of previously accepted requests. This algorithm was first
given by Kolliopoulos and Stein [9]. Note that SGA is not an on-line algorithm,
as it considers all remaining requests in each step.

It is clear that the approximation ratio of SGA is at least as good as that of
BGA. To see this, consider an arbitrary instance of MEDP and let BGA process
the given requests in the following order: first all requests accepted by SGA (in
the same order as SGA accepts them), and then all requests rejected by SGA
(in arbitrary order). BGA will accept all requests that were accepted by SGA
along paths of length at most L, and no other paths. (We can assume that BGA
routes the accepted requests along the same paths as SGA.) Thus, the solution
produced by BGA cannot have a larger value than that of SGA if the requests
are processed in this order.

Therefore, all upper bounds on the approximation ratio of BGA hold also
for SGA. In particular, we obtain that SGA is a 9-approximation algorithm for
complete graphs. It is worthwhile to say here that the best previous bound on
the approximation ratio of SGA for complete graphs was 54, given by Erlebach
and Vukadinović [4].

We obtain another bound in terms of the maximum multiplicity (the max-
imum number of copies of the same request in the given instance), denoted by
µmax: we show that µmax is also an upper bound on the approximation ratio of
SGA. Therefore, we get the following theorem.

Theorem 1.1. The bounded-length greedy algorithm with L = 4 is a 9-approx-
imation algorithm for the maximum edge-disjoint paths problem in complete
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graphs. The shortest-path-first greedy algorithm is a min{9, µmax}-approximation
algorithm.

Finally, we consider lower bounds on the approximation ratio of BGA and
SGA. We will construct a family of instances of MEDP in complete graphs that
implies that SGA cannot be better than a 3-approximation algorithm. Of course,
this lower bound applies to BGA as well.

The organization of this paper is as follows. We will prove the upper bounds
(Theorem 1.1) in Section 2; we will construct some instances which give lower
bounds in Section 3; some additional remarks will be stated in the last section.

Notation. The set of reals is denoted by IR, and the set of nonnegative reals
is denoted by IR+. A path p is sometimes denoted by (v1 — v2 — · · · — vl),
where v1, v2, . . . , vl are the consecutive vertices along the path p. The length of
the path p, i.e. the number of edges in p, is denoted by length(p). For two paths
p and q, p∩ q represents the set of the edges which p and q have in common. So
p ∩ q = ∅ means that p and q are edge-disjoint.

2 Upper Bounds

In this section, we will give a better upper bound on the approximation ratio of
BGA and SGA for MEDP in complete graphs. In the first subsection, we will re-
view the framework of Kolman and Scheideler [10], in particular the flow number
and the shortening lemma, and will see how their result implies a better bound.
This yields that BGA with parameter L = 4 is a 17-approximation algorithm for
MEDP in complete graphs. In the second subsection, we will consider a further
improvement. We will show that BGA with L = 4F is an (8F +1)-approximation
algorithm for MEDP in graphs with flow number F and thus a 9-approximation
algorithm for MEDP in complete graphs. While all bounds for BGA hold also for
SGA, we give another bound for SGA depending on the maximum multiplicity
of the requests. This gives the proof of the main theorem (Theorem 1.1).

2.1 Flow Number of Complete Graphs

In a recent work by Kolman and Scheideler [10], they studied the unsplittable
flow problem (UFP) and gave an improved approximation ratio using the flow
number of a network and the shortening lemma. First, we are going to review
their results.

UFP is a generalization of MEDP. We are given an undirected graph G =
(V, E) and a function u : E → IR+. The number u(e) associated with an edge
e ∈ E is called the capacity of e. We are also given a multiset R of requests as
in MEDP. Moreover, we are given two functions d : R → IR+ and r : R → IR+,
where d(i) and r(i) associated with a request i ∈ R are called the demand
and the profit of i, respectively. To summarize, an instance of UFP is given by
a 5-tuple (G,R, u, d, r) consisting of an undirected graph G, a multiset R of
requests, the capacity u, the demand d and the profit r. Then a feasible solution
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to the instance (G,R, u, d, r) of UFP is given by a pair (A,P) of a subset A of R
and a set P of paths (not necessarily edge-disjoint) in G such that each request
in A is connected by a unique path in P and for each edge e ∈ E the sum of
the demands of the requests connected by the paths going through e does not
exceed the capacity u(e) of the edge e. A request is called accepted if it belongs
to A. The task is to maximize the total profit of the accepted requests. MEDP
is a special case of UFP. To appreciate this, we only have to set u(e) = 1 for all
e ∈ E and d(i) = r(i) = 1 for all i ∈ R.

UFP is also an NP-hard problem, since it contains MEDP as a special case.
Let us define what an approximation algorithm for UFP is. (In the previous
section, we just defined approximation algorithms for MEDP.) An algorithm for
UFP is called a ρ-approximation algorithm if it runs in polynomial time and
always outputs a feasible solution (A,P) for any instance (G,R, u, d, r) which
satisfies Opt ≤ ρ

∑
i∈A r(i), where Opt is the total profit of the accepted requests

in an optimal solution. We say that ρ is an approximation ratio, similarly to the
case of MEDP. Note that these definitions are consistent with those for MEDP.

We can formulate UFP as a {0, 1}-integer programming problem, as usual
in combinatorial optimization. To do that, we introduce two kinds of variables.
One is x ∈ {0, 1}R, which means that xi = 1 if the request i is accepted and
xi = 0 if i is not accepted. The other one is y(i) ∈ {0, 1}Pi , where i ∈ R and Pi is
the set of all paths in G that connect the request i. The variable y(i) represents
that y

(i)
π = 1 if the request i is accepted through the path π ∈ Pi and y

(i)
π = 0

otherwise.
Here is a formulation of UFP via integer programming:

(IP-UFP): maximize
∑

i∈R
r(i)xi

subject to
∑

i∈R,π∈Pi
s.t. e∈π

d(i)y(i)
π ≤ u(e) for all e ∈ E, (1)

∑

π∈Pi

y(i)
π = xi for all i ∈ R, (2)

xi ∈ {0, 1} for all i ∈ R, (3)

y(i)
π ∈ {0, 1} for all i ∈ R and π ∈ Pi.

(4)

The formulation (IP-UFP) is easy to understand but has exponentially many
variables. However, we can indeed obtain a formulation of polynomial size as in
the network flow problem (using edge variables instead of path variables). See
[7], for example.

Now we relax the {0, 1}-constraints (3) and (4), that is, we replace them
with xi ∈ [0, 1] and y

(i)
π ∈ [0, 1]. Then, we obtain a linear programming problem,

called the multicommodity flow problem and denoted by (LP-UFP).
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There is a variant of the multicommodity flow problem, called the concurrent
multicommodity flow problem. The concurrent multicommodity flow problem is
defined as follows:

(ConMFP): maximize x1

subject to
∑

i∈R,π∈Pi
s.t. e∈π

d(i)y(i)
π ≤ u(e) for all e ∈ E,

∑

π∈Pi

y(i)
π = xi for all i ∈ R,

xi = xj for all i, j ∈ R, (5)
0 ≤ xi ≤ 1 for all i ∈ R,

0 ≤ y(i)
π ≤ 1 for all i ∈ R and π ∈ Pi.

In a feasible solution to the concurrent multicommodity flow problem (ConMFP),
all xi’s are forced to be the same by the constraint (5). Then, this problem
represents the situation that if we are forced to accept the same fraction of all
the requests, we want to know how large the fraction can be. Note that any
feasible solution to the concurrent multicommodity flow problem (ConMFP) is
also a feasible solution to the multicommodity flow problem (LP-UFP), but the
converse is not always true.

Now we define the flow number of a network as in [10]. (Here, a network
is a pair (G, u) of an undirected graph G = (V, E) and a capacity function
u : E → IR+.) We are given a network (G, u). Consider an instance I(G, u)
of the concurrent multicommodity flow problem that is constructed as follows.
The set R of requests consists of all the unordered pairs of the vertices, i.e.,
R = {{s, t} : s, t ∈ V, s �= t}. The demand d : R → IR+ is defined as d({s, t}) :=
(
∑

{s,v}∈E u({s, v})∑{t,v}∈E u({t, v}))/(2
∑
e∈E u(e)). So we have an instance

I(G, u) := (G,R, u, d) of the concurrent multicommodity flow problem.
For a feasible solution ξ = (x, (y(i) : i ∈ R)) to an instance (G,R, u, d) of

the concurrent multicommodity flow problem, we define two parameters: the
dilation and the congestion. The dilation D(ξ) of ξ is the length of a longest flow
path in ξ, i.e., D(ξ) := max

{
length(π) : y

(i)
π > 0

}
. The congestion C(ξ) of ξ is

the inverse of the objective value of ξ, i.e., C(ξ) := 1
x1

. Finally, the flow number
F (G, u) of the network (G, u) is defined as

F (G, u) := min{max{D(ξ), C(ξ)} : ξ is a feasible solution to I(G, u)}.
Now it is easy to determine the flow number of a complete graph with unit
capacity.

Lemma 2.1. Let G = (V, E) be a complete graph and u : E → IR+ be given as
u(e) = 1 for every e ∈ E. Then F (G, u) = 1.

Proof. First, it is clear that F (G, u) ≥ 1. To see that F (G, u) ≤ 1, note that
I(G, u) consists of a request {s, t} with demand d({s, t}) = (n− 1)/n for every
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edge {s, t} ∈ E. This means that we can route the whole demand of every request
along its direct edge, resulting in a solution with dilation 1 and congestion 1. 
�

Invoking the flow number, Kolman and Scheideler [10] derived several inter-
esting statements. One is the so-called “shortening lemma.”

Lemma 2.2 (shortening lemma [10]). Let an instance I of the concurrent
multicommodity flow problem in a graph with flow number F be given. Then
for any ε ∈ (0, 1] and any feasible solution to I with objective value f , there
exists a feasible solution ξ to I such that the objective value is f/(1 + ε) and
D(ξ) ≤ 2(1 + 1/ε)F .

From Lemma 2.2, we can conclude the following corollary.

Corollary 2.1. If we are given a feasible solution to an instance of UFP in
which the profit is equal to the demand, then we can transform this solution
into a feasible solution to the corresponding instance of the multicommodity flow
problem such that it uses only paths of length at most 4F but the objective value
is half as much as the original one.

Proof. Given an instance I = (G,R, u, d, d) of UFP, let (x, (y(i) : i ∈ R)) be
a feasible solution to I. Then we set R := {i ∈ R : xi = 1}, and consider the
instance I = (G,R, u, d) of the concurrent multicommodity flow problem. Here
if we set xi = xi for all i ∈ R and y

(i)
π = y

(i)
π for all i ∈ R and π ∈ Pi, then

(x, (y(i) : i ∈ R)) is a feasible solution to I and the objective value is 1. Now we
can apply the shortening lemma with ε = 1. Then we get a feasible solution to
I such that the objective value is 1/2 and the dilation is at most 4F . This also
forms a feasible solution to the instance of the multicommodity flow problem
corresponding to the original instance I of UFP, and it shows that the objective
value is half as large as the original solution and the dilation is at most 4F . 
�

Using this corollary, Kolman and Scheideler [10] showed that BGA with
L = 4F is a (16F + 1)-approximation algorithm for UFP in networks with flow
number F , provided that the profit of each request is equal to its demand, the
maximum demand is at most the minimum capacity, and the algorithm processes
the requests in order of non-increasing profits. Since these conditions are satisfied
for MEDP and the flow number of complete graphs with unit capacity is one
by Lemma 2.1, we immediately obtain that BGA with L = 4 (and thus also
SGA) is a 17-approximation algorithm for MEDP in complete graphs. In the
next subsection, we derive a better bound.

2.2 A 9-Approximation Algorithm

We will show that SGA is a 9-approximation algorithm for MEDP in complete
graphs. Notice again that MEDP is a special case of UFP, setting u(e) = 1 for
all e ∈ E and d(i) = r(i) = 1 for all i ∈ R. First, we will refine the analysis by
Kolman and Scheideler for UFP [10] to obtain a better bound for MEDP.
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Theorem 2.1. The bounded-length greedy algorithm with parameter L = 4F
(and thus also the shortest-path-first greedy algorithm) is an (8F +1)-approxima-
tion algorithm for the maximum edge-disjoint paths problem in undirected graphs
with flow number F .

Proof. Let A and P(A) be the set of accepted requests and the set of paths
obtained by BGA, respectively. Let further O be the set of accepted requests
in an optimal solution. By Corollary 2.1, there exists a feasible solution ξ =
(x, (y(i) : i ∈ R)) of the corresponding multicommodity flow problem such that
D(ξ) ≤ 4F and the objective value for ξ is |O|/2. Notice that the proof of
Corollary 2.1 shows that

∑
π∈Pi

y
(i)
π ≤ 1/2 holds for all i ∈ R.

Let P(ξ) be the set of the paths π satisfying y
(i)
π > 0. Take any path p ∈ P(A).

Note that length(p) ≤ 4F by definition of BGA. Then we have
∑

π∈P(ξ)
s.t. π∩p�=∅

y(i)
π ≤

∑

π∈P(ξ)
s.t. ∃e∈π∩p

y(i)
π ≤

∑

e∈p

∑

π∈P(ξ)
s.t. e∈π

y(i)
π ≤

∑

e∈p
1 ≤ length(p) ≤ 4F, (6)

using constraint (1) of (LP-UFP).
Now we divide P(ξ) into two parts P1(ξ) and P2(ξ) as follows: P1(ξ) =

{π ∈ P(ξ) : the request connected by π does not belong to A} and P2(ξ) =
P(ξ) \ P1(ξ).

Claim. For each path π ∈ P1(ξ) there exists some path p ∈ P(A) such that
π ∩ p �= ∅, i.e., π and p have a common edge.

Proof (of Claim). Consider the contrary. Then, we must have some request r ∈
R\A which is connected by a path of length at most 4F consisting of edges that
no path in P(A) uses. So BGA with L = 4F should have accepted this request.
A contradiction. 
�

Now we analyze the approximation ratio. Using the claim above and (6), we
get

∑

π∈P1(ξ)

y(i)
π ≤

∑

p∈P(A)

∑

π∈P(ξ)
s.t. π∩p�=∅

y(i)
π ≤ 4F |P(A)| = 4F |A|.

On the other hand, we have
∑
π∈P2(ξ) y

(i)
π ≤ ∑i∈A

∑
π∈Pi

y
(i)
π ≤ ∑i∈A 1/2 =

|A|/2. This gives

Opt = |O| = 2× (the objective value for ξ) = 2
∑

i∈R

∑

π∈Pi

y(i)
π = 2

∑

π∈P(ξ)

y(i)
π

= 2




∑

π∈P1(ξ)

y(i)
π +

∑

π∈P2(ξ)

y(i)
π



 ≤ 2(4F |A|+ |A|/2) = (8F + 1)|A|.

Thus, we have shown that the approximation ratio is at most 8F + 1. 
�
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From Lemma 2.1 and Theorem 2.1, we immediately obtain the following
corollary.

Corollary 2.2. The bounded-length greedy algorithm with parameter L = 4 (and
thus also the shortest-path-first greedy algorithm) is a 9-approximation algorithm
for the maximum edge-disjoint paths problem in complete graphs.

Now we consider the multiplicities of requests. For a request {s, t} ∈ R, if
R has µ copies of {s, t}, then we say the multiplicity of {s, t} in R is µ. Define
µmax(R) as the maximum of the multiplicities of the requests in R. If there is
no risk of confusion, we denote it simply by µmax. Let R1 be the set of requests
neglecting the multiplicities (i.e., with only one copy of each unique request in
R). The proof of the following lemma is straightforward.

Lemma 2.3. For the maximum edge-disjoint paths problem in complete graphs
with the multiset R of requests, the shortest-path-first greedy algorithm gives a
solution A such that each request in R1 is accepted and connected by a path of
length 1 (i.e. just one edge). Moreover, there exists an optimal solution with the
same property.

Then we have |R1| ≤ |A|. Moreover, µmax|R1| is an obvious upper bound
on |R|. Also, |R| bounds Opt. This shows Opt ≤ |R| ≤ µmax|R1| ≤ µmax|A|.
Combining this analysis and Corollary 2.2, we obtain Theorem 1.1.

3 Lower Bounds

In the previous section, we have shown that SGA is a min{9, µmax}-approxima-
tion algorithm. The next question is: how tight is this analysis? If we want
to construct a tight example for the bound 9, then it must have maximum
multiplicity at least 9. Unfortunately, we do not know an instance that achieves
the bound above. However, we can construct two instances of MEDP in complete
graphs to show non-trivial lower bounds on the approximation ratio of SGA and
BGA. The first one has µmax = 2 and achieves the ratio 4/3. The second one
has an arbitrarily large µmax and achieves the ratio 3 − ε for arbitrarily small
ε > 0. Both lower bounds apply to SGA and therefore also to BGA.

3.1 Case of µmax = 2

In this subsection, we construct an instance of MEDP in complete graphs with
µmax = 2 for which SGA has approximation ratio 4/3. Our example has 8
vertices and 16 requests. The optimal solution accepts all the requests, while
SGA may return a set of 12 requests. Then the ratio is 4/3. Let the vertex set
be V = {1, 2, 3, 4, 5, 6, 7, 8}. Then a set R consists of the following 16 requests:
r1 = {1, 3}, r2 = {1, 3}, r3 = {5, 3}, r4 = {5, 3}, r5 = {1, 7}, r6 = {1, 7},
r7 = {5, 7}, r8 = {5, 7}, r9 = {2, 4}, r10 = {2, 4}, r11 = {8, 6}, r12 = {8, 6},
r13 = {3, 8}, r14 = {3, 6}, r15 = {7, 2}, r16 = {7, 4}. Note that µmax = 2.
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Fig. 1. Situation after removing the requests in R1 from R and their paths from K8.

By Lemma 2.3, the output of SGA and the optimal solution accept each re-
quest in R1 through the corresponding edge. We have R1 = {r1, r3, r5, r7, r9, r11,
r13, r14, r15, r16}. So we can remove these requests from R and also remove the
corresponding edges from K8. This procedure results in the situation shown in
Figure 1 (left). Now we can see that an optimal solution accepts all the remaining
requests. Next, consider SGA. In the situation of Figure 1 (left), all remaining
requests can be connected along paths of length 2. Assume that SGA accepts
r10 along (2 – 3 – 4) and r12 along (6 – 7 – 8). The requests and the edges which
are left are shown in Figure 1 (right). We can see that there is no path for r2,
r4, r6 or r8. So SGA accepts only 12 of the 16 requests and its approximation
ratio is 4/3 on this instance.

3.2 Not Better than 3-Approximation

In this subsection, we construct a family of instances of MEDP in complete
graphs for which SGA has approximation ratio 3− ε for arbitrarily small ε > 0.

Consider the complete graph with 2n vertices for large n. Let k ∈ IN be
a parameter that is divisible by 3 and satisfies 3n/5 ≤ k < n. Let Vv ∪ Va ∪
Vb ∪ Vc be the vertex set, where Vv = {v1, . . . , v2(n−k)}, Va = {a1, . . . , a2k/3},
Vb = {b1, . . . , b2k/3} and Vc = {c1, . . . , c2k/3}. The set of requests R = Rv ∪
Ra ∪ Rb ∪ Rc is as follows: Rv contains 2n − i requests between vi and vi+1
for all i ∈ {1, 3, 5, . . . , 2(n − k) − 1}, a total of n2 − k2 requests. Ra contains
n− k + 1 requests between ai and ai+1 for all i ∈ {1, 3, 5, . . . , 2k/3− 1}, a total
of k(n − k + 1)/3 requests. Rb and Rc consist of k(n − k + 1)/3 requests each
and are constructed in the same way as Ra.

First, observe that the optimal solution can accept all requests: For every
i ∈ {1, 3, 5, . . . , 2(n−k)−1}, the 2n−i requests {vi, vi+1} are accepted by routing
one of them along the direct edge {vi, vi+1} and routing the other 2n−i−1 along
paths of length two via each of the 2n−2k− i−1 vertices vi+2, vi+3, . . . , v2(n−k)
and each of the 2k vertices in Va ∪ Vb ∪ Vc.
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One copy of each of the requests in Ra∪Rb∪Rc is accepted along the direct
edge. The remaining copies of requests of Ra can be accepted along paths of
length two via intermediate vertices in Vb, those of Rb along paths of length two
via intermediate vertices in Vc, and those of Rc along paths of length two via
intermediate vertices in Va. Note that there are n − k remaining copies of each
request in Ra ∪Rb ∪Rc and 2k/3 vertices in each of Va, Vb, Vc. By our choice of
k with k ≥ 3n/5, we have n− k ≤ 2k/3, and the number of available candidates
for intermediate vertices is indeed sufficient.

Thus the optimal solution accepts all of the n2 + kn + k − 2k2 requests.
Now consider the output of SGA. The algorithm first accepts the requests

with a shortest path of length 1. So we have n accepted requests: one between
vi and vi+1 for i ∈ {1, 3, . . . , 2(n − k) − 1}, one between ai and ai+1 for i ∈
{1, 3, . . . , 2k/3 − 1}, one between bi and bi+1 for i ∈ {1, 3, . . . , 2k/3 − 1}, and
one between ci and ci+1 for i ∈ {1, 3, . . . , 2k/3−1}. Then the algorithm accepts
requests with a shortest path of length 2. Consider the remaining n− k requests
between a1 and a2. Assume that they are accepted along paths (a1 — vi — a2)
where i ∈ {1, 3, . . . , 2(n−k)−1}. In the same manner, for j ∈ {3, 5, . . . , 2k/3−1},
assume that the n − k requests between aj and aj+1 are accepted along paths
(aj — vi — aj+1) where i ∈ {1, 3, . . . , 2(n− k)− 1}. Thus, all of the k(n− k +
1)/3 requests in Ra are accepted. Similarly, assume that all of the 2k(n− k)/3
remaining requests in Rb ∪Rc are accepted by using v1, v3, v5, . . . , v2(n−k)−1 as
internal vertices on paths of length 2.

All requests in Ra ∪ Rb ∪ Rc have been accepted now, but all edges from
v1, v3, v5, . . . , v2(n−k)−1 to vertices in Va ∪ Vb ∪ Vc have already been used by
accepted paths. Therefore, the vertices in Va ∪ Vb ∪ Vc cannot be used as inter-
mediate vertices on paths for requests in Rv.

Consider the requests in Rv. The remaining 2k requests between v2(n−k)−1
and v2(n−k) can only be accepted via the vertices of Vv \ {v2(n−k)−1, v2(n−k)}.
Since |Vv \{v2(n−k)−1, v2(n−k)}| = 2(n−k−1), SGA can only accept 2(n−k−1)
requests out of 2k. In total, among the 2k + 1 requests between v2(n−k)−1 and
v2(n−k), SGA has accepted only 2(n − k − 1) + 1 requests. Next, consider the
2k + 2 requests between v2(n−k)−3 and v2(n−k)−2. They can be accepted only
via the vertices of Vv \ {v2(n−k)−3, v2(n−k)−2, v2(n−k)−1, v2(n−k)}. By the same
reason as before, SGA can accept only 2(n − k − 2) requests out of 2k + 2. In
total, among the 2k + 3 requests between v2(n−k)−3 and v2(n−k)−2, SGA accepts
only 2(n− k − 2) + 1 requests. Continuing in this way from high to low indices,
SGA accepts only i requests among 2n − i requests between vi and vi+1, for
i ∈ {1, 3, . . . , 2(n − k) − 1}. Then the algorithm terminates since all edges in
the subgraph induced by Vv are exhausted. So SGA accepts only n2 − kn + k
requests in total.

Let k = αn with 3/5 ≤ α < 1. The approximation ratio is

n2 + kn + k − 2k2

n2 − kn + k
=

n2 + αn2 + αn− 2α2n2

n2 − αn2 + αn

n→∞−→ 1 + α− 2α2

1− α
= 1 + 2α.

With α = 1− ε/2, we get 1 + 2α = 3− ε as desired.
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4 Conclusion

We have studied the approximation ratio achieved by the simple and practical
algorithms SGA and BGA for MEDP in complete graphs. Previously, only an
upper bound of 54 on the ratio of SGA had been shown, and no non-trivial lower
bound was known for these algorithms. We have proved that BGA with L = 4
and SGA are 9-approximation algorithms for complete graphs and cannot be
better than 3-approximation algorithms. This has substantially reduced the gap
between upper and lower bounds on the approximation ratio of these algorithms.
However, a gap remains and it would be interesting to discover the exact worst-
case approximation ratio of these algorithms.

MEDP in complete graphs is NP-hard, but it is not known whether the prob-
lem is APX-hard. Therefore, there is still the possibility that a polynomial-time
approximation scheme can be obtained. (MEDP in general undirected graphs is
known to be APX-hard, even for trees of rings [3,6].) So the inapproximability
of the problem should be considered as well as better approximation algorithms.

Acknowledgements. The authors are grateful to anonymous referees for com-
ments on the earlier version.
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Abstract. In this paper, we discuss graph-theoretic approaches to soft-
ware watermarking and fingerprinting. Software watermarking is used to
discourage intellectual property theft and software fingerprinting is used
to trace intellectual property copyright violations. We focus on two al-
gorithms that encode information in software through the use of graph
structures. We then consider the different attack models intended to dis-
able the watermark while not affecting the correctness or performance
of the program. Finally, we present several classes of graphs that can be
used for watermarking and fingerprinting and analyze their properties
(resiliency, data rate, performance, and stealthiness).

1 Introduction

Watermarking and fingerprinting [2,3] are popular techniques for protecting the
intellectual property of digital artifacts such as images, audio and video. A wa-
termark is a copyright notice that is embedded into the artifact that uniquely
identifies its owner. A fingerprint is similar but identifies the customer who pur-
chased the copy. Watermarking an object discourages intellectual property theft,
whereas fingerprinting allows us to trace the copyright violator.

Several algorithms for watermarking software have recently been devel-
oped [4,7,12,17]. We focus on two of these algorithms: one by Collberg and
Thomborson [4] and the other by Venkatesan et al. [17]. Both of these algo-
rithms encode the watermark using graphs which are then embedded into the
cover program.

In the remainder of this section we formally present the software watermark-
ing and graph encoding problems. In Section 2 we consider the algorithms of
Collberg and Thomborson [4] and by Venkatesan et al. [17] in detail. In Sec-
tion 3 we present models of how an adversary can attack a program to destroy
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the watermark (Section 3), and present classes of graphs suitable for encoding
watermarks (Section 4). In Section 5 we evaluate the performance of the new
encoding scheme that uses reducible permutation graphs.

1.1 Software Watermarking and Fingerprinting

While watermarking and fingerprinting have different uses, they both rely on
encoding a number inside a program. For convenience, in the rest of this paper
we refer to both processes as watermarking. Similarly, we assume that the water-
mark is an integer W . A software watermarking system can be formally described
by the functions E(P, W, k) → Pw, R(Pw, k) → W , and A(P ) → P ′. The em-
bedder E embeds the watermark W into the (cover) program P using the secret
key k, yielding a watermarked program Pw. The recognizer R extracts W from
Pw, also using k as the key. The attack function A models the types of attacks
that an adversary may launch against a watermarked program in order to foil
recognition. For example, a common attack model includes semantics-preserving
transformations such as code optimization and binary translation. Attacks can
also be non-semantics-preserving, allowing the attacker to alter the meaning of
the program. A good watermarking system must have the following properties:

High resiliency: A watermarking system must be resilient against a reasonable
set of de-watermarking attacks. Resiliency refers to the ability to recognize
a watermark even after the watermarked program has been attacked, i.e.,
R(A(E(P, W, k)), k)→W ;

High data rate: The ratio of the number of bits encoded by the watermark
W to the total size of the watermark should be high;

High stealth: To prevent an adversary from easily locating the watermark, P
and Pw should have similar statistical properties;

High performance: The watermarking should not adversely affect the size and
execution time of Pw.

Note that any software watermarking technique will exhibit a trade-off be-
tween resilience, data rate, performance, and stealth. For example, the resilience
of a watermark can easily be increased by exploiting redundancy (i.e., includ-
ing the mark several times in the cover program), but this will lead to reduced
data rate. Similarly, a watermark such as �static int watermark=314� has high
performance but low stealth.

1.2 Graph Encodings

In this paper we focus on two software watermarking algorithms that encode wa-
termarks as graph structures. In general, such encodings make use of an encoding
function e that converts the watermark W into a graph G, e(W )→ G, and also
of a decoding function d that converts a graph into an integer, d(G) → W .
We call the pair (e, d) a graph codec. From a graph-theoretic point of view, we
are looking for a class of graphs G and a corresponding codec (e, d)G with the
following properties:



158 C. Collberg et al.

Appropriate graph types: Graphs in G should be directed multigraphs with
an ordering on the outgoing edges, with low max out-degree, to match real
program graphs;

High resiliency: d(G) should be insensitive to small perturbations of G (the
result of adversarial attacks against the watermarked program) such as in-
sertions or deletions of a constant number of nodes and/or edges. Formally:
G ∈ G, d(G)→W, G′ ≈ G⇒ d(G′)→W ;

Small size: The size |Pw| − |P | of the embedded watermark should be small;
Efficient codecs: (e, d)G should be polynomial time efficient.

2 Graph-Based Watermarking Algorithms

Software watermarking algorithms fall in two broad categories, static and dy-
namic. A static algorithm recognizes the watermark by examining the (source
or compiled) code of the watermarked program. A dynamic algorithm recognizes
the watermark by examining the state of the program after it has been executed
with a special finite input sequence i1, i2, . . . , in. Thus, for a dynamic algorithm
the recognizer will have the signature R(Pw [[i1, i2, . . . , in]])) → W , where P [[I]]
is the state of program P after input I.

2.1 The GTW Algorithm

Static watermarking algorithms typically embed the watermark by permuting
segments of code, statements, basic blocks, or arms of switch-statements [7], or
by altering instruction frequencies [14], or by inserting a code segment which
has no semantic effect. The Graph-Theoretic Watermark (GTW) algorithm of
Venkatesan et al [17] falls in the last category. The basic embedding technique
is as follows:

1. encode the integer watermark value W as a control-flow graph (CFG) G,
2. combine G and the program CFG P to construct Pw,
3. connect G and P by adding bogus control-flow edges,
4. mark the nodes (the basic blocks) of G.

In order for the watermark to be stealthy G and P should be tightly integrated.
In [17], integration is achieved by performing a random walk over the nodes of G
and P and adding edges until Pw is uniformly dense. The watermark is extracted
from Pw as follows:

1. let G be the subgraph induced by the set of marked blocks from Pw,
2. compute the watermark using the decoder d(G).

Once again, in order for the watermark to be stealthy, the watermark graph
G should look as much like “real” control-flow graphs as possible. Thus, the
following properties must hold:
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– G should be reducible [1]. Reducible graphs are constructed from structured
programs, using only properly nested statements such as if-then-else, while-
do, repeat-until, etc. Well-structured CFGs can be approximated by series-
parallel graphs [10].

– G should have low maximum out-degree. In real code, basic blocks have
out-degree 1 or 2. Only switch-statements construct CFGs with out-degree
greater than 2, and these are unusual in most programs.

– G should be “skinny”. In typical functions, control structures (loops and
conditionals) are nested only a few levels deep. Hence, the width of G should
be a small constant.

2.2 The CT Algorithm

The algorithm of Collberg and Thomborson [4] (henceforth, CT) embeds the
watermark in a dynamically built, linked, graph structure. The rationale for this
design is that graph-building code is difficult for an adversary to analyze, due
to aliasing effects [8]. (The aliasing problem determines whether two pointers
may/must refer to the same memory location. In the general case this is known
to be undecidable [13].) The algorithm proceeds as follows:

1. The watermark number is encoded into a graph G.
2. G is split into a number of subgraphs.
3. Each subgraph is converted into a code sequence that builds the graph. Pw

is constructed by inserting the graph-building statements along a special
execution path 〈p1, p2, p3, p4〉 of the program.

4. The recognition sequence is started by executing Pw with a special input
sequence i1, i2, . . . , in. This causes the program to follow the execution path
〈p1, p2, p3, p4〉 and the watermark graph G to be built on the heap. (A heap,
in this context, is the memory in a running program where dynamically
allocated objects are allocated.)

5. G is extracted from the heap and decoded into W .

In order for the watermark to be stealthy, the CT algorithm requires that
the watermark graph G look like a “real” dynamic data structure. Thus, the
following properties must hold:

– G should have a low maximum out-degree, typically 2 or 3. Most linked data
structures used in real programs are linked lists, binary trees, and sparse
graphs, which all have low constant out-degree.

– G should be have a unique root node from which every other node is reach-
able. Data-structures in real programs are usually passed around using such
root nodes.

3 Models of Attack

A successful attack against Pw prevents the recognizer from extracting the wa-
termark while not seriously harming the performance or correctness of the pro-
gram. It is generally assumed that an attacker has access to the algorithms used



160 C. Collberg et al.

by the embedder and recognizer. Only the watermark key is kept hidden. We
distinguish between semantics-preserving and non-semantics-preserving attacks.
A semantics-preserving attack is typically automatic and consists of running a
set of semantics-preserving transformations over Pw. The transformations may
reorganize the code, optimize the code, insert bogus code, remove or add abstrac-
tions, etc. in order to confuse the watermark recognizer [5,6]. The advantage of
this type of attack is that the attacker does not need to know where in Pw
the watermark is hidden. Rather, he can repeatedly apply semantics-preserving
transformations uniformly over Pw until the code is sufficiently convoluted to
confuse the recognizer.1 A non-semantics-preserving attack requires the attacker
to “guess” the approximate location of the watermark code. This can either be
done through manual examination or through statistical analysis. The attacker
will then proceed to carefully make minor “tweaks” to the code in an attempt
to disable the watermark while not disrupting the normal execution of the pro-
gram. In the remainder of this section we discuss attacks against graph-based
software watermarking algorithms.

3.1 Edge-Flip Attacks

An edge-flip attack reorders the outgoing edges of each node in the graph. In
the GTW algorithm this amounts to transforming �if (p) T else E� into �if
(!p) E else T�. In the CT algorithm this attack amounts to reordering the
fields within the graph node structure and making appropriate modifications
to any code that references the structure. For both algorithms these are simple
semantics-preserving attacks that have little or no performance overhead.

3.2 Edge-Addition/Deletion Attacks

In the GTW algorithm a graph edge corresponds to a possible control-flow in the
program. Adding an edge is accomplished using opaque predicates. For example,
to add an edge between basic blocks B1 and B2 an attacker can add a bogus
jump from B1: �if (PF) goto B2�. PF is an opaque false predicate, a boolean
expression that always evaluates to false but which is difficult for an adversary
to evaluate. This is a simple attack with low performance overhead, assuming
the opaque predicate is cheap [6].

In the CT algorithm a graph edge is a link between two heap objects. Adding
an extra edge requires the attacker to extend each graph node with a bogus
pointer field and adding code to link nodes on this field. This can be a very
dangerous operation as it may affect which nodes get garbage collected and
hence may introduce a memory leak into the program.

For both algorithms edge-deletions are dangerous operations for the attacker.
In the GTW algorithm it would require the attacker to remove a branch from
1 We assume that it is possible for the attacker to study the recognition algorithm to

determine the kinds of semantics-preserving transformations that may be effective
against a particular watermarking system.
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the program. In the CT algorithm a link would have to be removed from a
data-structure.

3.3 Node-Addition/Deletion Attacks

Adding a node in the GTW algorithm can be easily accomplished using opaque
predicates. It is simply a matter of inserting the code �if (PF) B� into the code,
where B is a bogus basic block. Node additions are also easy in the CT algorithm,
and similar to adding edges. Node deletions are difficult for both algorithms since
they require a deep understanding of the semantics of the underlying program.

3.4 The Attack Model

Based on these observations, we can formulate a model for attacks against graph-
based software watermarks. From what we have seen, not all attacks will be
effective against all watermarking systems. Graphs are multi-graphs represented
as a pair (root , edges) where edges is list of triples from link−→ to, where link is the
number (label) of the outgoing edge. For every node a we require that there be
no outgoing edges with the same link number. For example, a graph G would
be represented by the tuple G = (a, 〈a 1→ b, a

2→ c, b
1→ d, c

1→ d, d
2→ a〉).

An attack against a watermark graph G is modeled by transferring G over a
lossy communications channel C. The severity of the attack is modeled by the
lossy properties of C. A edge-flip attack only affecting a’s outgoing edges would
change (a, 〈a 1→ b, a

2→ c, b
1→ d, c

1→ d, d
2→ a〉) into (a, 〈a 2→ b, a

1→ c, b
1→

d, c
1→ d, d

2→ a〉).
Given a lossy channel C, our goal is to construct a class of graphs G that can

be transfered across C unscathed. We call such graphs error-correcting graphs.
For example, in the next section we present reducible permutation graphs which
are resilient to edge-flip attacks.

Other types of error-correcting graph models can be considered. For example,
it would seem natural to use an adjacency matrix representation of the graph,
encode this as a bitstring, and use error-correcting codes [16] to protect it as
it is being transfered across the lossy channel. However, for the purposes of
software watermarking this model is not as good as the lossy channel model.
For example, both the GTW and CT algorithms use graphs that are inherently
linked structures. GTW’s control-flow graph is implicit in the control-flow of the
program and cannot be represented any other way. The CT algorithm gets its
strength from the fact that it is a linked data-structure which is known to be
computationally difficult to analyze. An adjacency matrix representation would
not have this property.

4 Graph Encodings

Any enumerable class of graphs G may be used for software watermarking, giv-
ing us the freedom to choose a class with particularly desirable properties. To
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obtain a watermark with efficient encoding and decoding functions, we require
the enumeration to be polynomial-time efficient. Stealthy watermarks are chosen
from a class of graphs, all of whose members resemble a naturally-arising pop-
ulation of graphs. Watermarks with high data rate are chosen with a uniform
probability distribution from a very large class of graphs, each member of which
can be embedded with a relatively small amount of overhead in space.

To lower-bound the data rate of a watermarking scheme, we assume that
each graph g in G is chosen as a watermark with equal likelihood, and that the
extra space required to embed any such g as a watermark in our target program
is no more than s bytes. The data rate of this watermarking scheme is then
lower-bounded by lg |G|/s, and we call this a “high data rate” if it is at least
one bit of watermarking information per word of overhead space.

We have been particularly interested in G that resemble either the linked-
list data structures or the trees that are built dynamically by many “naturally
occurring” programs.

4.1 Parent-Pointer Trees

The parent-pointer data structure is the most space-efficient representation of
a tree using nodes with pointer fields. Each node in the data structure has just
one pointer field referencing its parent. We may take our class of watermarking
graphs to be Gpp, the set of all parent-pointer graphs on n nodes, for some
suitable constant n; see Fig. 1(b). This class is stealthy, for structures with a
single pointer field arise often in programs that would be watermarked. If we take
n = 655 nodes, then |Gpp| ≈ 21024 by the enumeration described in Knuth Vol.
1 [11]. Since one word of storage is required for each pointer in our watermark,
the data rate is high: 1024/655 = 1.56 bits per word. Highly efficient codecs
can be obtained by ordering the operations in the enumeration. For example we
may assign index 1 to the path of length n− 1, and we may enumerate all other
parent-pointer trees whose roots have indegree one before any tree whose root
has indegree larger than one. The highest index may be assigned to the star
graph.

Regrettably the parent-pointer data structure has almost no error-correcting
properties. An adversary who adds a single node or an edge to a parent-pointer
graph g may radically change the watermark value d(g) it represents.

4.2 Planted Planar Cubic Trees

Stronger error-correcting properties can be obtained by restricting the class of
trees, for an adversary’s modifications may result in a watermark that is outside
our class, and our decoder may have a reasonably-efficient algorithm for correct-
ing the “error” introduced by the adversary. For example, we may choose our
watermark from the class GPPCT of planted planar cubic trees; see Fig. 1(c). The
enumeration of these trees is especially straightforward and efficient, for they fol-
low a Catalan recurrence [9]. This class has moderate data rate, approximately
0.5 bits per word. The class GPPCT is very stealthy, for it may be represented
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by the commonly-encountered binary tree data structure, although it has two
quirks. Each non-leaf node has exactly two children, except for a root node that
has outdegree one. The underlying undirected graph is thus cubic (uniform de-
gree 3) except at its leaves and its root. Such data structures are used in any
program involving binary search trees, and superficially similar structures arise
in any program that has a datatype with exactly two pointer fields.

When we represent a PPCT in a data structure, we might distinguish leaf
nodes from non-leaf nodes by using null pointers in their “lchild” and “rchild”
fields. However, with this representation, node-addition attacks will be potent
(so long as the adversary knows enough not to create nodes with out-degree
1). Edge-addition attacks are also potent, for the decoder will be faced with a
combinatorial explosion when trying to decide “which one of the three outgoing
edges from a node is bogus?”.

The error-correcting properties of PPCTs can be greatly improved, at a mod-
est cost in stealthiness, by using an alternative distinction between leaf and non-
leaf nodes. Leaf nodes should have a self-reference in their “rchild” field; non-leaf
nodes never refer to themselves. The “lchild” fields of leaf nodes should form a
singly-linked list of all the leaf nodes in reverse depth-first search order. The
root node of a PPCT should be lchild-linked from the first leaf of the tree, and
it should lchild-point to the last leaf of the tree; see Fig. 1(c). We have thus
constructed a biconnected digraph as a supergraph of our (child-directed) bi-
nary tree, by drawing a directed outercycle linking the root and all the leaves on
a planar map of the tree. Including an outercycle in the PPCT representation
increases their error-correcting properties. In particular, PPCTs can detect and
correct one occurrence of node deletion or insertion. It is also possible to repair
edge-flips but we leave the details out of this extended abstract. Multiple edge-
and node-deletions are more problematic, for these may disconnect the PPCT.
The PPCT may be disconnected into k fragments by O(k) deletions, and we
suspect that time exponential in k may be required for the decoder to examine
all “legal” reassemblies into PPCTs.
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4.3 List-Type Graphs

Radix-list watermark graphs Gr of order n have the following structure: they
are a singly-linked circular list of n nodes, in which each node has an additional
pointer field that may point either to NULL or to any other node in the list.
Thus |Gr| = nn+1, and the data rate is very close to (lg n)/2. When n = 255,
these graphs have a data rate of 4 hidden bits per word of overhead [4]. They
are reasonably stealthy, for some programs employ circular lists of nodes that
contain a single additional pointer, and many programs use nodes that have two
pointers. However these graphs have poor error-correcting properties, for they
have very little redundancy other than the n-cycle. Node- and edge-addition
attacks on such graphs will force our decoder to enumerate all Hamiltonian
subgraphs, in order to construct all possible watermark graphs that could have
existed prior to the attacks.

We can add redundancy to a radix-list watermark graphs by restricting these
to indegree two and outdegree two. The first outgoing arc on each node defines a
Hamiltonian cycle. The second arc defines a permutation on the nodes. We have
|Gp| = n! for this class of “permutation watermark graphs”, and its data rate
is (lg n)/2−O(1). Efficient codecs may be built from textbook enumerations of
permutations, e.g. [15]. Permutation watermark graphs also have modest error-
correcting properties, for the decoder will gain clues about bogus arcs and nodes
by noting where in- and out-degrees differ from the required value 2.

4.4 Reducible Permutations

We now introduce a class of list-like watermark graphs with excellent error-
correcting properties. Our reducible permutation graphs (RPG) are reducible
flow graphs with Hamiltonian paths consisting of four pieces; see Fig. 1(a):

– header node: This is the only node in the graph with in-degree zero. It has
out-degree one, and every other node in the graph is reachable from it. Any
flow graph must have such a node.

– preamble: These nodes immediately follow the header node and have no
forward edges, except those edges used in the graph’s Hamiltonian path. Be-
cause of that, edges can be inserted from anywhere in the body to anywhere
in this section without making the flow graph irreducible.

– body: Edges between these nodes encode a self-inverting permutation. The
body starts with the first node along the Hamiltonian path with a forward
edge that is not part of that Hamiltonian path. In many cases, the fact that
the permutation is self-inverting eliminates the need for a preamble.

– footer node: This node has out-degree zero, and it is reachable from every
other node in the graph. Any flow graph must have a node like this as well.

Much of the information needed to extract the encoded permutation is contained
in the body. The Hamiltonian path, of which there can be at most one in any
reducible flow graph, puts nodes in the order by which they have been numbered.
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Other edges in the body put the nodes in the order σ(0), σ(1), . . . , σ(k−1), where
k is the number of nodes in the body and σ is the permutation being encoded.

The graph encodes a permutation σ on the set {0, 1, . . . , k − 1} such that
σ2 is the identity permutation and σ(0) = 0. It does so with a cycle among the
nodes in the body, except some edges from that cycle cannot be included in the
graph because they would make the graph irreducible. Edges from nodes in the
body to nodes in the preamble serve to remove the ambiguity created by these
missing edges. In Fig. 1(a), nodes 5, 6, 9, and 10 were the tail nodes of such
removed edges, since their out-degree to other nodes in the body is only 1. The
edges from these nodes to the preamble, or lack thereof, indicates how they are
to be sorted in order of the head nodes of their removed edges. No edge to the
preamble means the node is to be inserted at the end of the list. An edge to the
first node in the preamble, such as node 10 has, indicates that the node is to be
inserted before the last node in the list. This puts the nodes in the order 5, 6, 10,
9. If nodes with removed out-edges had to be placed earlier in the list than the
second to last position, we would need more nodes in the preamble. Nodes that
are the head nodes of removed edges are nodes 2, 3, 4, and 7. Thus, in order to
complete the cycle, we add edges from 5 to 2, from 6 to 3, from 10 to 4, and from
9 to 7. Then the nodes in permuted order are 0, 5, 2, 10, 4, 1, 9, 7, 8, 6, and 3.
In cycle notation, this permutation is (0)(1, 5)(2)(3, 10)(4)(6, 9)(7)(8), which is
its own inverse and is permutation number 5487 in our enumeration. We discuss
the RPG encoding in the next section.

5 Properties of Reducible Permutation Encodings

For most of the encoding schemes described in the previous section, it is as-
sumed that the order of outgoing edges is preserved. Encodings that rely on
such assumptions are vulnerable to the simplest type of attacks such as edge-
flips. Without this assumption, a single permutation graph can be viewed as
encoding two different permutations.

The reducible permutation graphs (RPG), however, do not rely on any such
assumptions. While their data rate is slightly lower than that of other encoding
schemes, we believe their superior error correcting properties make up for it.
Moreover, RPGs are very stealthy and fit well into the CT algorithm. We study
the properties of RPGs in detail below.

Theorem 1. A reducible permutation graph G = (V, E) can be created in poly-
nomial time.

Proof: Let σ be a permutation on {0, 1, . . . , k − 1} (which will henceforth
be referred to as Zk) such that σ(0) = 0 and σ = σ−1. We use the following
algorithm to create a reducible permutation graph G = (V, E):

1. Initialization: V := {h, v0, v1, . . . , vk} and E := {(vi, vi+1) : 0 ≤ i < k},
where h is the header, vk the footer, and the remaining nodes are the body.

2. For each i ∈ Zk\{0} such that σ(i−1) < σ(i), set E := E∪{(vσ(i−1), vσ(i))}.
At this point G is still acyclic and hence reducible.
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3. Compute the dominators of G− {h}, using v0 as the root.
4. Initialize B := {j ∈ {0, 1, . . . , k − 2} : σ(j) > σ(j + 1)}. Initialize L := ∅.
5. For each j ∈ B, if vσ(j+1) dominates vσ(j), set E := E ∪ {(vσ(j), vσ(j+1))};

else set L := L ∪ {(vσ(j), vσ(j+1))}. In the cases where an edge is added to
E, it is a backedge, and hence has no effect on the dominance hierarchy.

6. Let τ : L→ Z be defined as τ((vi, vj)) = |{(vi′ , vj′) ∈ L : i′ < i, j′ > j}|. Let
m = max τ(L).

7. If m = 0, set E := E ∪ {(h, v0)} and return G = (V, E).
8. Else, set V := V ∪ {p1, p2, . . . , pm}. For each (vi, vj) ∈ L, if τ((vi, vj)) >

0, set E := E ∪ {(vi, pτ((vi,vj)))}, where {p1, p2, . . . , pm} are the preamble
vertices. Set E := E ∪ {(h, pm), (pm, pm−1), . . . , (p2, p1), (p1, v0)} and return
G = (V, E).

The output graph is reducible up to and including step 7. If step 8 is reached
(the graph needs a preamble), the preamble is inserted so that the only path from
h to any of {v0, v1, . . . , vk} passes through v0. As a result, dominance relations
among these vertices are preserved, and the whole preamble dominates the whole
body and the footer node. 
�

The following four theorems show that RPGs can be decoded in polynomial
time and place a lower bound on their data rate. We omit the proofs in this
extended abstract, except for Theorem 4, which gives the decoding algorithm.

Theorem 2. Any acyclic digraph has at most one Hamiltonian path.

Theorem 3. Any reducible flowgraph has at most one Hamiltonian path. Fur-
thermore, this Hamiltonian path can be found in polynomial time if it exists.

Theorem 4. Reducible permutation graphs can be decoded and corrected for
edge-flips in polynomial time.

Proof: The following algorithm decodes an RPG G = (V, E):

1. Compute the dominance tree of G and verify that G is reducible.
2. Find a Hamiltonian path P in G (in polynomial time from above theorem).
3. Let v0 be the first node with a forward edge not in P . Let v1, v2, . . . , vk−1 be

the subsequent nodes in P , excluding f . Let pm, pm−1, . . . , p1, be the nodes
strictly between h and v0, if any.

4. Let B := {v0, v1, . . . , vk−1}.
5. Create an empty ordered list of nodes L. For each i ∈ {0, 1, . . . , k − 1}, if

vi has one outgoing edge to B ∪ {f}, insert vi in L. If vi has no outgoing
edges to {p1, p2, . . . , pm}, insert it at the end of the list. Otherwise, if it has
an edge to pj , insert it before the last j elements of the list.

6. For each i ∈ {0, 1, . . . , k − 1}, if vi has only one incoming edge from B ∪
{h, p1}, add an edge from the first element of L to vi and remove that first
element from L.

7. Initialize an integer array A[] of k elements. Set A[0] := 0.
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8. For each i ∈ {1, 2, . . . , k−1}, there will now be exactly one edge from vA[i−1]
to B ∪ {f} not contained in the path P . If that edge goes to a vertex vj , set
A[i] := j. If that edge goes to f , set A[i] := A[i− 1] + 1.

9. A will now contain the appropriate permutation.

Since the order of the vertices is determined by the Hamiltonian path P , and
since any reducible flow graph has at most one Hamiltonian path, this algorithm
will extract the same permutation from any two isomorphic graphs. Therefore,
the RPG encoding scheme is resilient to edge flipping attacks. 
�

Theorem 5. The data rate for RPGs is at least (lg n− lg e− 1)/4.
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Abstract. Planar drawings of clustered graphs are considered. We in-
troduce the notion of completely connected clustered graphs, i.e. hier-
archically clustered graphs that have the property that not only every
cluster but also each complement of a cluster induces a connected sub-
graph. As a main result, we prove that a completely connected clustered
graph is c-planar if and only if the underlying graph is planar. Further,
we investigate the influence of the root of the inclusion tree to the choice
of the outer face of the underlying graph and vice versa.

1 Introduction

A frequently used method for visualizing a clustered structure of a graph is
to draw every cluster as a simple closed region (e.g. an axis-parallel rectangle)
bounded by a simple closed curve. Algorithms and data structures for represent-
ing clusterings in general graphs according to this approach can, for example, be
found in [1,14,19,20,21]. Feng et al. [11] defined planarity – called c-planarity –
for clustered graphs. Since then algorithms for drawing c-planar clustered graphs
with respect to different aesthetic criteria were developed [6,7,8,9,10,17].

For connected clustered graphs, i.e. for clustered graphs in which every clus-
ter induces a connected subgraph, Feng et al. [11] gave a c-planarity criterion.
They used this criterion to test in quadratic time, whether a connected clustered
graph is c-planar. A linear time algorithm that solves this problem was given
by Dahlhaus [4]. A first attempt for testing whether certain not necessarily con-
nected clustered graphs are c-planar was done by Gutwenger et al. [13]. As far as
we know, the complexity status for testing whether an arbitrary clustered graph
is c-planar is still open.

Motivated by drawings of minimal cuts [2,3], we consider completely con-
nected clustered graphs, i.e. clustered graphs in which not only every cluster,
but also the complement of each cluster is connected. This graph class has also
applications in triangulating c-planar clustered graphs [15]. Very surprisingly it
turns out that a completely connected clustered graph is c-planar if only the
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654/13-1. It was also partially supported by the Human Potential Program of the
EU under contract no HPRN-CT-1999-00104 (AMORE Project).
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underlying graph is planar. In this paper, we consider varying roots of the in-
clusion tree. Originally, this was also motivated by drawings of cuts but turned
out to be a useful proof technique as well.

The contribution of this paper is as follows. In Section 2, we shortly sum-
marize the definitions and results about c-planar graphs that we will use in this
paper. Section 3 introduces completely connected clustered graphs. We first show
that c-planarity does not depend on the choice of the root of the inclusion tree.
Then, we apply this result to show that a completely connected clustered graph
with underlying planar graph is c-planar. The dependence between the outer
face of the underlying graph on one hand and the root of the inclusion tree on
the other hand is examined in Sect. 4. Finally, we investigate in Sect. 5, whether
c-planar clustered graphs can be augmented to completely connected c-planar
clustered graphs and whether arbitrary completely connected clustered graphs
have a completely connected c-planar clustered subgraph.

2 Preliminaries

A hierarchically clustered graph (G, T, r) – or clustered graph, for simplicity – as
introduced by Feng et al. [11] consists of

– an (undirected) graph G = (V, E),
– a tree T , and
– an inner vertex r of T such that
– the set of leaves of T is exactly V .

G is called the underlying graph and T the inclusion tree of (G, T, r). To distin-
guish vertices of the inclusion tree from vertices in the underlying graph, inner
vertices of T are called nodes. We denote the tree T rooted at r by (T, r). Each
node ν of T represents the cluster Vr(ν) of leaves in the subtree of (T, r) rooted
at ν. Let S be any subset of V . By G(S), we denote the subgraph of G induced
by S and by G − S we denote the subgraph of G induced by V \ S. An edge e
of G is said to be incident to S, if e is incident to a vertex in S and a vertex
in V \ S. If v1, v2 ∈ V are two vertices then G + {v1, v2} denotes the graph
(V, E ∪{v1, v2}). A clustered graph (G, T, r) is connected, if each cluster induces
a connected subgraph of G. A c-planar drawing of a clustered graph (G, T, r)
consists of

– a planar drawing of the underlying graph G and
– an inclusion representation1 of the rooted tree (T, r) such that
– each edge crosses the boundary of the drawing of a node of T at most once.

1 In an inclusion representation of a rooted tree (T, r), each node of T is represented
by a simple closed region bounded by a simple closed curve. The drawing of a node
or leaf ν of T is contained in the interior of the region representing a node µ of T if
and only if µ is contained in the path from ν to r in T . The drawings of two nodes µ
and ν are disjoint if neither µ is contained in the path from ν to r nor ν is contained
in the path from µ to r in T .
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a) G: (T, r): b)

c) d) G: (T, r):

Fig. 1. a) A c-planar clustered graph that is not connected. b) A c-planar drawing of
the clustered graph in a. c) The auxiliary graph associated with the c-planar drawing in
b. Boundary cycles are grey. d) A connected clustered graph that is not c-planar. The
correspondence of vertices of G and leaves of T is indicated by corresponding colors.

Note that the vertices of G are the leaves of T and thus have the same drawing.
A clustered graph is c-planar if it has a c-planar drawing. A clustered graph
with planar underlying graph does not have to be c-planar. An example is given
in Fig. 1d. Feng et al. [11] characterized c-planar connected clustered graphs as
follows.

Theorem 1 ([11]). A connected clustered graph (G, T, r) is c-planar if and only
if there exists a c-planar embedding of G for (G, T, r), i.e. a planar embedding
of G together with a fixed outer face such that for each node ν of T all vertices
of V \ Vr(ν) are in the outer face of the drawing of G(Vr(ν)).

With H ⊆ G we denote that a graph H is a spanning subgraph of the graph G.
We call a clustered graph (H, T, r) a subgraph of the clustered graph (G, T, r),
if H ⊆ G.

Theorem 2 ([11]). A clustered graph is c-planar if and only if it is a subgraph
of a c-planar connected clustered graph.

3 Planarity Is Sufficient

A clustered graph (G, T, r) is completely connected if and only if for each inner
node ν of T both, G(Vr(ν)) and G − Vr(ν), are connected. An example of a
completely connected clustered graph is shown in Fig. 2, while the clustered
graph in Fig. 1d is connected but not completely connected.

Remark 1. Let (G, T, r) be a clustered graph. The following statements are
equivalent.
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1. (G, T, r) is completely connected.
2. (G, T, ν) is connected for every inner node ν of T .
3. (G, T, ν) is completely connected for every inner node ν of T .

In the remainder of this section, we show that a completely connected clustered
graph is c-planar if and only if the underlying graph is planar. First, we prove
that it does not depend on the choice of the root of the inclusion tree whether
a clustered graph is c-planar or not.

For an easier discussion, we associate an auxiliary graph GD with a c-planar
drawing D of the clustered graph (G, T, r). It is the auxiliary graph that was
introduced for constructing bend-minimum orthogonal drawings of clustered
graphs [2,17]. Let V ′ be the set of points, in which drawings of edges and bound-
aries of drawings of clusters intersect. Then the vertex set of GD is V ∪ V ′. The
edge set of GD contains two types of edges. For an edge e = {v, w} of G, let
v1, . . . , vk be the points in D(e) ∩ V ′ in the order they occur in the drawing
of e from v to w. Then GD contains the edges {v, v1}, {v1, v2}, . . . , {vk, w}. Let
ν �= r be a node of T . Let v1, . . . , vk be the points in ∂D(ν) ∩ V ′ in the order
they occur in the boundary ∂D(ν) of the drawing of ν. Then GD contains the
edges {v1, v2}, . . . , {vk−1, vk}, {vk, v1}. The cycle v1, . . . , vk of GD is called the
boundary cycle of ν. (To avoid loops and parallel edges, additional vertices of
degree two may be inserted into boundary cycles). We interpret the c-planar
drawing D of (G, T, r) also as a planar drawing of GD. An example of such an
auxiliary graph can be found in Fig. 1c.

Lemma 1. Let (G, T, r) be a c-planar clustered graph and ν a node of T . Then
(G, T, ν) is c-planar.

Proof. Let Dr be a c-planar drawing of (G, T, r) and let Gr be the auxiliary
graph of Dr. By Theorem 2, we may assume that Gr is connected. Let P : ν =
ν1, ν2, . . . , ν� = r be the path in T between ν and r. Then

Vν(µ) =
{

V \ Vr(νi−1) if µ = νi, i = 2, . . . , �
Vr(µ) if µ is not in P

for a node µ �= ν of T . Thus for any choice of the outer face, there is a boundary
cycle Cµ in Gr that separates Vν(µ) and V \ Vν(µ). More precisely, Cµ is the
boundary cycle of µ if µ is not in P or Cµ is the boundary cycle of νi−1 if
µ = νi, i = 2, . . . , �. We show now that the outer face can be chosen such that
Vν(µ) is always contained in the simple region bounded by Cµ.

Let C be the boundary cycle of ν. Let f be a face of Dr that is contained
in the simple region bounded by C, but incident to some edge in C. Let Dν
be a drawing of Gr that has the same embedding as Dr, but outer face f . Let
µ1, . . . , µk be the adjacent nodes of ν, such that µ1 is on the path from ν to
r in T . Then for i = 2, . . . , k it holds that Vν(µi) = Vr(µi) is still inside the
boundary cycle of µi and that Vν(µ1) = V \ Vr(ν) is now inside the boundary
cycle of ν. Finally, for all nodes µ �= ν of T , there exists an i ∈ {1, . . . , k} such
that Vr(µ) ⊆ Vr(µi). Thus, Dν contains the cluster boundaries of all non-root
nodes of a c-planar drawing of (G, T, ν). ��



172 S. Cornelsen and D. Wagner

If the root r of a clustered graph (G, T, r) is not important – e.g., if we are
only interested whether (G, T, r) is c-planar or completely connected – we will
omit the root in the notation of the clustered graph. I.e. we refer to (G, T, r)
by (G, T ). The following theorem gives a surprisingly easy characterization of
c-planar completely connected clustered graphs. Note that this result is inde-
pendently described by Jünger et al. [15].

Theorem 3. Let (G, T ) be a completely connected clustered graph. Then

(G, T ) is c-planar⇐⇒ G is planar.

Proof. Clearly, G has to be planar if (G, T ) is c-planar. For the other direction,
we show that for any planar embedding E and any outer face fo of G the root
r of T can be chosen such that E together with fo is a c-planar embedding for
(G, T, r). Hence, by Theorem 1, (G, T ) is c-planar.

Let v ∈ V be a vertex that is incident to the outer face fo. Let r be a node of
T that is adjacent to v in T . Let ν be any node of T . Suppose there exists a vertex
w ∈ V \ Vr(ν) that is not drawn in the outer face of G(Vr(ν)). Since (G, T, r) is
completely connected, there exists a path from v to w in G− Vr(ν). But since v
and w are contained in different faces of G(Vr(ν)), this is not possible. ��
The proofs of Lemma 1 and Theorem 3 even showed that every planar embed-
ding of G is a c-planar embedding for the completely connected clustered graph
(G, T ). Only the outer face of G has to be chosen according to the root of T or
vice versa.

4 The Root and the Outer Face

Let (G, T ) be a completely connected clustered graph with planar underlying
graph G and let the planar embedding E of G be fixed. We show in this section
how the following two problems can be solved in linear time.

1. Given a fixed outer face fo of G, which nodes r can be chosen to be the root
of T such that E together with fo is a c-planar embedding for the clustered
graph (G, T, r)?

2. Given a fixed root r of T , which faces can be the outer face of G in a c-planar
embedding for the clustered graph (G, T, r)?

For the first problem, let fo be the outer face of G = (V, E). We call a node
r of T rootable (with respect to fo), if the fixed embedding of G together with
the outer face fo is a c-planar embedding of (G, T, r). A c-planar drawing of
(G, T, r) is called compatible with fo if the drawing of the underlying graph G
corresponds to the given embedding E of G with the fixed outer face fo. In the
proof of Theorem 3, we made the following observation.

Remark 2. A node of T is rootable, if it is adjacent to a vertex of G that is
incident to the outer face fo.
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G:

0 1

23

4 5

67

(T, r): 0 1234 5

67

Fig. 2. A completely connected clustered graph. Rootable nodes are encircled. Vertices
of G that are incident to the outer face are drawn as quadrangles in the inclusion tree.

Hence, there exists at least one rootable node. The following remark follows
immediately from the fact that in a c-planar embedding the complement of a
cluster Vr(ν) is contained in the outer face of the subgraph G(Vr(ν)).

Remark 3. Let r, ν be two nodes of T and let r be rootable. Then V \ Vr(ν)
contains a vertex that is incident to fo.

We use this observation to characterize which nodes among those nodes that are
adjacent to a rootable node are rootable themselves. Note that the following
lemma is not true, if (G, T ) is not completely connected. See Fig. 3 for an
example.

Lemma 2. Let r be a rootable node of T . A node ν of T that is adjacent to r
is rootable if and only if Vr(ν) contains a vertex that is incident to fo.

Proof. “⇒”: If ν is rootable, Remark 3 implies that Vr(ν) = V \Vν(r) contains
a vertex that is incident to fo.

“⇐”: Suppose now, that Vr(ν) contains a vertex that is incident to fo. Let Dr
be a c-planar drawing of (G, T, r) that is compatible with fo. Let Gr be the
auxiliary graph of Dr.
Let C be the boundary cycle of ν. Since Vr(ν) contains a vertex that is
incident to fo there is an edge e in C that is contained in fo. Since (G, T )
is completely connected and ν is adjacent to the root r, it follows that e is
incident to the outer face of Dr:
Else let f be the face of Dr that is incident to e, but not contained in the
simple region bounded by C. Let Cf : v1, . . . , v� be a cycle that is contained
in the boundary of f such that f is contained in the simple region bounded
by Cf . Suppose Cf contains boundary edges of a node µ. Let {vj , vj+1} be
the first and {vk−1, vk} be the last such edge in Cf . Replace vj , . . . , vk in Cf
by a path from vj to vk in G(Vr(µ)). Since ν is adjacent to the root r, the
interior of the simple region bounded by the original Cf does not intersect
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the simple region bounded by the boundary cycle of µ. Thus the modified
Cf is still a cycle that bounds a simple region containing f . Proceeding like
this, we can eliminate every boundary edge in Cf . Thus, f is contained in
the simple region bounded by a cycle of G, which contradicts the fact that
e is contained in fo.
Now, let f be the inner face of Dr that is incident to e. A drawing of Gr with
outer face f can be obtained by redrawing e through the outer face of Dr.
This yields a c-planar drawing of (G, T, ν) that is compatible with fo. ��

G: (T,r):

Fig. 3. A clustered graph for which Lemma 2 is not true. Rootable nodes are again
encircled.

By Remark 3, the statement in Lemma 2 could also be formulated as follows.
An adjacent node ν of a rootable node r is rootable if and only if both, Vr(ν)
and V \ Vr(ν), contain a vertex that is incident to the outer face. This leads to
the general characterization of rootable nodes.

Theorem 4. Let (G, T ) be a completely connected clustered graph. A node ν
of T is rootable with respect to a fixed outer face fo if and only if at least two
connected components of T − ν contain vertices of G that are incident to fo.

Proof. “⇒”: Suppose node ν is rootable but has a neighbor µ such that all
vertices that are incident to the outer face are contained in Vν(µ). In this
case Vν(µ) contains all vertices of G. Since ν is a node, i.e. an inner vertex
of T , there would be leaves of T that are not vertices of G. This contradicts
the definition of inclusion trees.

“⇐”: Suppose now that at least two connected components of T − ν contain
vertices of G that are incident to the outer face, but that ν is not rootable.
Let r be a rootable node of T . Let νi be the first node on the path r =
ν1, ν2, . . . , ν� = ν that is not rootable. Note that V \Vr(ν) is the set of leaves
in one connected component of T − ν. Thus, by the precondition, Vr(ν)
has to contain at least one vertex that is incident to the outer face. Since
Vr(ν) ⊆ Vr(νi) = Vνi−1(νi), cluster Vνi−1(νi) also contains a vertex that is
incident to the outer face. Thus, by Lemma 2, νi is rootable, contradicting
the choice of νi. ��
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The previous lemma and its proof lead to the following corollary.

Corollary 1. The set of rootable nodes induces a subtree of T .

Using Remark 2 and Theorem 4, the rootable nodes can be found in linear time
by a bottom-up top-down approach starting from an arbitrary node r of T as
described in Algorithm 1.

The idea of the algorithm is as follows. The node array Pred represents the
predecessor of each node or leaf in the rooted tree (T, r). The outer face fo of
G is represented by the boolean node array outer-face, i.e. outer-face(v) is
true if and only if v is a vertex of G – and hence a leaf of T – that is incident to
the outer face.

In a first step, the algorithm proceeds from the leaves to the root r of T . It
sets one(ν) to true if Vr(ν) contains at least one vertex that is incident to fo.
There are two cases in which rootable(ν) is set to true: if ν is adjacent to a
vertex of G that is incident to fo or if ν has at least two children µ1, µ2 in (T, r)
such that Vr(µ1) as well as Vr(µ2) contain vertices that are incident to fo.

In a second step, the algorithm proceeds from the root r to the leaves of T .
It sets rootable(µ) to true, if both, Vr(µ) and V \ Vr(µ), contain vertices that
are incident to fo. In the end, the rootable nodes are exactly the nodes for which
rootable is true.

We can also apply Theorem 4 to solve the second problem in linear time. Let
r be a root of T and let T1, . . . , Tk be connected components of T − r. Let v be
a vertex of G and let i ∈ {1, . . . , k} be such that v is contained in Ti. Then v
gets the label i. Now, by Theorem 4, each face that is incident to at least two
vertices with different labels can be chosen as the outer face.

5 Subgraphs and Supergraphs

Di Battista et al. [5] showed that every connected clustered graph has a c-
planar connected clustered subgraph: Proceeding from the leaves to the root
of the inclusion tree, construct a subgraph in which every cluster induces a
spanning tree. Unfortunately, not every completely connected clustered graph
has a completely connected subgraph that is c-planar: See the clustered graph
(G, T, r) in Fig. 4 for an example. G is a subdivision of a K3,3 and hence is
not planar. But the clustered graph (H, T, r) is not completely connected for
any proper subgraph H ⊆ G. In the rest of this section, we show that at least
Theorem 2 can be extended to completely connected clustered graphs. This
result was independently obtained by Jünger et al. [15].

Theorem 5. Every c-planar clustered graph is a subgraph of a c-planar com-
pletely connected clustered graph.

Proof. Let (G, T, r) be a c-planar clustered graph with a fixed c-planar embed-
ding. By Theorem 2, there exists a graph G0 ⊇ G such that (G0, T, r) is c-planar



176 S. Cornelsen and D. Wagner

Algorithm 1: Finding the rootable nodes.
Input : tree T , boolean node array outer-face

Output : boolean node array rootable initialized to false

Data : node array Pred, boolean node array one initialized to false

bottom-up(node ν) begin
foreach incident edge e = {ν, µ} of ν do

if µ �= Pred(ν) then
Pred(µ)← ν;
bottom-up(µ);
if µ is a leaf and outer-face(µ) then

rootable(ν)← true;
one(ν)← true;

else
rootable(ν)← rootable(ν) ∨ (one(ν) ∧ one(µ));
one(ν)← one(ν) ∨ one(µ);

end

top-down(node ν) begin
foreach incident edge e = {ν, µ} of ν do

if µ �= Pred(ν) then
rootable(µ)← rootable(µ) ∨ (one(µ) ∧ rootable(ν));
top-down(µ);

end

begin
choose a node r of T ;
Pred(r)← r;
bottom up(r);
top down(r);

end

and connected. Let ν1, . . . , νi be the nodes of T in arbitrary order. We construct
graphs G0 ⊆ . . . ⊆ Gk such that

– (Gi, T, r) is c-planar and
– Gi − Vr(νi) is connected

We prove the existence of Gi by induction on the number k of components of
Gi−1 − Vr(νi). If k = 0 then Gi−1 − Vr(νi) is connected and (Gi−1, T, r) is
c-planar. Hence Gi = Gi−1 fulfills the required conditions.

Let k > 1. Let e1, e2 be two edges that are incident to Vr(νi) and to different
connected components of Gi−1 − Vr(νi). We may assume that e1 and e2 are
consecutive in the cyclic order around Vr(νi). Let v1 = e1 ∩ (V \ Vr(νi)) and
v2 = e2 ∩ (V \ Vr(νi)).

Then Gi−1 +{v1, v2} is c-planar: Let r′ be the root of the smallest subtree of
T containing v1 and v2. Since v1 and v2 are not contained in the same connected
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(T, r):
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Fig. 4. A completely connected clustered graph that has no c-planar clustered subgraph
which is still completely connected.

component of Gi − Vr(νi) but every cluster is already connected, the subtree
rooted at r′ also contains νi. Let µ �= r′ be the first node on the path from r′

to νi. No edge crosses the cluster boundary of µ between e1 and e2. Else the
area between e1 and e2 would contain vertices in Vr(µ) \ Vr(νi) – contradicting
that Vr(µ) induces a connected subgraph of Gi−1. Hence, we can route the edge
{v1, v2} along the edge e1 the cluster boundary of µ and the edge e2. By the
choice of µ, this route crosses every cluster boundary at most once. Hence, we
obtain a c-planar drawing of Gi−1 + {v1, v2}.

The number of connected components of (Gi−1 + {v1, v2})− Vr(νi) is k − 1.
Hence, we can apply the inductive hypothesis to finish the proof. ��
The above proof describes a construction for obtaining a c-planar completely
connected clustered graph by adding edges to a c-planar clustered graph. Note,
however, that the number of additional edges depends on a c-planar drawing
of the given graph and on the ordering of the nodes in the inclusion tree. The
problem of minimizing the number of additional edges is a generalization of the
NP-complete problem planar biconnectivity augmentation [16].

6 Conclusion

We introduced completely connected clustered graphs, i.e. clustered graphs for
which not only every cluster but also the complement of each cluster is con-
nected. We made the surprising observation that every planar embedding of the
underlying graph of a completely connected clustered graph is already a c-planar
embedding. Only the outer face of the underlying graph has to be chosen ac-
cording to the root of the inclusion tree or vice versa. Fixing the root (or the
outer face), we gave a linear time algorithm that decides which faces can be
chosen as the outer face (or which nodes can be chosen as the root). Finally,
we showed that every c-planar clustered graph is a subgraph of a completely
connected c-planar clustered graph.

Acknowledgments. We thank Ulrik Brandes for introducing to us the bottom-
up top-down approach and Christian Fieß for implementing the algorithm that
determines the rootable nodes.
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Abstract. An FPT algorithm with a running time of O(n4 +2O(k)n2.5)
is described for the Set Splitting problem, parameterized by the num-
ber k of sets to be split. It is also shown that there can be no FPT
algorithm for this problem with a running time of the form 2o(k)nc un-
less the satisfiability of n-variable 3SAT instances can be decided in time
2o(n).

1 Introduction

Consider a collection F of subsets of a finite set X. The task is to find a partition
of X into two disjoint subsets X0 and X1 which maximizes the number of subsets
of F that are split by the partition, i.e. not entirely contained in either X0 or
X1. This problem, called the Max Set Splitting problem, is NP-complete [9]
and APX-complete [15].

Andersson and Engebretsen [3] as well as Zhang [16] presented approxima-
tion algorithms that provide solutions within a factor of 0.7240 and 0.7499,
respectively. A 1/2 approximation algorithm for the special case of the Max

Set Splitting problem where the size of X0 is given was presented in [1]. A
variation of the Set Splitting problem, called Max Em Splitting, in which
all sets in F contain the same number of elements m is NP-hard for any fixed
m ≥ 2 [13]. As pointed out in [16], Max Em Splitting is a special case of Max

Em NAE-SAT. Max Em splitting is approximable within a factor of 0.8787
for m ≤ 3 and approximable within a factor of 1

1−21−m for m ≥ 4 [12,17,18],
and it is NP-hard for factor 1

8
7 −1 [10]. In [4] it is shown that a polynomial time

approximation scheme exists for |F | = Θ(|X|k).
In this paper, we show that the set splitting problem is fixed parameter

tractable [8] if we consider as parameter, k, the number of sets in F that are
split by a given partition of X, for arbitrary size sets in F . We present an FPT
algorithm with a running time O(n4 + 2O(k)n2.5), parameterized by the number
k of sets to be split. We also show that there can be no FPT algorithm for
this problem with a running time of the form 2o(k)nc unless the satisfiability of
n-variable 3SAT instances can be decided in time 2o(n).

There are a variety of fundamental computational problems that concern
families F ⊆ 2X of subsets of a base set X, such as Hitting Set (finding a
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small subset X ′ of the base set such that every set in F contains an element of
X ′), Set Packing (finding a large pairwise disjoint subfamily F ′ of F), and
Set Splitting. Important applications of these problems on families of sets
arise in the analysis of micro-array data. Micro-array data can be viewed as
a matrix, where the columns represent “features” such as whether a gene is
“on” or “off”, or whether a sample is cancerous or not, while the rows represent
the samples. Each row can be viewed as representing a subset of the column
space. An example of how Set Splitting is relevant is given by the following
scenario. The set X represents a set of genetic markers (such as SNPs) of an
individual. A set A ∈ F represents a combination of markers associated with a
phenotypic condition that is exhibited by an individual but not by either parent.
The partition of X maximizing the number of sets that are split represents a
parsimonious hypothesis explaining why the phenotypic signals are not present
in the parents (since for a set of markers that is split, the entire set is not present
in either parent).

Since the Set Splitting is NP-complete and APX-complete, it is important
to find new approaches that can solve problem instances of practical importance.
Fixed parameter tractability has provided such solutions for various other NP-
complete problems [8], and FPT algorithms have considerably increased the size
of solvable problem instances for some of these problems [6]. In this paper, we
contribute the first exploration of the parameterized complexity of one of the
classic problems about families of sets, Set Splitting, parameterized by the
number of sets to be split.

2 A FPT Algorithm for Set k-Splitting

A set k-splitting, SSP(X, F, k), for a collection F of n subsets of a finite set
X is formally defined as a partition [X0, X1] of X into two disjoint subsets X0
and X1 such that at least k sets in F are split by the partition. See Figure 1(a)
for an illustration. For the remainder we assume, w.l.o.g., that X =

⋃
S∈F S.

Let |X| = n. Define a predicate ΠSSP(X, F, k) by ΠSSP(X, F, k) = TRUE if
SSP(X, F, k) exists and ΠSSP(X, F, k) = FALSE if SSP(X, F, k) does not exist.

Fig. 1. (a)Illustration Of A Set k-Splitting SSP(X, F, k) = [X0, X1] . (b) A k-Witness
Structure. (c) Illustration Of F(a) And degF (a).
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Definition 1. Consider a problem instance (X, F, k). A sequence W = (b1, . . . ,
bk, w1, . . . , wk) ∈ X2k is called a k-witness structure for F if and only if
(b1, . . . , bk) ∩ (w1, . . . , wk) = ∅ and there exist k subsets Si ∈ F such that
{bi, wi} ⊆ Si for all i = 1, . . . , k.

For a k-witness structure W = (b1, . . . , bk, w1, . . . , wk), we will call bi the
black witness element for Si, and wi the white witness element for Si. See
Figure 1(b) for an illustration. Note that, some black [white] witness elements
bi, bj [wi, wj ] may be identical. A witness element in a k-witness structure W =
(b1, . . . , bk, w1, . . . , wk) is called private if it is unique in W ; otherwise it is called
shared.

For any W = (b1, . . . , bk, w1, . . . , wk), we refer to the process of replacing all
occurrences of an element bi or wj by another element bi′ or wj′ , respectively,
as deleting bi or wj . A k-witness structure W = (b1, . . . , bk, w1, . . . , wk) is non-
redundant if any W ′ obtained from W by deleting any single element bi or wj is
not a k-witness structure.

Observation 1 Consider a problem instance (X, F, k). If there exists a k-
witness structure then there also exists a non-redundant k-witness structure.

Lemma 1. (a) Every k-splitting SSP(X, F, k) = [X0, X1] implies at least one k-
witness structure (b1, . . . , bk, w1, . . . , wk). (b) Every k-witness structure (b1, . . . ,
bk, w1, . . . , wk) implies at least one k-splitting SSP(X, F, k) = [X0, X1]

Proof. (a) Consider a k-splitting SSP(X, F, k) = [X0, X1] which splits k sets
S1, . . . , Sk. This implies a k-witness structure (b1, . . . , bk, w1, . . . , wk) where each
bi is an arbitrary element in Si ∩ X0 and each wi is an arbitrary element in
Si ∩X1, i = 1, . . . , k. (b) A k-witness structure (b1, . . . , bk, w1, . . . , wk) implies a
k-splitting [X0, X1] where X0 = {b1, . . . , bk} and X1 = X −X0.

For a k-witness structure W = (b1, . . . , bk, w1, . . . , wk) let F (W ) = {S ∈
F |{bi, wi} ⊆ S for some 1 ≤ i ≤ k} be the collection of (at least k) sets S ∈ F
which are split by W . For each a ∈ X let F(a) ⊂ F be the collection of sets
S ∈ F , |S| ≥ 2, which contain a, and let degF (a) = |F(a)|. See Figure 1(c) for
an illustration.

Algorithm 1 Kernelization: Convert the given problem instance (X, F, k) into
an equivalent reduced problem instance.

(1) Apply the following rules as often as possible.
Rule 1: IF there exists an element a ∈ X with degF (a)> k THEN report

SSP(X, F, k) = [{a}, X − {a}] and STOP.
Rule 2: IF there exists a set S ∈ F with |S| ≤ 1 THEN set F ← F −{S}.
Rule 3: IF there exists a set S ∈ F with |S| ≥ 2k THEN set F ← F −{S}

and k ← k − 1.
Rule 4: IF there exists a set S ∈ F , |S| ≥ 2, which contains an element

a ∈ S with degF (a) = 1 THEN set F ← F − {S} and k ← k − 1.
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Rule 5: IF there exist three different elements a1, a2, a3 ∈ X with ∅ 	=
F(a1) ⊂ F(a2) ⊂ F(a3) THEN set S ← S−{a1} for all S ∈ F . (Note:
May need to re-apply Rule 2.)

(2) Set X ← ⋃
S∈F S.

— End of Algorithm —

In the following, we prove the correctness of the above rules. The parts
marked “(⇒)” show that ΠSSP(X, F, k) = TRUE before the application of a
rule implies ΠSSP(X, F ′, k′) = TRUE after the application of that rule. The sec-
tions marked “(⇐)” show the opposite direction, i.e. ΠSSP(X, F ′, k′) = TRUE
after the application of a rule implies ΠSSP(X, F, k) = TRUE before the appli-
cation of that rule.

Proof Of Correctness For Rule 1. If degF (a)> k then [{a}, X − {a}] splits
k or more sets. �

Proof Of Correctness For Rule 2. Consider a set S ∈ F with |S| ≤ 1. (⇒)
Since S can not be split by any SSP(X, F, k) = [X0, X1] , any such [X0, X1] also
splits k sets in F−{S}. (⇐) If there exists a SSP(X, F − {S}, k) = [X0, X1] then
the same [X0, X1] is also a set k-splitting SSP(X, F, k). �

Proof Of Correctness For Rule 3. Consider a set S ∈ F with |S| ≥ 2k. (⇒)
If [X0, X1] is a k-splitting for F then [X0, X1] is either a k-splitting for F−{S} (if
S is not split by [X0, X1] ) or [X0, X1] is a k−1-splitting for F −{S} (if S is split
by [X0, X1] ). (⇐) Consider a k − 1-splitting [X0, X1] of F − {S} with witness
structure W = (b1, . . . , bk−1, w1, . . . , wk−1) by Lemma 1(a). Since |S| ≥ 2k, there
exist two elements bk, wk ∈ S −W . Hence (b1, . . . , bk, w1, . . . , wk} is a witness
structure for a k-splitting of F ; see Lemma 1(b). �

Proof Of Correctness For Rule 4. Consider an S ∈ F with |S| ≥ 2 which
contains an element a ∈ S with degF (a) = 1. (⇒) If [X0, X1] is a k-splitting for
F then [X0, X1] is a k − 1-splitting for F − {S}. (⇐) Consider a k − 1-splitting
[X0, X1] for F − {S} with witness structure W = (b1, . . . , bk−1, w1, . . . , wk−1)
by Lemma 1(a). Since degF (a) = 1, a is not an element of W . Since |S| ≥ 2,
S contains another element a′ 	= a. Assume a′ ∈ W , w.l.o.g. a′ = bj for some
1 ≤ j ≤ k − 1, then W ′ = (b1, . . . , bk−1, w1, . . . , wk−1, wk) with wk = a is a
k-witness structure for a k-splitting of F (Lemma 1(b)). Assume a′ /∈ W , then
W ′′ = (b1, . . . , bk−1, bk, w1, . . . , wk−1, wk) with bk = a′ and wk = a is a k-witness
structure and implies a k-splitting of F (Lemma 1(b)). �

Proof Of Correctness For Rule 5. Consider three different elements a1, a2, a3
∈ X with ∅ 	= F(a1) ⊂ F(a2) ⊂ F(a3). Let F ′ = {S−{a1}|S ∈ F}. (⇒) Assume
that [X0, X1] is a k-splitting for F with non-redundant k-witness structure W
= (b1, . . . , bk, w1, . . . , wk). If a1 /∈ W then W is also a witness structure for a
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k-splitting of F ′. Assume a1 ∈W , w.l.o.g. a1 = bi for some 1 ≤ i ≤ k−1. If both,
a2 and a3 were contained in W then they can not both be black [white] witness
elements since, otherwise, W would not be minimal (a2 could be replaced by
a3). However, if a2 and a3 were both contained in W and had different colors,
then W would not be minimal as well since a1 could be replaced by either a2 or
a3. Hence, only either a2 or a3 can be in W and must have a color different from
a1 (otherwise a1 could be replaced by either a2 or a3). Assume, w.l.o.g. a2 = wj
for some 1 ≤ j ≤ k−1. Then, W ′ obtained from W by replacing a1 by a3 is also
a k-witness structure and implies a k-splitting of F ′ (since W ′ does not contain
a1). (⇐) Assume that [X0, X1] is a k-splitting for F ′ then it is also a k-splitting
for F . �

Theorem 1. Let (X, F, k) be any reduced problem instance. If |F | ≥ 2k then
ΠSSP(X, F, k) = TRUE.

Theorem 1 follows from Lemma 2, below.

Lemma 2. “Boundary Lemma”
If (X, F, k) is reduced and ΠSSP(X, F, k) = TRUE and ΠSSP(X, F, k + 1) =
FALSE then |F | ≤ 2k.

Proof. Assume there exists a counter example to Lemma 2, that is, a reduced
problem instance (X, F, k) with ΠSSP(X, F, k) = TRUE and ΠSSP(X, F, k + 1)
= FALSE but |F | > 2k. The following Claims 2 to 2 show that this leads to a
contradiction.

Since ΠSSP(X, F, k) = TRUE, there exists a k-splitting SSP(X, F, k) =
[X0, X1] which splits k sets S1, . . . , Sk ∈ F and, by Lemma 1(a), there exists
a k-witness structure W = (b1, . . . , bk, w1, . . . , wk) such that {bi, wi} ⊂ Si for all
i = 1, . . . , k.

A set S ∈ F is called chosen if S = Si for some i ∈ {1, . . . , k}, otherwise S
is called not chosen. Recall that any element b1, . . . , bk is called black and any
w1, . . . , wk is called white. All other elements a ∈ X −W are called grey.

Claim. If a set S ∈ F is not chosen then it cannot contain both a black and a
white element.

Proof. Otherwise, ΠSSP(X, F, k + 1) = TRUE.

Claim. If a set S ∈ F is not chosen then it consists entirely of black elements or
entirely of white elements.

Proof. Assume, w.l.o.g, that S contains a black element bi and a grey element
a ∈ X −W . If we color a white, i.e. add bk+1 = bi and wk+1 = a to W , then
we obtain a k + 1-witness and, hence, ΠSSP(X, F, k + 1) = TRUE. Assume that
S contains only grey elements. Due to Rule 2, S contains at least two elements
a and b. If we color a white and b black, then we obtain a k + 1-witness and,
hence, ΠSSP(X, F, k + 1) = TRUE.



An FPT Algorithm for Set Splitting 185

Two chosen sets Si, Sj are called connected if bi = bj or wi = wj . Let
C1, . . . , Cr ⊂ F be a partitioning of {S1, . . . , Sk} into maximal collections of
connected chosen sets (i.e. connected components with respect to the above con-
nected relation). We will refer to C1, . . . , Cr as connected components.

A set S ∈ F intersects a component Ct if there exists a chosen set Si ∈ Ct
with bi ∈ S or wi ∈ S.

Claim. If S ∈ F is not chosen then it does not intersect two different components
Ct and Ct′ . (See Figure 2 for an illustration.)

Proof. Consider a set S ∈ F that is not chosen and assume that S intersects two
different components Ct and Ct′ . Hence, there exists a chosen set Si ∈ Ct with
bi ∈ S or wi ∈ S and there exists a chosen set Sj ∈ Ct′ with bj ∈ S or wj ∈ S. If
bi ∈ S and wj ∈ S then S is split by [X0, X1] and, hence, ΠSSP(X, F, k + 1) =
TRUE. Thus, assume w.l.o.g. that bi ∈ S and bj ∈ S. However, if we now invert
the colors of all witnesses for chosen sets in Ct then all chosen sets in Ct are still
split and S is split as well. Thus, ΠSSP(X, F, k + 1) = TRUE; a contradiction.

Fig. 2. Illustration of Claim 2

Claim. For any components Ct, the number of sets which intersect Ct and are
chosen is larger than (or equal to) the number of sets which intersect Ct and are
not chosen.

Proof. Assume that the number of sets which intersect Ct and are not chosen
is larger than the number of sets which intersect Ct and are chosen. Consider
the following undirected graph G = (V, E) where V is the union of the witnesses
{bi, wi} of all sets Si which intersect Ct and are chosen and E = E1∪E2 defined
as follows. For each chosen set Si which intersect Ct, E1 contains an edge e(Si)
= (bi, wi). For each set S ∈ F which intersects Ct and is not chosen, E2 contains
an edge e(S) = (a1, a2) where a1, a2 are two arbitrary (but different) elements
of S. Note that, since (X, F, k) is reduced, |S| ≥ 2. Furthermore, it follows from
Claim 2 that S consists entirely of black elements or entirely of white elements.
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Hence, a1 and a2 are either both black or white elements. See Figure 3 for an
illustration. For any v ∈ V let deg1(v) be the number of edges in E1 that are
incident to v and let deg2(v) be the number of edges in E2 that are incident
to v. From the assumption at the beginning of this proof it follows that |E2|
> |E1|. Hence, there exists a vertex v0 ∈ V such that deg2(v0) > deg1(v0).
As a consequence, if we invert the color of the witness corresponding to v0, we
obtain a new witness structure which splits at least one more set, which implies
ΠSSP(X, F, k + 1) = TRUE; a contradiction.

Fig. 3. Illustration of Claim 2

Claim. The number of sets which are chosen is larger than (or equal to) the
number of sets which are not chosen.

Proof. Follows from Claims 2 and 2.

Since the number of chosen sets is k, it follows from Claim 2 that F ≤ 2k; a
contradiction. This concludes the proof of Lemma 2 and Theorem 1.

Let (X, F, k) be a reduced problem instance. If |F | ≥ 2k then ΠSSP(X, F, k)
= TRUE by Theorem 1. Hence, for the remainder let us assume that |F | < 2k.

Since, by Rule 3 of Algorithm 1, every S ∈ F is of size smaller than 2k, it
follows that X is of size at most 4k2. Thus, there are at most 24k2

possible k-
witness structures which implies an O(n4 + n24k2

) algorithm for set k-splitting.
In the following we will show how to reduce the 24k2

term to 2O(k).
Consider a reduced problem instance (X, F, k) with |F | < 2k. If

ΠSSP(X, F, k) = TRUE then there exists a k-witness structure W =
(b1, . . . , bk, w1, . . . , wk). Assume that W has the largest number of private ele-
ments among all possible k-witness structures for (X, F, k). We shall call such a
k-witness structure maximal. Let X(W ) denote the set of elements a ∈ X that
are contained in W . Consider the collection F (W ) of sets Si ∈ F which are split
by W . Each set Si ∈ F (W ) has a black witness bi and a white witness wi in
W . We partition F (W ) into sets A(W ), B(W ), C(W ), D(W ) where Si ∈ A(W )
if Si has a private black witness and a private white witness, Si ∈ B(W ) if Si
has a private black witness and a shared white witness, Si ∈ C(W ) if Si has a
private white witness and a shared black witness, and Si ∈ D(W ) if Si has a
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shared black witness and a shared white witness. See Figure 4 for an illustration.
Let XA be the set of all elements a ∈ X that are contained in at least one set
Si ∈ A(W ), and let XBCD be the set of all elements a ∈ X that are contained
in at least one set Si ∈ B(W ) ∪ C(W ) ∪D(W ).

Fig. 4. Illustration of A(W ), B(W ), C(W ), D(W ) and XBCD.

Lemma 3. Consider a reduced problem instance (X, F, k) with |F | < 2k and a
maximal k-witness structure W , and let XBCD and X(W ) be defined as above,
then XBCD ⊂ X(W ).

Proof. Consider an element a ∈ XBCD which is not contained in X(W ). By
assumption, a is contained in a set Si ∈ B(W ) ∪ C(W ) ∪D(W ). Note that, by
definition, Si has at most one private witness in W . However, since a is not in
X(W ), we can add a to W as a witness for Si, replacing a shared witness of
Si. This increases the number of private witnesses in W ; a contradiction to the
assumption that W is maximal.

For any F ′ ⊂ F and X ′ ⊂ X let Ĝ(F ′, X ′) be a bipartite graph with vertex
set VF ′ ∪X ′, where VF ′ contains two elements bS and wS for each S ∈ F ′. For
every set S ∈ F ′ and each element a ∈ S ⊂ X ′, the graph Ĝ contains two
edges: one edge between bS and a, and one edge between wS and a. A maximum
matching [11] in the bipartite graph Ĝ(F ′, X ′) is called complete if every vertex
in VF ′ is matched. For such a matching, we call those elements in X ′ matched to
a bS ∈ VF ′ the black elements and those elements in X ′ matched to a wS ∈ VF ′

the white elements.

Algorithm 2 Set k-Splitting

(1) Kernelization
Using Algorithm 1, convert the given problem instance into an equiva-
lent reduced problem instance (X, F, k). IF |F | ≥ 2k THEN report that
ΠSSP(X, F, k) = TRUE and STOP.
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(2) Search
FOR ALL collections {S1, . . . , Sk} of k sets of F

FOR ALL bi-partitions of {S1, . . . , Sk} into A(W ) and Ā(W ) = B(W )
∪ C(W ) ∪ D(W ) such that |XBCD| ≤ 2k

FOR ALL tri-partitions of XBCD into X0
BCD, X1

BCD and X2
BCD

for which [X0
BCD, X1

BCD] splits all sets in B(W ) ∪ C(W ) ∪
D(W )
(Note: X0

BCD represents those elements a ∈ XBCD that are black
witnesses for sets in B(W ) ∪ C(W ) ∪ D(W ), X1

BCD represents
those elements a ∈ XBCD that are white witnesses for sets in
B(W ) ∪ C(W ) ∪ D(W ), and X2

BCD represents the remainder of
XBCD.)

IF there exists a complete matching in Ĝ(A(W ), XA − (
X0
BCD ∪X1

BCD)) with black elements X0
A and white ele-

ments X1
A THEN report that [X0

BCD ∪ X0
A, X1

BCD ∪ X1
A]

splits k sets in F and ΠSSP(X, F, k) = TRUE and STOP.
Report that ΠSSP(X, F, k) = FALSE.

— End of Algorithm —

Theorem 2. Algorithm 2 solves the set k-splitting problem in time O(n4 +
2O(k)n2.5).

Proof. The time for Step 1 is bounded by O(n4). For Step 2, observe that the
number of collections {S1, . . . , Sk} of k sets of F is at most 4k = 22k and the
number of bi-partitions of {S1, . . . , Sk} is at most 2k. Since XBCD ⊂ X(W )
due to Lemma 3, and |X(W )| ≤ 2k, the number of tri-partitions of XBCD is
at most 32k = 2

2 log 3
log 2 k. The computation of a maximum matching requires time

O(n5/2)[11]. Thus, the time for Step 2 is bounded by O(n5/22(3+ 2 log 3
log 2 )k).

3 Optimality

In this section we employ newly developed methods of parameterized complexity
analysis to prove “exponential optimality” for our main FPT result in Section 2.

To illustrate the issue, consider some recent results for the k-vertex cover

problem. An FPT algorithm of the form 2O(k), based on search trees, was first
described by Mehlhorn [14]. In [2] it was shown that the planar k-vertex

cover problem can be solved in time 2O(
√
k)n. This raises two natural questions:

(1) Is there an FPT algorithm for the general k-vertex cover problem with
running time 2O(

√
k)nc? (2) Can the FPT algorithm for the planar k-vertex

cover problem be further improved? For example, is an algorithm with time
2O(k1/3)nc possible? It has been shown that the answers to both questions is
“no” [5]. There is no FPT algorithm with a running time of the form 2o(k)nc

for the general k-vertex cover problem, and there is no FPT algorithm
with a running time 2o(

√
k)nc for the planar k-vertex cover problem unless
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there is an unlikely collapse FPT = MINI[1] in the hierarchy of parameterized
complexity classes

FPT ⊆MINI[1] ⊆W [1].

Such a collapse is considered unlikely because because FPT = MINI[1] if and
only if n-variable 3SAT can be solved in time 2o(n) [7,5].

In the remainder of this section we establish a similar result for the set

k-splitting problem SSP(X, F, k).

Theorem 3. There is no FPT algorithm for set k-splitting with running
time 2o(k)nc unless FPT = MINI[1].

Proof. It is sufficient to show that the following problem is hard for MINI[1]:

MINI Set Splitting

Input: Integers k, n in unary format, a family F ⊆ 2X where |F| ≤ k log n,
and an integer r. Parameter: k. Question: Is there a bipartition of X that
splits at least r sets of F.

Proving that MINI Set Splitting is hard for MINI[1] is sufficient to estab-
lish our theorem because (1) If there is a 2o(s)nc algorithm to determine if s sets
can be split then this algorithm can be used to determine in time 2o(k log n)nc

if r ≤ k log n sets can be split. (2) If g(n, k) = o(k log n) for any fixed k, i.e.
limn→∞

f(k,n)
k logn = 0 for any fixed k, then 2f(k,n)nc is bounded by g(k)nc

′
for

appropriately chosen constant c′ and function g(k).
To show that MINI Set Splitting is MINI[1] hard, we reduce from the

MINI[1]-complete problem MINI-3SAT [7]

MINI 3SAT
Input: Integers k, n in unary format, a 3SAT expression E where E has at
most k log n variables and k log n clauses. Parameter: k. Question: Is E sat-
isfiable.

The standard reduction from 3SAT to the variant Not-all-equal 3SAT

for all positive literals is, in fact, a linear-size reduction. That is, the
expression E ′ to which E is transformed satisfies |E ′| ≤ c|E| for some constant c.
This yields immediately an FPT reduction from MINI 3SAT to MINI Not-

all-equal 3SAT For All Positive Literals. The latter is a special case
of MINI Set Splitting (where all sets in the family F have size 3).

4 Conclusion

In this paper, we have presented the first exploration of the parameterized com-
plexity of one of the classic problems about families of sets, Set Splitting,
parameterized by the number of sets to be split. We have presented an FPT
algorithm with a running time of 2O(k)n2.5 and shown that there can be no FPT
algorithm for this problem with a running time of the form 2o(k)nc unless the
satisfiability of n-variable 3SAT instances can be decided in time 2o(n).
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The “final” goal of FPT methods is to increase the size of solvable problem
instances for NP-complete problems like Set Splitting. In this context, an
important open question is whether the 2(3+ 2 log 3

log 2 )k term in the running time
of Algorithm 2 can be further reduced to some 2ck with c < 3 + 2 log 3

log 2 . We
emphasize that this is a first study of the parameterized complexity of Set

Splitting. For a practical implementation, our algorithm will probably also
require more reduction rules in order to “shrink” problem instances as much as
possible during kernelization and thereby further increase the size of solvable
problem instances.
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Abstract. This paper introduces and studies the concept of a curve
embedding of a planar graph. Let C be the family of 2D curves described
by concave functions and let G be a planar graph. A curve embedding
of G is a linear ordering of the vertices of G such that there exists a
crossing-free 2D drawing of G where the vertices are constrained to be
on any given curve of C and the edges are drawn as polylines with at
most one bend. We prove that every planar graph has a curve embedding
which can be computed in linear time. Further we present applications
of the concept of curve embedding to upward drawings and point-set
constrained drawings.

1 Introduction
Motivated by the many applications that impose geometric constraints on the
position of the vertices, a variety of papers have been published in the graph
drawing literature that investigate the problem of computing drawings where
vertices are constrained to be on given curves or straight lines in 2D space (see,
e.g., [2,7,10,12,15]). Further references can be found in [9,13].

In this paper we investigate the problem of drawing a graph in the plane with
the additional constraint that vertices are represented as points of a given 2D
curve. Since the class of graphs that can be drawn under such a strong constraint
on the vertex positions is small if the edges are required to be straight-line
segments (it coincides with the class of outerplanar graphs), it makes sense to
consider edges drawn as polylines and to keep the number of bends along each
edge as small as possible. Besides being of theoretical interest on its own right,
our results have applications to upward drawability problems and to point-set
embeddability problems [3,4,14]. Furthermore, the subject of this paper naturally
relates with the concept of 2D-book embedding [1] of planar graphs. A 2D-book
embedding of a planar graph G can be defined as a linear ordering of its vertices
such that there exists a planar drawing of G such that: (i) the vertices are points
on a straight line (the spine of the drawing) and follow the given ordering; (ii) and
� Research partially supported by “Progetto ALINWEB: Algoritmica per Internet e

per il Web”, MIUR Programmi di Ricerca Scientifica di Rilevante Interesse Nazio-
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the edges are polylines with at most one bend, i.e. each edge is represented by at
most two consecutive straight-line segments. The family of planar graphs that
have a 2D-book embedding coincides with planar sub-hamiltonian graphs [1].
The main contributions in this paper can be outlined as follows.
– We introduce and study the concept of a curve embedding of a planar graph

(see Section 2). Let C be the family of 2D curves described by concave func-
tions and let G be a graph. A curve embedding of G is a linear ordering
of the vertices of G such that there exists a crossing-free 2D drawing of G
where the vertices lie on any given curve of C according to the linear order-
ing and the edges are polylines with at most one bend. Informally, a curve
embedding can be seen as a 2D-book embedding where the spine is “bent”.
Figure 1 shows a planar graph G, a linear ordering L of the vertices of G and
a crossing-free drawing of G on a semi-circle where vertices appear according
to L and edges have at most one bend.

– We show that every planar graph G has a curve embedding and that such
an ordering for its vertices can be computed in linear time (see Section 3).
Furthermore, we show that if the curve of C is a semi-circle then a drawing of
G that corresponds to the curve embedding can also be computed in linear
time. Recall that deciding whether a given planar graph has a 2D-book
embedding is NP-complete [1].

– We study the interplay between drawing a planar graph with all vertices on
a curve and at most one bend per edge, and drawing it with all vertices on
a straight line and with at most two bends per edge (see Subsection 4.1).
Namely, we show that a curve embedding can be used to compute an ori-
entation of a planar graph that admits an upward planar drawing where
all vertices are collinear and every edge has at most two bends. Both the
orientation and the drawing can be computed in linear time.

– We present an application of curve embeddings to the problem of computing
a drawing of a graph where the vertices are constrained to be mapped on a
given set of n distinct points (see Subsection 4.2). Kaufmann and Wiese [14]
showed how to solve the problem for all planar graphs and with at most
two bends per edge. The algorithm in [14] first computes a hamiltonian
augmentation of the input graph via results due to Chiba and Nishizeki [5,
6] by four-connecting the graph and then uses the augmented ordering to
construct the drawing. Curve embeddings are used to define a variant of the
algorithm by Kaufmann and Wiese where a hamiltonian augmented graph
is computed without initially four-connecting the graph, and so that every
edge of the drawing is monotone in one direction.
For reasons of space, some proofs are omitted.

2 Preliminary Definitions
Let G be a graph. A drawing Γ of G maps each vertex v of G to a distinct
point p(v) of the plane and each edge e = (u, v) of G to a simple Jordan curve
connecting p(u) and p(v). Drawing Γ is planar if no two distinct edges intersect
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except at common endvertices. Graph G is planar if it admits a planar drawing. A
planar drawing Γ of G partitions the plane into topologically connected regions
called the faces defined by Γ . The unbounded face is called the external face.

An embedding of a planar graph G is an equivalence class of planar drawings
that define the same set of faces, that is, the same set of face boundaries. A
planar graph G together with the description of a set of faces F is called an
embedded planar graph. A maximal embedded planar graph is such that all faces
are triangles, that is, the boundary of each face has three vertices and three
edges. Given any embedded planar graph G it is easy to add edges that split the
faces of G, so to obtain a maximal embedded planar graph that includes G.

Definition 1. A concave curve Λ is a function f(x) : I = [α, β] ⊂ R→ R such
that ∀x ∈ I f(x) has a second derivative on I and f ′′(x) < 0.

Let α ≤ x1 < x2 ≤ β; we say that (x1, f(x1)) is before (x2, f(x2)) and
(x2, f(x2)) is after (x1, f(x1)).

Definition 2. Let G be a planar graph and let Λ be a concave curve. A curve
drawing of G on Λ is a planar drawing of G such that (see Figure 1(b)):
– each vertex v of G is mapped to a unique point p(v) of Λ;
– each edge e = (u, v) of G is drawn as a polyline with endpoints p(u) and p(v);

a bend of e is a common point of two consecutive segments of the polyline
representing e.

v
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v
2
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v3

v1 v2

v5

v4

v6

(b)

Fig. 1. (a) A planar graph G. (b) A curve drawing of G on a semi-circle. L is the curve
embedding induced by the curve drawing.

Definition 3. A curve embedding of G is a linear ordering L of the vertices of
G such that:
– G has a curve drawing Γ on any concave curve Λ;
– if u precedes v in L then p(u) is before p(v) in Γ ;
– each edge in Γ has at most one bend.

The linear ordering L is the curve embedding induced by Γ .
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Let p and q be two points in the plane. We denote by pq the straight-line
segment connecting p and q. Given any point p of Λ, let τ(Λ, p) be the tangent
to Λ in p. Let C = {c1, . . . , cs} be a set of points on Λ, such that ci+1 is after
ci (1 ≤ i ≤ s− 1), and let ĉi denote the intersection point between τ(Λ, ci) and
τ(Λ, ci+1).

Definition 4. The tangent polyline of Λ with respect to C is the polyline
τ(Λ, C) = c1ĉ1 ∪ ĉ1c2 ∪ c2ĉ2 ∪ ĉ2c3 ∪ · · · ∪ cs−1ĉs−1 ∪ ĉs−1cs.

Definition 5. The region P (Λ, ci) (ci ∈ C) is the closed half-plane defined by
τ(Λ, ci) and containing Λ. The region P (Λ, C) is the intersection of all P (Λ, ci)
(1 ≤ i ≤ s).

Since each P (Λ, ci) contains Λ, therefore P (Λ, C) contains Λ, too. Also the
following properties hold.

Property 1. τ(Λ, C) is contained in the boundary of P (Λ, C).

Property 2. c1cs is contained in P (Λ, C).

Definition 6. A point p on Λ is externally visible if the straight line orthogonal
to τ(Λ, p) at p does not intersect any point of Γ in the region R

2 − P (Λ, p).
An interval I = [α, β] on Λ is externally visible if all points of I are externally
visible.

Definition 7. Let yM be the maximal y-coordinate of any point of Γ , and let e
and e′ be any two distinct edges of G. We say that e is externally covered by e′

in Γ if for each point p with y-coordinate greater than yM and for each point q
of e, the segment pq intersects e′.

In Section 3 we describe an algorithm that computes a curve embedding of a
planar graph. This algorithm makes use of a particular ordering of the vertices
introduced by de Fraysseix et al., which is known as canonical ordering [8]. We
recall here its definition. An example of canonical ordering of a maximal plane
graph is shown in Figure 1(a).

Definition 8 (Canonical Ordering.). [8] Let G be a maximal embedded pla-
nar graph with external boundary u, v, w. A canonical ordering of G with respect
to u, v is an ordering of the vertices v1 = u, v2 = v, v3, . . . , vn = w of G with the
following properties for every 4 ≤ k ≤ n: (i) The subgraph Gk−1 ⊆ G induced by
v1, v2, . . . , vk−1 is biconnected and the boundary Ck−1 of its external face con-
tains edge (u, v); (ii) vk is in the external face of Gk−1, and its neighbors in
Gk−1 form a subinterval of the path Ck−1 − (u, v).

In [8] it is also proved that a canonical ordering of a maximal embedded
planar graph can be computed in O(n) time. We introduce some further nota-
tion that will be subsequently used. Let l(p, q) denote the straight line passing
through p and q. The perpendicular bisector of the segment pq is the straight line
orthogonal to pq and passing through the middle point of pq. Given a straight line
or a segment l that forms an angle θ with the x-axis, we denote by σ(l) = tan(θ)
the slope of l.
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3 Computing Curve Embeddings
In this section we give an algorithm that finds a curve embedding of a planar
graph G in linear time. We first describe a strategy to compute a curve drawing
of G on a concave semi-circle with at most one bend per edge, and then we
show how the same strategy can be used to compute a curve drawing on any
concave curve, maintaining the linear ordering of the vertices along the curve.
This ordering is the desired curve embedding. Without loss of generality, we
concentrate on maximal planar graphs and first outline the invariant properties
to be maintained by our algorithm.

Let G be a maximal embedded planar graph with external boundary u, v, w,
and let u = v1, v = v2 . . . , vn = w be a canonical ordering of G with re-
spect to u, v. Let Gk be the subgraph of G induced by v1, . . . , vk and let
Ck : u = c1, . . . , cs = v be the boundary of the external face of Gk. Let Γk
be a curve drawing of Gk on a concave curve Λ, such that no vertex is drawn on
the endpoints of Λ and the following properties hold:
P1 ∀ci ∈ Ck, all edges of Gk incident on ci are drawn in Γk inside P (Λ, ci);
P2 The edges of the external boundary of Γk are the same as those of Ck and

they appear in the same circular clockwise order as in Ck;
P3 Edge (u, v) has 0 bends. Each edge e = (a, b) �= (u, v) of Γk has either 0 or 1

bend, according to the following rules: (i) if e has 0 bends then |e ∩ Λ| = 2,
i.e., e intersects Λ only at its endpoints a and b; (ii) if e has 1 bend then
|e ∩ Λ| = 4. Denote by a = z0, z1, z2, z3 = b the four intersection points
between Λ and e; it must be that zi+1 is after zi (i = 0, . . . , 2). We call z1
and z2 the first crossing and the second crossing of e, respectively.

Lemma 1. Γk is contained in P (Λ, Ck).

Lemma 2. For each vertex ci on the external face of Γk, there exists on Λ a
neighborhood of ci, Ici

= (αci
, βci

) that is externally visible.

Corollary 1. The edges of the external face of Γk define a convex polygon P (Γk)
such that: (i) Γk is inside P (Γk) and (ii) P (Γk) is contained in P (Λ, Ck).

3.1 Drawing on a Semi-circle
Lemma 3. Let G be a maximal embedded planar graph and let Λ be a concave
semi-circle. There exists a curve drawing of G on Λ with at most one bend per
edge.

Proof. Let f(x) be the function describing Λ, and let f(x) be defined in an
interval I = [α, β]. Let u, v, and w be the vertices on the external face of G,
and let v1 = u, v2 = v, . . . , vn = w be a canonical ordering of G with respect to
u and v. We construct the drawing iteratively by adding one vertex per step. In
step k (1 ≤ k ≤ n) vertex vk is added, along with all the edges connecting vk to
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vertices of Ck−1. The drawing obtained at the end of step k is denoted by Γk.
We prove by induction on k (1 ≤ k ≤ n) that vk can be added to Γk−1 so that
Γk is planar and maintains Properties P1, P2, and P3.

Base case: Vertices v1 and v2 are placed on two points (x1, f(x1)) and
(x2, f(x2)) such that α < x1 < x2 < β. Edge (v1, v2) is drawn as a straight-
line segment. Clearly, at this step the drawing is planar (it only consists of
one edge) and Properties P1, P2, and P3 hold.

Inductive case: Suppose by induction that Γk−1 (k > 2) is planar and verifies
Properties P1, P2, and P3. Let w1, . . . , wh be the vertices of Ck−1 that are
connected to vk, in the clockwise order they appear in Ck−1.

w1

w2

v k

βw1

αw2

t

(a)

w1
v k

w3

p 2p 3

q 3w2

q 2

b 3

b 2

t

(b)

Fig. 2. (a) Placement of vertex vk. (b) Drawing of the edges incident on vk

Construction of Γk: By Lemma 2 vertex w1 has a neighborhood Iw1 =
(αw1 , βw1) that is externally visible. Namely, by Property P2, βw1 co-
incides with w2 if the edge (w1, w2) is straight-line, otherwise βw1 co-
incides with the first crossing of (w1, w2). Vertex vk is placed in Iw1

as follows. Denote with t the point in Λ between w1 and βw1 such
that the tangent to Λ in t is parallel to w1βw1 (see Figure 2(a)). This
point is the intersection point between Λ and the perpendicular bisec-
tor of the segment w1βw1 . Draw vk anywhere on Λ between w1 and t.
We now add edges e1 = (vk, w1), e2 = (vk, w2), . . . , eh = (vk, wh).
Edge e1 is drawn as a straight-line segment connecting w1 and vk. Let
p2, p3, . . . , ph be h− 1 points between vk and t on Λ, with pi−1 after pi
(3 ≤ i ≤ h). By Lemma 2 each vertex wi (2 ≤ i ≤ h) has a neighborhood
Iwi

= (αwi
, βwi

) that is externally visible. Namely, αwi
coincides with

wi−1 if edge (wi−1, wi) is straight-line, otherwise αwi coincides with the
second crossing of (wi−1, wi). For each wi (2 ≤ i ≤ h), let qi be any
point on Λ between αwi

and wi. Let bi be the intersection point between
the straight lines l(vk, pi) and l(wi, qi) (2 ≤ i ≤ h). Edge ei (2 ≤ i ≤ h)
is drawn as the polyline vkbi ∪ biwi, where bi is the bend of ei (see
Figure 2(b)).

Proof of the planarity of Γk: All edges e1, . . . , eh are outside P (Γk−1)
except for their end-vertices, which lie on the boundary of P (Γk−1).
Namely, each edge ei (2 ≤ i ≤ h) consists of two segments vkbi and
biwi. Since σ(vkbi) > σ(τ(Λ, t)) then σ(vkbi) > σ(w1βw1) (see Figure
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3(a)). Also the straight line l(w1, βw1) contains a side of P (Γk−1) and
P (Γk−1) is convex; hence vkbi is outside P (Γk−1), except for the point vk.
Analogously, σ(biwi) < σ(αwiwi) because point αwi is before qi. Since
the straight line l(αwi , wi) contains a side of P (Γk−1) and P (Γk−1) is
convex therefore biwi is outside P (Γk−1), except for the point wi. Finally,
edge e1 is a chord between w1 and vk, and vk is before w2; it follows that
σ(w1vk) > σ(l(w1, βw1)), and hence e1 is outside P (Γk−1), except for its
end-vertices. Therefore each edge ei (i = 1, . . . , h) does not intersect any
edge of Γk−1, except at common end-vertices.
Furthermore, all edges e1, . . . , eh do not intersect each other. In fact, for
each pair ei, ei+1 (i = 1 . . . , h) we have that: (i) σ(vkbi) < σ(vkbi+1); (ii)
σ(biwi) > σ(bi+1wi+1); (iii) wi is before wi+1. These conditions imply
that edge ei is externally covered by ei+1 (see Figure 3(b)).

Fig. 3. (a) Edge e3 does not cross any existing edge. (b) Edge e2 and e3 do not cross
each other.

Proof of Properties P1, P2, and P3 for Γk: Denoting Ck−1 : c1, c2, . . . ,
cl = w1, cl+1 = w2, . . . , cr = wh, . . . , cs, observe that Ck : c1, c2, . . . , cl =
w1, vk, cr = wh, . . . , cs. Since none of the edges added in step k is incident
to vertices c1, . . . , cl−1 and cr+1, . . . , cs, then Property P1 holds for these
vertices by the inductive hypothesis. We prove Property P1 for vertices
cl = w1, vk, and cr = wh. Observe that given any two points z and z1 on
Λ, each segment containing the chord zz1 and having z as endpoint lies
in P (Λ, z). All the edge segments that are incident on z ∈ {w1, vk, wh}
have z as endpoint and contain a chord zz1. Thus Property P1 holds
for vertices w1, vk, and wh. About Property P2 we observe that the
portion of the boundary of the external face of Γk from vertex c1 to
vertex cl = w1 (in clockwise order) is the same as Γk−1. The next edge
of Ck encountered in the clockwise order is (w1, vk). This edge is on the
external face of Γk. Namely, edge (w1, vk) is outside the polygon P (Γk−1)
and it is not externally covered by any other edge ei (2 ≤ i ≤ h) because
all the first crossings of these edges are after vk. The next edge of Ck
encountered in the clockwise order is (vk, wh). Also this edge is on the
external face of Γk since it is outside P (Γk−1) and all the other edges ei
(2 ≤ i ≤ h − 1) are externally covered by it. Finally the portion of the
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boundary of the external face of Γk from vertex cr = wh to vertex cs (in
clockwise order) is the same as Γk−1. Property P3 holds as an immediate
consequence of the construction.


�

3.2 Curve Embedding
The drawing procedure described in the proof of Lemma 3 can be extended to
general concave curves. Indeed, the proof of Lemma 3 does not rely upon the
fact that Λ is a semi-circle, except when point t is computed in order to establish
where vk must be placed. However, a point with the same property as t exists
also on any concave curve. Namely, let f(x) be the function representing Λ and
consider a chord (a, f(a))(b, f(b)). By Lagrange’s Theorem there exists a point
c in [a, b] such that f ′(c) = (f(b)− f(a))/(b− a); that is, the tangent in (c, f(c))
on Λ is parallel to (a, f(a))(b, f(b)). Therefore we can compute t by assuming
(a, f(a)) = w1, and (b, f(b)) = βw1 , and by observing that f ′(x) is invertible
since it is a monotone decreasing function. Hence, Lemma 3 is easily extended
as follows.

Lemma 4. Let G be a maximal planar graph and let Λ be a concave curve.
There exists a curve drawing of G on Λ with at most one bend per edge.

Since the linear ordering of the vertices along the curve computed by the
above procedure does not depend on the choice of the curve, we can conclude
that such an ordering is a curve embedding of G. It is easy to see that the
Algorithm described in the proof of Lemma 3 can be implemented to run in
O(n) time when Λ is a semi-circle. The following theorem summarizes the main
contribution of this section.

Theorem 1. Let G be a planar graph with n vertices. There exists an O(n)-time
algorithm that computes a curve embedding of G. Also, a curve drawing of G on
a semi-circle can be computed in O(n) time.

The time complexity of computing a curve drawing of G on a general concave
curve Λ depends on the time complexity of computing point t in the construction
of Γk. In particular, if the inverse function of f ′(x) is known, the curve drawing
can also be computed in O(n) time.

In the following we call curveDrawer the algorithm of Theorem 1 that com-
putes a curve drawing of G on a semi-circle.

4 Upward and Point-Set Constrained Drawings
In this section we study the interplay between a curve drawing and a drawing
where all vertices are collinear and each edge has at most two bends. The rela-
tionship between the two types of drawings is used to prove new results on two
well-studied graph drawing topics.
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4.1 Upward Drawability

Let G be a planar graph and let L be a linear ordering of its vertices. Ordering
L is a spine embedding of G (also called two-page topological book embedding[11])
if there exists a crossing-free drawing Σ of G with the following properties: (i)
The vertices of G are represented in Σ as points that lie on a straight line and
that respect the ordering L; and (ii) each edge of G is represented in Σ as a
polyline with at most two bends. Drawing Σ is a spine drawing of G and the
straight line on which the vertices of Σ lie is the spine. A spine drawing is nice
if all its edges are monotone in a common direction. A spine embedding is said
to be nice if it gives rise to a nice spine drawing. Figure 4(b) shows a nice spine
embedding of the graph of Figure 1(a).

The following lemma shows the relationship between curve embeddings and
spine embeddings.

Lemma 5. Let G be a planar graph. The curve embedding computed by Algo-
rithm curveDrawer is a nice spine embedding of G. A nice spine drawing of G
can be computed in O(n) time.

Proof. Let Λ be a semi-circle, let Γ be the curve drawing constructed by Algo-
rithm curveDrawer on Λ, and let L be the corresponding curve embedding. In
order to prove that L is a nice spine embedding of G, we describe an algorithm
that computes a nice spine drawing Σ of G where the linear ordering of the
vertices along the spine coincides with L. We assume, without loss of generality,
that the spine is horizontal and that its y-coordinate is zero. Also, we denote by
x(p) and y(p) the x-coordinate and the y-coordinate of a point p in 2D.

We recall that each edge e = (v, w) with one bend in Γ has two crossings with
Λ distinct from its end-vertices, called the first and second crossings and denoted
by z1 and z2, respectively. We say that z1 is an unavoidable crossing if there is
some vertex between v and z1 and another vertex between z1 and w along Λ.
Let p1, p2, . . . , pm be the sequence of vertices and unavoidable crossings as they
appear in Γ along Λ. Each portion of edge δij connecting pi to pj (1 ≤ i �= j ≤ m)
is called subedge. Observe that a subedge may coincide with the whole edge. The
algorithm is as follows.

Step 1. Draw p1, p2, . . . , pm as points on the spine in this order, so that
x(pi+1)− x(pi) = 1, (1 ≤ i < m)

Step 2. For all i, j such that (1 ≤ i �= j ≤ m), draw subedge δij as the polyline
pi, p ∪ p, pj , where x(p) = (x(pi) + x(pj))/2 and:
– If δij is straight-line in Γ (δij is either an edge or the subedge connecting

vertex pi to the unavoidable crossing pj), let y(p) = −(x(pj)− x(pi))/2;
– If δij is a polyline with one bend in Γ and pi is an unavoidable crossing

then let y(p) = (x(pj)− x(pi))/2;
– If δij is a polyline with one bend in Γ and pi is not an unavoidable

crossing (δij is an edge) then: (i) let y(p) = (x(pj)− x(pi))/2 if there is
no vertex or crossing between pi and the first crossing of the edge (pi, pj)
on Λ in Γ ; (ii) let y(p) = −(x(pj)− x(pi))/2 otherwise.
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Fig. 4. (a)A nice spine drawing of the graph in Figure 1(a), with overlapping. (b) The
removal of the overlapping.

At the end of this step some edges incident on a same vertex may overlap.
See Figure 4(a).

Step 3. Remove the overlapping. This step is accomplished by using a technique
due to Kaufmann and Wiese [14] that we adapt to our case. The minimum
distance between any two non-overlapping parallel segments is at least ε =
1/
√

2. Let λ be the maximum length of a segment and ∆ be the maximum
degree of the vertices of G. For each point pi representing a vertex of G
sort the pairwise overlapping adjacent segments according to their length in
decreasing order. Let δij (i �= j) be a subedge represented by the polyline
pi, p ∪ p, pj and let pi, p be the h-th overlapping segment adjacent to pi.
Rotate the straight line l containing pi, p by hε/λ∆ towards the spine. The
new polyline representing δij is pi, p′ ∪ p′, pj , where p′ is the intersection
point of the rotated line l and p, pj . See also Figure 4(b).

The proof of the correctness of the algorithm above is omitted due to space
limitations. 
�

An upward planar drawing of a directed planar graph is such that each edge
is monotonically increasing in a common direction, for example the left-right
direction. A directed planar graph is upward planar if it admits an upward
planar drawing. By Lemma 5 a curve embedding can be used to compute a nice
spine drawing. Therefore one can orient the edges of the nice spine drawing from
left to right so to obtain an upward drawing of the graph where all vertices are
on a straight line and each edge has at most two bends. From this reasoning the
following theorem holds.

Theorem 2. Let G be a planar graph with n vertices. There exists an O(n)-
time algorithm that orients the edges of G so that the resulting directed graph
is upward planar and admits an upward planar drawing where all vertices are
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collinear and each edge has at most two bends. Furthermore, such an upward
planar drawing can be computed in O(n) time.

4.2 Point-Set Constrained Drawings

In [14] Kaufmann and Wiese present an elegant O(n log n)-time algorithm to
draw any planar graph by mapping the vertices to a given set of points, and
with at most two bends per edge.

Their algorithm is based on finding a hamiltonian cycle in the input graph.
Since not all planar graphs are guaranteed to have such a cycle, a preliminary
step of the algorithm by Kaufmann and Wiese is to augment the input graph
by adding vertices and edges so to make it hamiltomian. Firstly, the separation
triplets are found using an algorithm by Chiba and Nishizeki [5]. Then vertices
and edges are added to the graph, to create an augmented graph which is four-
connected, and therefore admits a hamiltonian cycle. Every added dummy vertex
splits an edge at most once. After the graph has been augmented another result
by Chiba and Nishizeki [6] can be used to find a hamiltonian cycle. The overall
time complexity of this augmentation step is linear.

Fig. 5. (a) A non-hamiltonian graph G. (b) A nice spine embedding of G. (c) An
augmentation of G to a hamiltonian graph.

A curve embedding on the other hand could be used to directly produce
an augmented hamiltonian circuit of a graph G and without necessarily four-
connecting the graph. Namely, Step 1 of the algorithm described in the proof
of Lemma 5, defines an augmentation of G to a hamiltonian graph. Each first
crossing can be seen as a dummy vertex that splits the corresponding edge once.
The hamiltonian cycle is obtained by connecting consecutive vertices (dummy
or not) along the spine of the nice spine drawing computed in Lemma 5. Fig-
ure 5 shows a non-hamiltonian graph G, a nice spine embedding of G, and its
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augmentation; note that the augmented graph is not four-connected.
The following lemma provides an alternative strategy for the preliminary step

of the algorithm by Kaufmann and Wiese.

Lemma 6. Let G be a planar non-hamiltonian graph with n vertices. There ex-
ists a O(n)-time algorithm that adds vertices and edges to G to create a hamil-
tonian augmented graph G′ which is not necessarily four-connected.

Furthermore, by applying the drawing technique of Kaufmann and Wiese to the
nice embedding computed by Lemma 5 we can map the input graph to any
given set of points in such a way that all edges have at most two bends and are
monotone in the x-direction. The following theorem extends the result in [14].

Theorem 3. Let G be a planar graph with n vertices and let P be an arbitrary
set of points in the plane. There exists an O(n log n)-time algorithm that com-
putes a drawing of G by mapping its vertices to the elements of P and such that
each edge is a polyline with at most two bends and monotone in the x-direction.
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Abstract. A tree-partition of a graph is a partition of its vertices into
‘bags’ such that contracting each bag into a single vertex gives a forest.
It is proved that every k-tree has a tree-partition such that each bag
induces a (k − 1)-tree, amongst other properties. Applications of this
result to two well-studied models of graph layout are presented. First
it is proved that graphs of bounded tree-width have bounded queue-
number, thus resolving an open problem due to Ganley and Heath [2001]
and disproving a conjecture of Pemmaraju [1992]. This result provides
renewed hope for the positive resolution of a number of open problems
regarding queue layouts. In a related result, it is proved that graphs of
bounded tree-width have three-dimensional straight-line grid drawings
with linear volume, which represents the largest known class of graphs
with such drawings.

1 Introduction

This paper considers two models of graph layout. The first, called a queue layout,
consists of a total order of the vertices, and a partition of the edges into queues,
such that no two edges in the same queue are nested [11,12,15,17,20]. The dual
concept of a stack layout (or book embedding), is defined similarly, except that
no two edges in the same stack may cross. The minimum number of queues
(respectively, stacks) in a queue (stack) layout of a graph is its queue-number
(stack-number). Applications of queue layouts include parallel process schedul-
ing, fault-tolerant processing, matrix computations, and sorting networks (see
[15]). We prove that graphs of bounded tree-width have bounded queue-number,
thus solving an open problem due to Ganley and Heath [9], who proved that
stack-number is bounded by tree-width, and asked whether an analogous re-
lationship holds for queue-number. This result has significant implications for
other open problems in the field.

The second model of graph layout considered is that of a three-dimensional
(straight-line grid) drawing [2,3,5,8,14,20]. Here vertices are positioned at grid-
points in Z

3, and edges are drawn as straight line-segments with no crossings.
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While graph drawing in the plane is well-studied, there is a growing body of
research in three-dimensional graph drawing. Applications include information
visualisation, VLSI circuit design, and software engineering (see [5]). We focus
on three-dimensional drawings with small volume, and prove that graphs of
bounded tree-width have three-dimensional drawings with O(n) volume, which
is the largest known class of graphs admitting such drawings. The best previous
bound was O(n log2 n).

To prove the above results, we employ a structure called a tree-partition
of a graph, which consists of a partition of the vertices into ‘bags’ such that
contracting each bag to a single vertex gives a forest. In a result of independent
interest, we prove that every k-tree has a tree-partition such that each bag
induces a connected (k−1)-tree, amongst other properties. The second tool that
we use is a track layout, which consists of a vertex-colouring and a total order of
each colour class, such that between any two colour classes no two edges cross.
We prove that every graph has a track layout where the number of tracks is
bounded by a function of the graph’s tree-width.

The remainder of the paper is organised as follows. Section 2 recalls a number
of definitions and well-known results. In Section 3 we prove the above-mentioned
theorem concerning tree-partitions of k-trees. In Section 4 we establish our re-
sults for track layouts. Combining these with earlier work in the companion
papers [5,20], in Section 5 we prove our theorems for queue layouts and three-
dimensional drawings. We discuss ramifications of our results for a number of
open problems in Section 6.

2 Preliminaries

We consider undirected, simple, and finite graphs G with vertex set V (G) and
edge set E(G). The number of vertices and maximum degree of G are respectively
denoted by n = |V (G)| and ∆(G). The subgraph induced by a set of vertices
A ⊆ V (G) is denoted by G[A]. A graph H is a minor of G if H is isomorphic to
a graph obtained from a subgraph of G by contracting edges. A family of graphs
closed under taking minors is proper if it is not the class of all graphs.

A graph parameter is a function α that assigns to every graph G a non-
negative integer α(G). Let G be a family of graphs. By α(G) we denote the
function f : N→ N, where f(n) is the maximum, taken over all n-vertex graphs
G ∈ G, of α(G). We say G has bounded α if α(G) ∈ O(1). A graph parameter
α is bounded by a graph parameter β, if there exists a function f such that
α(G) ≤ f(β(G)) for every graph G.

A k-tree for some k ∈ N is defined recursively as follows. The empty graph is
a k-tree, and the graph obtained from a k-tree by adding a new vertex adjacent
to each vertex of a clique with at most k vertices is a k-tree. This definition
is by Reed [16]. The following more common definition of a k-tree, which we
call ‘strict’, was introduced by Arnborg and Proskurowski [1]. A k-clique is a
strict k-tree, and the graph obtained from a strict k-tree by adding a new vertex
adjacent to each vertex of a k-clique is a strict k-tree. Obviously the strict k-trees
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are a proper sub-class of the k-trees. The tree-width of a graph G, denoted by
tw(G), is the minimum k such that G is a subgraph of a k-tree (which equals
the minimum k such that G is a subgraph of a strict k-tree [16]). Note that k-
trees can be characterised as the chordal graphs with no clique on k +2 vertices.
Graphs with tree-width at most one are the forests. Graphs with tree-width
at most two are the series-parallel graphs, defined as those graphs with no K4
minor.

Let G be a graph. A total order σ = (v1, v2, . . . , vn) of V (G) is called a
vertex-ordering of G. Suppose G is connected. The depth of a vertex vi in σ is
the graph-theoretic distance between v1 and vi in G. We say σ is a breadth-first
vertex-ordering if for all vertices v <σ w, the depth of v in σ is no more than the
depth of w in σ. Vertex-orderings, and in particular, vertex-orderings of trees
will be used extensively in this paper. Consider a breadth-first vertex-ordering
σ of a tree T such that vertices at depth d ≥ 1 are ordered with respect to the
ordering of vertices at depth d− 1. In particular, if v and x are vertices at depth
d with respective parents w and y at depth d−1 with w <σ y then v <σ x. Such
a vertex-ordering is called a lexicographical breadth-first vertex-ordering of T .

3 Tree-Partitions

Let G be a graph and let T be a tree. An element of V (T ) is called a node. Let
{Tx ⊆ V (G) : x ∈ V (T )} be a set of subsets of V (G) indexed by the nodes of T .
Each Tx is called a bag. The pair (T, {Tx : x ∈ V (T )}) is a tree-partition of G if:

– ∀ distinct nodes x and y of T , Tx ∩ Ty = ∅, and
– ∀ edge vw of G, either
• ∃ node x of T with v ∈ Tx and w ∈ Tx (vw is an intra-bag edge), or
• ∃ edge xy of T with v ∈ Tx and w ∈ Ty (vw is an inter-bag edge).

The main property of tree-partitions that has been studied is the maximum
size of a bag, called the width of the tree-partition. The minimum width over all
tree-partitions of a graph G is the tree-partition-width of G, denoted by tpw(G).
Ding and Oporowski [4] proved that tpw(G) ≤ 24 tw(G) · max{1, ∆(G)}, and
Seese [19] proved that tw(G) ≤ 2 tpw(G)− 1, for every graph G.

Theorem 1 below provides a tree-partition of a k-tree with additional features
besides small width (see Figure 1). First, the subgraph induced by each bag is a
connected (k−1)-tree. This allows us to perform induction on k. Second, in each
non-root bag Tx, the vertices in the parent bag of x with a neighbour in Tx form
a clique. This feature is crucial in the intended application (Theorem 2). Finally
the bound on the tree-partition-width represents a constant-factor improvement
over the above result by Ding and Oporowski [4] in the case of k-trees.

Theorem 1. Let G be a k-tree with maximum degree ∆. Then G has a rooted
tree-partition (T, {Tx : x ∈ V (T )}) such that for all nodes x of T ,
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Fig. 1. Tree-partition of a 3-tree.

(a) if x is a non-root node of T and y is the parent node of x, then the vertices
in Ty with a neighbour in Tx form a clique Cx of G, and

(b) the induced subgraph G[Tx] is a connected (k − 1)-tree.

Furthermore the width of (T, {Tx : x ∈ V (T )}) is at most max{1, k(∆− 1)}.

Proof. We assume G is connected, since if G is not connected then a tree-
partition of G that satisfies the theorem can be determined by adding a new
root node with an empty bag which is adjacent to the root node of a tree-
partition of each connected component of G. It is well-known1 that for every
vertex r of the k-tree G, there is a vertex-ordering σ = (v1, v2, . . . , vn) of G with
v1 = r, such that for all 1 ≤ i ≤ n,

(i) Gi = G[{v1, v2, . . . , vi}] is connected and the vertex-ordering of Gi induced
by σ is a breadth-first vertex-ordering of Gi.

(ii) the neighbours of vi in Gi form a clique Ci = {vj : vivj ∈ E(G), j < i} with
1 ≤ |Ci| ≤ k (unless i = 1 in which case Ci = ∅).

Let r be a vertex of minimum degree Then deg(r) ≤ k. Let σ =
(v1, v2, . . . , vn) be a vertex-ordering of G with v1 = r, and satisfying (i) and
(ii). By (i), the depth of each vertex vi in σ is the same as the depth of vi in the
vertex-ordering of Gj induced by σ, for all j ≥ i. We therefore simply speak of
the depth of vi. Let Vd be the set of vertices of G at depth d.

Claim: For all 1 ≤ i ≤ n, in every connected component Z of Gi[Vd], the set of
vertices at depth d− 1 with a neighbour in Z form a clique of G, for all d ≥ 1.

1 In the language of chordal graphs, σ is a (reverse) perfect elimination vertex-ordering
and can be determined, for example, by the Lex-BFS algorithm of Rose et al. [18].
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Proof. We proceed by induction on i. The result is trivially true for i = 1.
Suppose it is true for i − 1. Let d be the depth of vi. Each vertex in Ci is at
depth d − 1 or d. Let C ′

i be the set of vertices in Ci at depth d, and let C ′′
i be

the set of vertices in Ci at depth d − 1. Thus C ′
i and C ′′

i are both cliques with
Ci = C ′

i ∪ C ′′
i . Furthermore, if i > 1 then vi must have a neighbour at depth

d − 1, and thus C ′′
i �= ∅. Let X be the vertex set of the connected component

of Gi[Vd] such that vi ∈ X. By induction, for all d′ ≤ d, the claim holds for
all connected components Y of Gi[Vd′ ] with Y �= X, since such a Y is also a
connected component of Gi−1[Vd′ ].

Case 1. C ′
i = ∅: Then vi has no neighbours in Gi at depth d; that is, X = {vi}.

Thus the set of vertices at depth d − 1 with a neighbour in X is precisely the
clique Ci = C ′′

i .
Case 2. C ′

i �= ∅: The neighbourhood of vi in X forms a non-empty clique
(namely C ′

i). Thus X \vi is the vertex-set of a connected component of Gi−1[Vd].
Let Y be the set of vertices at depth d−1 with a neighbour in X\vi. By induction,
Y is a clique. Since C ′′

i ∪C ′
i is a clique, C ′′

i ⊆ Y . Thus the set of vertices at depth
d− 1 with a neighbour in X is the clique Y . �


Define a graph T and a partition {Tx : x ∈ V (T )} of V (G) indexed by the
nodes of T as follows. There is one node x in T for every connected component
of each G[Vd], whose bag Tx is the vertex-set of the corresponding connected
component. We say x and Tx are at depth d. Clearly a vertex in a depth-d bag
is also at depth d. The (unique) node of T at depth zero is called the root node.
Let two nodes x and y of T be connected by an edge if there is an edge vw of
G with v ∈ Tx and w ∈ Ty. Thus (T, {Tx : x ∈ V (T )}) is a ‘graph-partition’.
We now prove that in fact T is a tree. First observe that T is connected since
G is connected. By definition, nodes of T at the same depth d are not adjacent.
Moreover nodes of T can be adjacent only if their depths differ by one. Thus T
has a cycle only if there is a node x in T at some depth d, such that x has at
least two distinct neighbours in T at depth d− 1. However, by the above claim
(with i = n), the set of vertices at depth d − 1 with a neighbour in Tx form a
clique (called Cx), and are hence in a single bag at depth d− 1. Thus T is a tree
and (T, {Tx : x ∈ V (T )}) is a tree-partition of G.

We now prove that each bag Tx induces a connected (k−1)-tree. This is true
for the root node since it only has one vertex. Suppose x is a non-root node of
T at depth d. Each vertex in Tx has at least one neighbour at depth d− 1. Thus
in the vertex-ordering of Tx induced by σ, each vertex vi ∈ Tx has at most k− 1
neighbours vj ∈ Tx with j < i. These neighbours induce a clique. Thus G[Tx] is
a (k − 1)-tree. By definition each G[Tx] is connected.

Finally, consider the size of a bag in T . We claim that each bag contains at
most max{1, k(∆−1)} vertices. The root bag has one vertex. Let x be a non-root
node of T with parent node y. Suppose y is the root node. Then Ty = {r}, and
thus |Tx| ≤ deg(r) ≤ k ≤ k(∆ − 1) assuming ∆ ≥ 2. If ∆ ≤ 1 then all bags
have one vertex. Now assume y is a non-root node. The set of vertices in Ty
with a neighbour in Tx forms the clique Cx. Let k′ = |Cx|. Thus k′ ≥ 1, and
since Cx ⊆ Ty and G[Ty] is a (k − 1)-tree, k′ ≤ k. A vertex v ∈ Cx has k′ − 1
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neighbours in Cx and at least one neighbour in the parent bag of y. Thus v has
at most ∆ − k′ neighbours in Tx. Hence the number of edges between Cx and
Tx is at most k′(∆− k′). Every vertex in Tx is adjacent to a vertex in Cx. Thus
|Tx| ≤ k′(∆− k′) ≤ k(∆− 1). This completes the proof. �


4 Track Layouts

A colouring of a graph G is a partition {Vi : i ∈ I} of V (G), where I is a set of
colours, such that for every edge vw of G, if v ∈ Vi and w ∈ Vj then i �= j. Each
set Vi is called a colour class. If <i is a total order of a colour class Vi, then we
call the pair (Vi, <i) a track. If {Vi : i ∈ I} is a colouring of G, and (Vi, <i) is a
track for each colour i ∈ I, then we say {(Vi, <i) : i ∈ I} is a track assignment
of G indexed by I. At times it will be convenient to also refer to a colour i ∈ I
and the colour class Vi as a track. The precise meaning will be clear from the
context. A t-track assignment is a track assignment with t tracks. An X-crossing
in a track assignment consists of two edges vw and xy such that v <i x and
y <j w, for distinct tracks Vi and Vj . A t-track assignment with no X-crossing
is called a t-track layout. The track-number of a graph G, denoted by tn(G), is
the minimum t such that G has a t-track layout.

Dujmović et al. [5] first introduced track layouts2, and proved that track-
number is bounded by path-width. In particular, tn(G) ≤ pw(G) + 1 for every
graph G, where pw(G) denotes the path-width of G. In what follows we prove
that track-number is bounded by tree-width. First consider the case of trees. The
following result is implicit in the proof by Felsner et al. [8] that every outerplanar
graph has a three-dimensional drawing with linear volume (see Figure 2).

Lemma 1. [8] Every tree T has a 3-track layout.

Fig. 2. A 3-track layout of a tree.

Let {(Vi, <i) : i ∈ I} be a track layout of a graph G. We say a clique C of
G covers the set of tracks {i ∈ I : C ∩ Vi �= ∅}. Let S be a set of cliques of
G. Suppose there is a total order � on S such that for all cliques C1, C2 ∈ S,
if there exists a track i ∈ I, and vertices v ∈ Vi ∩ C1 and w ∈ Vi ∩ C2 with
v <i w, then C1 ≺ C2. Then we say � is nice, and S is nicely ordered by the
track layout. The proof of the next lemma is elementary.
2 A track layout was called an ‘ordered layering with no X-crossing and no intra-

layer edges’ in [5,6,20]. Similar structures are implicit in [8,11,12,17]. Note that this
definition of track-number is unrelated to that of Gyárfás and West [10].
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Lemma 2. [6] Let L ⊆ I be a set of tracks in a track layout {(Vi, <i) : i ∈ I}
of a graph G. If S is a set of cliques, each of which covers L, then S is nicely
ordered by the given track layout.

Theorem 2. Track-number is bounded by tree-width. In particular, every graph
G with tree-width tw(G) ≤ k has track-number tn(G) ≤ tk = 3k · 6(4k−3k−1)/9.

Proof. If G is not a k-tree then add edges to G to obtain a k-tree containing
G as a subgraph. It is well-known that a graph with tree-width at most k is a
spanning subgraph of a k-tree. These extra edges can be deleted once we are
done. We proceed by induction on k with the following induction hypothesis:

For all k ∈ N, there exist constants sk and tk, and sets I and S such that

1. |I| = tk and |S| = sk,
2. each element of S is a subset of I, and
3. every k-tree G has a tk-track layout indexed by I, such that for every clique

C of G, the set of tracks that C covers is in S.

Consider the base case with k = 0. A 0-tree G has no edges and thus has
a 1-track layout. Let I = {1} and order V1 = V (G) arbitrarily. Thus t0 = 1,
s0 = 1, and S = {{1}} satisfy the hypothesis for every 0-tree. Now suppose the
result holds for k − 1, and G is a k-tree. Let (T, {Tx : x ∈ V (T )}) be a tree-
partition of G described in Theorem 1, where T is rooted at r. By Theorem 1
each induced subgraph G[Tx] is a (k − 1)-tree. By induction, there are sets I
and S with |I| = tk−1 and |S| = sk−1, such that for every node x of T , the
induced subgraph G[Tx] has a tk−1-track layout indexed by I. For every clique
C of G[Tx], if C covers L ⊆ I then L ∈ S. Assume I = {1, 2, . . . , tk−1} and
S = {S1, S2, . . . , Ssk−1}. By Theorem 1, for each non-root node x of T , if p is
the parent node of x, then the set of vertices in Tp with a neighbour in Tx form
a clique Cx. Let α(x) = i where Cx covers Si. Let α(r) = 1.

To construct a track layout of G we first construct a track layout of T indexed
by {(d, i) : d ≥ 0, 1 ≤ i ≤ sk−1}, where the track Ld,i consists of nodes x of T at
depth d with α(x) = i. Here the depth of a node x is the distance in T from the
root node r to x. We order the nodes of T within the tracks by increasing depth.
There is only one node at depth d = 0. Suppose we have determined the orders
of the nodes up to depth d − 1 for some d ≥ 1. Let i ∈ {1, 2, . . . , sk−1}. The
nodes in Ld,i are ordered primarily with respect to the relative positions of their
parent nodes (at depth d−1). More precisely, let ρ(x) denote the parent node of
each x ∈ Ld,i. For all nodes x and y in Ld,i, if ρ(x) and ρ(y) are in the same track
and ρ(x) < ρ(y) in that track, then x < y in Ld,i. For x and y with ρ(x) and
ρ(y) on distinct tracks, the relative order of x and y is not important. It remains
to specify the order of nodes in Ld,i with a common parent. Suppose P is a set
of nodes in Ld,i with a common parent node p. By construction, for every node
x ∈ P , the parent clique Cx covers Si in the track layout of G[Tp]. By Lemma 2
the cliques {Cx : x ∈ P} are nicely ordered by the track layout of G[Tp]. Let
the order of P in track Ld,i be specified by a nice ordering of {Cx : x ∈ P}, as



212 V. Dujmović and D.R. Wood
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Fig. 3. Nodes with a common parent p.

illustrated in Figure 3. This construction defines a partial order on the nodes
in track Ld,i that can be arbitrarily extended to a total order. Hence we have a
track assignment of T . Since the nodes in each track are ordered primarily with
respect to the relative positions of their parent nodes in the previous tracks,
there is no X-crossing, and hence we have a track layout of T .

To construct a track assignment of G from the track layout of T , replace each
track Ld,i by tk−1 ‘sub-tracks’, and for each node x of T , insert the track layout
of G[Tx] in place of x on the sub-tracks corresponding to the track containing
x. More formally, the track assignment of G is indexed by {(d, i, j) : d ≥ 0, 1 ≤
i ≤ sk−1, 1 ≤ j ≤ tk−1}. Each track Vd,i,j consists of those vertices v of G such
that, if Tx is the bag containing v, then x is at depth d in T , α(x) = i, and v is
on track j in the track layout of G[Tx]. If x and y are distinct nodes of T with
x < y in Ld,i, then v < w in Vd,i,j , for all vertices v ∈ Tx and w ∈ Ty on track
j. If v and w are vertices of G on track j in bag Tx at depth d, then the relative
order of v and w in Vd,α(x),j is the same as in the track layout of G[Tx].

Clearly adjacent vertices of G are in distinct tracks. Thus we have defined a
track assignment of G. We claim that there is no X-crossing. Clearly an intra-
bag edge of G is not in an X-crossing with an edge not in the same bag. By
induction, there is no X-crossing between intra-bag edges in a common bag.
Since there is no X-crossing in the track layout of T , inter-bag edges of G which
are mapped to edges of T without a common parent node, are not involved in
an X-crossing. Consider a parent node p in T . For each child node x of p, the
vertices in Tp adjacent to a vertex in Tx forms the clique Cx. Thus there is no
X-crossing between a pair of edges both from Cx to Tx, since the vertices of Cx
are on distinct tracks. Consider two child nodes x and y of p. For there to be
an X-crossing between an edge from Tp to Tx and an edge from Tp to Ty, the
nodes x and y must be on the same track in the track layout of T . Suppose
x < y in this track. By construction, Cx and Cy cover the same set of tracks,
and Cx � Cy in the corresponding nice ordering. Thus for any track containing
vertices v ∈ Cx and w ∈ Cy, v ≤ w in that track. Since all the vertices in Tx
are to the left of the vertices in Ty (on a common track), there is no X-crossing
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between an edge from Tp to Tx and an edge from Tp to Ty. Therefore there is
no X-crossing, and hence we have a track layout of G.

We now ‘wrap’ the track layout of G. Define a track assignment of G indexed
by
{

(d′, i, j) : d′ ∈ {0, 1, 2}, 1 ≤ i ≤ sk−1, 1 ≤ j ≤ tk−1
}

, where each track
Wd′,i,j =

⋃ {Vd,i,j : d ≡ d′ (mod 3)}. If v ∈ Vd,i,j and w ∈ Vd+3,i,j then v < w
in the order of Wd′,i,j (where d′ = d mod 3). The order of each Vd,i,j is preserved
in Wd′,i,j . The tracks {Wd′,i,j : d′ ∈ {0, 1, 2}, 1 ≤ i ≤ sk−1, 1 ≤ j ≤ tk−1} forms
a track assignment of G. For every edge vw of G, the depths of the bags in T
containing v and w differ by at most one. Thus in the wrapped track assignment
of G, adjacent vertices remain on distinct tracks, and there is no X-crossing.
The number of tracks is 3 · sk−1 · tk−1. Every clique C of G is either contained
in a single bag of the tree-partition or is contained in two adjacent bags. Let
S′ =

{{(d′, i, h) : h ∈ Sj} : d′ ∈ {0, 1, 2}, 1 ≤ i, j ≤ sk−1
}

. For every clique
C of G contained in a single bag, the set of tracks containing C is in S′. Let
S′′ =

{{(d′, i, h) : h ∈ Sj} ∪ {((d′ + 1) mod 3, p, h) : h ∈ Sq} : d′ ∈ {0, 1, 2}, 1 ≤
i, j, p, q ≤ sk−1

}
. For every clique C of G contained in two bags, the set of

tracks containing C is in S′. Observe that S′ ∪ S′′ is independent of G. Hence
S′ ∪ S′′ satisfies the hypothesis for k. Now |S′| = 3s2

k−1 and |S′′| = 3s4
k−1, and

thus |S′ ∪ S′′| = 3s2
k−1(s2

k−1 + 1). Therefore any solution to the recurrences
{s0 ≥ 1, t0 ≥ 1, sk ≥ 3s2

k−1(s2
k−1 + 1), tk ≥ 3sk−1 · tk−1} satisfies the

theorem. It is easily verified that sk = 6(4k−1)/3 and tk = 3k · 6(4k−3k−1)/9 is
such a solution. �


A number of refinements to the proof of Theorem 2 that result in improved
bounds are possible [6]. For example, in the case of tw(G) = 2, we prove that
tn(G) ≤ 18, whereas Theorem 2 proves that tn(G) ≤ 54. One such refinement
uses strict k-trees. From an algorithmic point of view, the disadvantage of using
strict k-trees is that at each recursive step, extra edges must be added to enlarge
the graph into a strict k-tree, whereas when using (non-strict) k-trees, extra
edges need only be added at the beginning of the algorithm.

If maximum degree as well as tree-width is bounded then the dependence on
the tree-width in our track-number bound can be substantially reduced.

Theorem 3. Every graph G with maximum degree ∆(G), tree-width tw(G), and
tree-partition-width tpw(G), has track-number tn(G) ≤ 3 tpw(G) ≤ 72 tw(G) ·
max{1, ∆(G)}.

Proof. Let (T, {Tx : x ∈ V (T )}) be a tree-partition of G with width tpw(G). By
Lemma 1, T has a 3-track layout. Replace each track by tpw(G) ‘sub-tracks’,
and for each node x in T , place the vertices in Tx on the sub-tracks replacing the
track containing x, with at most one vertex in Tx on a single track. The total
order of each sub-track preserves the total order in each track of the track-layout
of T . There is no X-crossing, since in the track layout of T , adjacent nodes are
on distinct tracks and there is no X-crossing. Thus we have a track layout of G
with 3 tpw(G) ≤ 72 tw(G) ·max{1, ∆(G)} tracks [4]. �




214 V. Dujmović and D.R. Wood

5 Queue Layouts and 3D Graph Drawings

A queue layout of a graph G consists of a vertex-ordering σ of G, and a partition
of E(G) into queues, such that no two edges in the same queue are nested with
respect to σ. That is, there are no edges vw and xy in a single queue with v <σ

x <σ y <σ w. A similar concept is that of a stack layout (or book embedding),
which consists of a vertex-ordering σ of G, and a partition of E(G) into stacks (or
pages) such that there are no edges vw and xy in a single stack with v <σ x <σ

w <σ y. The minimum number of queues (respectively, stacks) in a queue (stack)
layout of G is called the queue-number (stack-number or page-number) of G, and
is denoted by qn(G) (sn(G)). Ganley and Heath [9] proved that stack-number
is bounded by tree-width, and asked whether queue-number is also bounded
by tree-width? The bound of sn(G) ≤ tw(G) + 1 by Ganley and Heath [9] has
recently been improved to sn(G) ≤ tw(G) by Lin and Li [13].

A 1-tree has queue-number at most one, since in a lexicographical breadth-
first vertex-ordering of a tree no two edges are nested [12]. Rengarajan and Veni
Madhavan [17] proved that 2-trees have queue-number at most three. Wood [20]
proved that queue-number is bounded by path-width and tree-partition-width.
In particular, qn(G) ≤ pw(G) and qn(G) ≤ 3

2 tpw(G) for every graph G. Hence
qn(G) ≤ 36 tw(G) · max{1, ∆(G)} by the result of Ding and Oporowski [4].
Wood [20] also proved that qn(G) ≤ tn(G)−1 for every graph G. Thus Theorem 2
implies the following result, which answers the above question of Ganley and
Heath [9] in the affirmative. Further consequences are discussed in Section 6.

Theorem 4. Queue-number is bounded by tree-width. In particular, every graph
G with tree-width tw(G) ≤ k has queue-number qn(G) < 3k · 6(4k−3k−1)/9.

A three-dimensional straight-line grid drawing of a graph, henceforth called a
3D drawing, represents the vertices by distinct points in Z

3 (called grid-points),
and represents each edge as a line-segment between its end-vertices, such that
edges only intersect at common end-vertices, and an edge only intersects a vertex
that is an end-vertex of that edge. In contrast to the case in the plane, it is
well known that every graph has a 3D drawing. We therefore are interested in
optimising certain measures of the aesthetic quality of a drawing. If a 3D drawing
is contained in an axis-aligned box with side lengths X − 1, Y − 1 and Z − 1,
then we speak of a X × Y × Z drawing with volume X · Y · Z. We study 3D
drawings with small volume.

Cohen et al. [2] proved that every graph has a 3D drawing with O(n3) vol-
ume, and this bound is asymptotically tight for Kn. It is therefore of interest to
identify fixed graph parameters that allow for 3D drawings with o(n3) volume.
Pach et al. [14] proved that graphs of bounded chromatic number have 3D draw-
ings with O(n2) volume, and that this bound is asymptotically optimal for Kn,n.
The first non-trivial O(n) volume bound was established by Felsner et al. [8] for
outerplanar graphs. Dujmović et al. [5,20] proved that track layouts, queue lay-
outs, and 3D drawings with small volume are inherently related.
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Theorem 5. [5,20] Every n-vertex graph G has a O(tn(G))×O(tn(G))×O(n)
drawing. Let F(n) be a family of functions closed under multiplication, such as
O(1) or O(polylog n). Then for any graph family G, every graph G ∈ G has
a F(n) × F(n) × O(n) drawing if and only if the track-number tn(G) ∈ F(n).
Moreover, if G is proper minor-closed then G has track-number tn(G) ∈ F(n) if
and only if G has queue-number qn(G) ∈ F(n).

Applying Theorem 5, Dujmović et al. [5] proved that every graph G has a 3D
drawing with O(pw(G)2 · n) volume, which is O(n log2 n) for graphs of bounded
tree-width. Using the result of Rengarajan and Veni Madhavan [17] discussed in
Section 5, Wood [20] proved that series-parallel graphs have 3D drawings with
O(n) volume, but with a constant of at least 1016. For particular sub-classes of
series-parallel graphs, improved constants have been obtained [3].

Wood [20] proved that graphs of bounded tree-partition-width have 3D draw-
ings with O(n) volume, although the actual volume bound is approximately
O(tw(G)4(tw(G)2 tpw(G))tw(G)2 · n). Theorems 3 and 5 together prove the fol-
lowing result, which represents a substantial improvement in the dependence on
tpw(G) compared with the above-mentioned result.

Theorem 6. Every n-vertex graph G with bounded tree-partition-width, which
includes graph of bounded tree-width and bounded degree, has a 3D drawing with
O(n) volume. In particular, the drawing is O(tpw(G))×O(tpw(G))×O(n), which
is O(tw(G) ∆(G))×O(tw(G) ∆(G))×O(n).

Theorems 2 and 5 together prove our main result of this section.

Theorem 7. Every n-vertex graph G with bounded tree-width has a 3D drawing
with O(n) volume. In particular, the drawing is O(64tw(G)

)×O(64tw(G)
)×O(n).

As well as providing many new classes of graphs that admit 3D drawings
with O(n) volume, Theorem 7 dramatically improves the constant in the bound
for series-parallel graphs. As mentioned in Section 4, such graphs have 18-track
layouts. It follows that every series-parallel graph has a 36×37×37� n18� drawing.

6 Open Problems

Consider the following open problems: (1) Do planar graphs have bounded queue-
number? (2) Is queue-number bounded by stack-number? Since planar graphs
have bounded stack-number, the second question is more general than the first.
Heath et al. [11] conjectured that both of these questions have an affirmative
answer. More recently however, Pemmaraju [15] conjectured that the ‘stellated
K3’, a planar 3-tree, has Θ(log n) queue-number, and provided evidence to sup-
port this conjecture (also see [9]). This suggested that the answers to the above
questions were both negative. In particular, Pemmaraju [15] and Heath [pri-
vate communication, 2002] conjectured that planar graphs have O(log n) queue-
number. However, Theorem 4 provides a queue-layout of any 3-tree, and thus
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the stellated K3, with O(1) queues. Hence our result disproves the first con-
jecture of Pemmaraju [15] mentioned above, and renews hope in an affirmative
answer to the above open problems. By Theorem 5, question (1) is equivalent to
the question of whether planar graphs have bounded track-number, which was
asked by H. de Fraysseix [private communication, 2000] in the context of graph
drawing. If planar graphs have bounded track-number then such graphs would
also admit 3D drawings with O(n) volume, which is an open problem due to
Felsner et al. [8]. The authors recently proved that planar graphs and graphs of
bounded degree have 3D drawings with O(n3/2) volume [7].
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Abstract. All-optical networks with multiple fibers lead to several interesting
optimization problems. In this paper, we consider the problem of minimizing the
total number of fibers necessary to establish a given set of requests with a bounded
number w of wavelengths, and the problem of maximizing the number of accepted
requests for given fibers and bounded number w of wavelengths. We study both
problems in undirected tree networks T = (V, E) and present approximation
algorithms with ratio 1+4|E| log |V |/OPT and 4 for the former and ratio 2.542
for the latter. Our results can be adapted to directed trees as well.

1 Introduction

Optical communication networks are the most promising technology for satisfying the
ever-increasing demand for communication bandwidth. A single optical fiber allows
transmission of data at rates up to several Terabits per second. Wavelength-division
multiplexing (WDM) is used to partition the huge optical bandwidth into channels that
operate at different wavelengths. Each channel can carry data at the rate of several
Gigabits per second, a speed that can still be handled by electronic network elements.
If optical switches (crossconnects) are employed at the nodes of the network, signals
can remain in optical form on the whole path from transmitter to receiver, without any
need for intermediate conversion to or from electrical form. Such networks are called
all-optical networks. Advantages of all-optical networks include transparent transport of
data in arbitrary formats, low delays, low bit-error rates, and high transmission rates [14].

If a connection is to be established in an all-optical network, a path in the network
from the transmitter to the receiver must be determined (routing) and a certain wavelength
must be reserved for the connection on all links of that path (wavelength assignment)
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[24]. If wavelength conversion is not available, the reserved wavelength must be the same
on all links of the path. Since wavelength converters are expensive devices that are not
yet commonly available, we will consider only all-optical networks without wavelength
converters in this paper.

As the number of wavelengths supported in an all-optical network is a scarce resource,
graph-theoretical optimization problems modeling routing and wavelength assignment
have been studied intensively over the last 5–10 years. Wavelengths are conveniently
represented as colors and the routing and wavelength assignment problem is often treated
as a path coloring problem: Given a set of terminal pairs in a graph, connect each terminal
pair by a path and assign a color to each path such that no two paths with the same color
pass through the same edge and such that the number of colors is minimized. We refer
to [3,15,12] for surveys of known results for this problem.

More recently, researchers have begun to investigate optical networks with multiple
parallel fibers between adjacent nodes [22,18,17]. In such networks, two paths on the
link from u to v can use the same wavelength if they are carried on different fibers. At
each node, the signal arriving on any fiber of an incoming link can be forwarded to an
arbitrary fiber of an outgoing link, but without changing the wavelength. We model an
all-optical network with multiple fibers as a simple graph G = (V, E) with a function
µ : E → N, where µ(e) specifies the number of fibers on the link e ∈ E.

We consider all-optical tree networks with multiple fibers. Since the path for a ter-
minal pair is uniquely determined in this case, we will mostly talk about paths instead of
terminal pairs in the following. Three optimization problems arise naturally: minimizing
the total number of fibers needed (for given paths in G and given number of available
colors), minimizing the number of colors (for given paths in G and given µ), and max-
imizing the number of accepted paths (for given paths in G and given µ and number
of available colors). We refer to these problems as MinCollisions-PMC, MinColors-
PMC, and Max-PMC, respectively, where PMC is short for “path multicoloring.” In this
paper, we study MinCollisions-PMC and Max-PMC for tree networks, with the goal
of devising efficient approximation algorithms. For each of the problems, we consider
also the uniform variant where all edges have the same number of fibers and indicate
this by using “UPMC” instead of “PMC” in the problem name.

Our Results. In Section 2, we consider the problem MinCollisions-PMC. First, we give
an algorithm achieving a total number of fibers that is at most OPT +3|E| for undirected
trees in which all paths touch the same node. Then we extend the algorithm to general
sets of paths in trees, using at most OPT +4|E| log |V | fibers in total. These algorithms
perform well if the optimal solution is large. Furthermore, we show how to derive a 4-
approximation algorithm for MinCollisions-PMC from an algorithm for MinColors-
PMC given in [4]. In addition, we give an efficient algorithm for MinCollisions-UPMC
that uses at most �3OPT/2� fibers on every edge. We also obtain similar approximation
results for the directed case.

In Section 3, we show that aρ-approximation algorithm for Maximum Path Packing
(Max-PP) implies a 1/(1 − e−1/ρ)-approximation algorithm for Max-PMC. Using
a known 2-approximation for Max-PP in trees, this implies a 2.542-approximation
algorithm for Max-PMC in undirected and directed trees.

A longer version of this paper is available as technical report [9].
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Definitions and Preliminaries. A multifiber network is modeled as a graph G = (V, E)
with edge weights µ : E → N that represent the number of fibers on each link of the
network. The weight function µ may be given in advance, meaning that the number of
fibers available on each link is pre-determined, or it may be sought, representing the
number of fibers that should be reserved or installed on each link in order to establish a
set of connections.

Connections in the network are represented as paths on G. (In general networks, the
connections would be represented as terminal pairs, but since we deal with trees, we
consider paths instead of terminal pairs.) We will mainly consider the case that G is an
undirected graph and that the connections are undirected paths, but we will also discuss
how some of our results extend to the directed case (for which we assume that G is a
bidirected graph, i.e., a directed graph in which (u, v) ∈ E implies (v, u) ∈ E, and the
connections are directed paths).

We say that a path touches a node v if it contains an edge that has v as an endpoint.
For a set of paths P on G the load L(e,P) of edge e is the number of paths in P that go
over e. The load L(P) = maxe∈E L(e,P) of G is the maximum number of paths that
go over the same edge of G. We will omit P and simply write L(e) and L whenever it
is clear from the context which set P we mean. A wavelength assignment for a set of
connections in a multifiber network corresponds to a multicoloring of the corresponding
paths; in a multicoloring, color collisions are allowed among paths that share an edge
(meaning that the corresponding connections will use the same wavelength on different
fibers). A path multicoloring is valid with respect to µ, if for each edge e the number of
times any color appears on paths through e (we refer to this number also as the maximum
number of color collisions on e) is at most µ(e). The following optimization problems
arise naturally:

Minimum Collisions Path Multicoloring (MinCollisions-PMC). Given a graph
G = (V, E), a set of paths P on G and a number w, find a path multicoloring of P with
w colors such that

∑
e∈E µ(e) is minimized, where µ(e) denotes the maximum number

of times that any color appears on edge e.

Minimum Colors Path Multicoloring (MinColors-PMC). Given a graph G =
(V, E) with edge weights µ : E → N and a set of paths P on G, find a valid, with
respect to µ, path multicoloring of P such that the number of colors used is minimized.

Maximum Path Multicoloring (Max-PMC). Given a graph G = (V, E) with edge
weights µ : E → N, a set of paths P on G and a number w, find a valid, with respect
to µ, path multicoloring of a subset P ′ ⊆ P with w colors such that |P ′| is maximized.

For all three problems we also consider the case in which the weight function
µ is (required to be) a constant, corresponding to situations where the number of
fibers has to be the same over all links of the network. We thus obtain three new
problems, Minimum Collisions Uniform Path Multicoloring (MinCollisions-
UPMC), Minimum Colors Uniform Path Multicoloring (MinColors-UPMC),
and Maximum Uniform Path Multicoloring (Max-UPMC). Note that for the prob-
lem MinCollisions-UPMC, the objective reduces to minimizing the unique number
µ. All these problems are NP-hard for undirected and directed trees, as follows easily
from the NP-hardness of path coloring (MinColors-UPMC with µ = 1) [13,7].
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For bidirected networks, the edges (u, v) and (v, u) are considered to be separate
edges, i.e., each color can appear at most µ(u, v) times on directed paths containing
(u, v) and at most µ(v, u) times on directed paths containing (v, u). For the problem
MinCollisions-PMC, the objective value is the sum of µ(e) over all directed edges of
the graph.

An algorithm A for a minimization problem Π is a ρ-approximation if for every
instance I of Π , A runs in time polynomial in |I| and delivers a solution with objective
value at most ρ · OPT (I), where OPT (I) denotes the objective value of an optimal
solution for I . Similarly, if Π is a maximization problem, A is a ρ-approximation if, for
every instance I of Π , it delivers a solution with objective value at least 1/ρ ·OPT (I).
If the problem and the instance under consideration are clear from the context, we will
simply use OPT to denote the objective value of an optimal solution for the instance.

Previous Work. Wavelength assignment problems in optical networks have been studied
extensively in the literature. In this section we review the known results in the area with
emphasis on those related to multifiber networks.

To the best of our knowledge, the MinCollisions-PMC problem was first studied in
[22]. It was shown that it can be solved optimally in polynomial time in chain networks,
while for star and ring networks 2-approximation algorithms were given. A different
algorithm for MinCollisions-PMC in chain networks was presented in [26]. Nomikos
et al. [20,21] study a generalization of MinCollisions-PMC with different fiber costs
and give constant approximation algorithms for rings and spiders.

Li and Simha [17] and Margara and Simon [18] study the MinColors-UPMC prob-
lem in ring and star networks. In [17] it is shown that MinColors-UPMC in rings
remains NP-hard for every fixed number of available fibers. An upper bound of ap-
proximately (µ + 1)L/µ2 wavelengths for ring networks with µ available fibers per
link and load L is given. Several restrictions of MinColors-UPMC in ring and star
networks are considered as well. Similar results are shown independently in [18]. The
latter paper also studies the (multiplicative) gap between the optimal number of colors
and the lower bound �L/µ�. For example, it is proved for every µ ≥ 1 that there exists
an undirected tree where this gap can be at least 1 + 1/(2µ2). This line of research is
continued in [19] where it is proved that for any network G there exists a µ such that
any set P of paths on G can be colored with �L(P)/µ� colors with respect to µ. In [10],
MinCollisions-UPMC and MinColors-UPMC are studied for general graphs and a
connection of these problems with hypergraph coloring is established.

If µ = 1, MinColors-UPMC reduces to the well studied path coloring problem
(PC). An algorithm using at most 3L/2 colors for undirected trees was given in [23]. In
directed trees, an algorithm using at most 5L/3 colors is due to Erlebach et al. [8].

Li and Simha [16] studied MinColors-UPMC for undirected trees and showed
that a valid multicoloring using at most �3L/(2µ)� colors can be computed efficiently.
For the general problem MinColors-PMC in trees, a 4-approximation algorithm for
undirected and directed trees was given recently by Chekuri, Mydlarz and Shepherd [4].
Motivated by an integer multicommodity flow problem on trees they show that a set
P of paths on a (directed or undirected) tree with µ(e) available fibers on each link e
can be colored using at most 4 maxe∈E�L(e,P)/µ(e)� colors. Nomikos et al. [21]
present constant approximation algorithms for MinColors-PMC in rings and spiders,
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with approximation ratios 2 (for directed and undirected rings as well as for directed
spiders) and 5/2 (for undirected spiders).

As far as we know, Max-PMC has not been studied in the literature. For its single-fiber
variant, however, known as Max-PC, a 1.58 approximation is known for the undirected
case [25] while for directed trees there exists a slightly worse 2.22-approximation [6].
These algorithms follow from a reduction from Max-PC with an arbitrary number of
wavelengths to Max-PC with one wavelength [1].

2 Minimizing the Number of Fibers (MinCollisions-PMC)

In the setting of this problem we are given a graph G, a set of paths P on G, and w
colors. Recall that the objective is to minimize the maximum number of color collisions
on each edge (in fact, we want to minimize the sum of these maximum numbers over all
edges but, as we will see, local optimization implies total optimization). For an edge e
we denote by OPT (e,P) the minimum µ(e) over all possible multicolorings of P with
w colors; when referring to an algorithm, we denote by SOL(e,P) the number µ(e)
that corresponds to a multicoloring returned by the algorithm.

A lower bound for OPT (e,P) is OPT (e,P) ≥ �L(e,P)/w�. For an instance
I = (G,P, w) we have OPT (I) ≥∑e∈E OPT (e,P) and OPT (I) ≥ |E| (we assume
w.l.o.g. that every edge is used by at least one path).

Before proceeding to the algorithm for trees with arbitrary path sets we will present
an algorithm for a special class of instances: trees with centered path sets.

2.1 Trees with Centered Path Set

Here we deal with trees with a set P of paths such that all paths touch the same node,
called the center of P . We consider the path center as root of the tree and denote it by r.

MinCollisions-PMC isNP-complete in trees with centered path set, since the path
set of a star has always a center and it is known [22] that MinCollisions-PMC in stars
isNP-hard. We present an approximation algorithm for MinCollisions-PMC in trees
with centered path set.

Algorithm 1 returns a correct path multicoloring of P with w colors. This is because
H is a w-degree bipartite graph, hence it can be edge-colored with w colors. Since each
path corresponds to an edge e ∈ A, after the execution of the edge coloring algorithm all
paths have been colored. The most costly part of the algorithm is bipartite edge coloring
(step 4), therefore its time complexity is O(|P| log w) [5].

We next show that this algorithm is a 4-approximation for MinCollisions-PMC in
trees with centered path set.

Approximation Ratio. In step 1 the subset of paths in P that pass through edge e is
partitioned in two sets: one calledPin(e), containing paths that have direction towards the
root, and one called Pout(e), containing the remaining paths (with opposite direction).
Let Li(e,P) = |Pi(e)|, i ∈ {in, out}.
Lemma 1. For each edge e and each direction i, i ∈ {in, out}, the algorithm for
MinCollisions-PMC in trees with centered path set colors paths that use e in direction
i with at most �Li(e,P)/w�+ 1 color collisions.
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Algorithm 1 MinCollisions-PMC in trees with centered path set.
Input: tree G = (V, E), set of paths P with center r, number of colors w.
Output: path multicoloring of P with w colors.

1. Assign an arbitrary direction to every path in P .
2. Create two (initially empty) lists of paths Qs, Qf . Traverse the nodes of the tree using pos-

torder traversal and update Qs, Qf as follows:
For each node visited do

append all paths that start at this node to list Qs and all paths that finish at this node
to list Qf .

3. Create a set S of starting groups of paths and a set F of finishing groups of paths:
While Qs, Qf not empty do

delete w elements from Qs and group them together to form a new group s and add
s to S; delete w elements from Qf and group them together to form a new group f
and add f to F .

Construct a bipartite graph H(S, F, A), where there is an edge e ∈ A for each path p ∈ P
(connecting the groups that contain p).

4. Color the edges of H with w colors using the algorithm in [5]. Assign to each path the color
of the corresponding edge e of H .

Proof. Consider an edge e = {u, v}; w.l.o.g. assume that v is the parent of u (w.r.t. the
root r). We will prove the claim for paths in direction in (Pin(e)); the proof for direction
out is completely symmetric.

Notice that paths inPin(e) are exactly the paths that start at u or at some descendant of
u. Hence, these paths are consecutive in the list Qs because postorder visits the subtrees
of u and u itself consecutively (of course, any other standard tree traversal would do, as
long as it visits a node and its subtrees in a consecutive manner). Therefore the algorithm
puts paths inPin(e) in several full groups (i.e. consisting of w paths each) and at most two
semi-full groups. Let the number of paths in the first group (which can be semi-full or full)
bek, and let the total number of paths in the remaining groups bek′.The number of groups
is clearly 1 + �k′/w� = �k/w�+ �k′/w� ≤ �(k + k′)/w�+ 1 = �Lin(e,P)/w�+ 1.
The number of color repetitions, for any color, is at most the number of groups. Thus,
we have SOLin(e,P) ≤ �Lin(e,P)/w�+ 1. �	
Proposition 1. The algorithm for MinCollisions-PMC in trees with centered path set
gives a path multicoloring such that on each edge e the maximum number of color
collisions is at most �L(e,P)/w�+ 3 ≤ OPT (e,P) + 3.

Proof. In step 1 the algorithm partitions the load on each edge e in two parts: Lin(e,P)
paths that go towards the root and Lout(e,P) paths in opposite direction. The number
of collisions of any color on edge e is at most SOLin(e,P) for paths in Pin(e) and at
most SOLout(e,P) for paths in Pout(e). Thus, the total number of collisions of any
color on e is SOL(e,P) ≤ SOLin(e,P) + SOLout(e,P) ≤ �Lin(e,P)/w� + 1 +
�Lout(e,P)/w�+ 1 ≤ �L(e,P)/w�+ 3 ≤ OPT (e,P) + 3. �	
Theorem 1. The algorithm for MinCollisions-PMC in trees with centered path set is
a (1 + 3|E|

OPT )-approximation in the undirected case.
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Proof. Adding the solutions for all edges and using Proposition 1 we have for any
instance I = (G,P, w): SOL(I) ≤ ∑e∈E SOL(e,P) ≤ ∑e∈E(�L(e,P)

w � + 3) ≤
OPT (I) + 3|E|. �	
Remark: The above algorithm is a 4-approximation in the worst case, since OPT ≥ |E|;
however, the approximation ratio improves as the load increases.

A useful observation is that in trees with centered path set where the center is of
degree 2 the above algorithm achieves a better ratio:

Corollary 1. The algorithm for MinCollisions-PMC in trees with centered path set
where the center is of degree 2, is a (1 + |E|

OPT )-approximation in the undirected case,
that is a 2-approximation in the worst case.

Sketch of Proof. This is due to an improvement of step 1 of Algorithm 1. Since there
are only two subtrees of the root, assigning to each path a direction from the left subtree
to the right subtree we end up with edges that have only paths in one direction, thus for
each edge it holds that SOL(e,P) ≤ OPT (e,P) + 1. �	

MinCollisions-PMC in Directed Trees with Centered Path Set. For the directed
case of the problem we take advantage of the fact that directions of paths are given,
therefore there is no loss due to arbitrary selection of direction. This leads to the following
improved approximation results (we omit the proof of Proposition 2).

Proposition 2. The algorithm for MinCollisions-PMC in directed trees with centered
path set P gives a path multicoloring such that on each edge e the maximum number of
color collisions is at most �Lin(e,P)/w�+ �Lout(e,P)/w�+ 2 ≤ OPT (e,P) + 2 if
e is used by paths in both directions and at most OPT (e,P) + 1 if e is used in only one
direction.

Theorem 2. The algorithm for MinCollisions-PMC in directed trees with centered
path set is a 2-approximation.

Proof. Let E1 be the set of edges which have paths in only one of the two directions
and E2 be the set of edges with paths in both directions. An obvious lower bound is
OPT (I) ≥ |E1|+2·|E2|. By Proposition 2, we have SOL(I) ≤∑e∈E1

(OPT (e,P)+
1) +

∑
e∈E2

(OPT (e,P) + 2) ≤ OPT (I) + |E1|+ 2 · |E2| ≤ 2 ·OPT (I). �	

2.2 MinCollisions-PMC in Trees with Arbitrary Path Set

Now we present an algorithm for trees with arbitrary path sets. It is based on a partitioning
of the path set P into O(log |V |) disjoint sets Pi using a separator-based approach (as
in [2]), such that each Pi consists of disjoint sets of paths with common center. Then
the algorithm MinCollisions-PMC for trees with centered path set can be used for
each component of Pi. Combining the solutions, we will obtain a (1 + O( |E| log |V |

OPT ))-
approximation for MinCollisions-PMC in trees.

The Algorithm. It is easy to see that every tree T = (V, E) contains a vertex v such
that T − {v} is a forest of trees with at most |V |/2 nodes each. We call such a vertex
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a 1
2 -separator. We assign levels to the vertices of T as follows: find a 1

2 -separator v in
T and assign to it level 1; then find a 1

2 -separator in each tree of T − {v} and assign to
each of them level 2; repeat this step (remove all vertices of the current level i, find a
1
2 -separator in each of the remaining trees, and assign to all of the newly found separators
the level i + 1) until all vertices have been assigned levels. Now let the level of a path
in P be the minimum level of all vertices that it touches. For 1 ≤ i ≤ log |V |, let Pi be
the set of paths in P with level i. This partitions P into t ≤ log |V | subsets Pi, where
each subset Pi is a disjoint union of centered path sets that do not interfere with each
other. Thus, Algorithm 1 can be applied to Pi by applying it to each centered path set in
Pi separately, and Proposition 1 still holds. Thus we get the following algorithm:

Algorithm 2 MinCollisions-PMC in trees
Input: tree G, set of paths P , number of colors w.
Output: path multicoloring of P with w colors.

1. Partition the path set P into subsets Pi, 1 ≤ i ≤ t, as described in the text.
2. Find a path multicoloring with w colors for each subset Pi using the algorithm for trees with

centered path set (Algorithm 1).

Approximation Ratio. The total load of each edge is L(e,P) =
∑t
i=1 L(e,Pi). For

the multicoloring returned by Algorithm 2 let SOL(e,Pi) denote the maximum num-
ber of color collisions on edge e among paths that belong to the subset Pi. Since each
Pi is colored by using Algorithm 1 we have SOL(e,Pi) ≤ �L(e,Pi)/w� + 3 by
Proposition 1. Hence, in each edge e, for any color, the total number of color col-
lisions is at most SOL(e,P) ≤ ∑t

i=1 SOL(e,Pi) ≤
∑t
i=1(�L(e,Pi)/w� + 3) ≤

�∑t
i=1 L(e,Pi)/w�+ 4 · t− 1 = �L(e,P)/w�+ 4 · t− 1 ≤ OPT (e,P) + 4 · t− 1.

Therefore, for any instance I = (G,P, w), SOL(I) ≤ ∑
e∈E SOL(e,P) ≤

∑
e∈E(OPT (e,P)+4·t−1) ≤ OPT (I)+(4·t−1)·|E| < (1+ 4|E| log |V |

OPT (I) )·OPT (I).
We have thus proved the following:

Theorem 3. The algorithm for MinCollisions-PMC in trees is a (1 + 4|E| log |V |
OPT )-

approximation in the undirected case.

Remark: If OPT (I) = Ω(|E| log |V |), then Algorithm 2 is a constant approximation;
for example, if OPT (I) ≥ 4|E| log |V |, Algorithm 2 achieves approximation ratio 2.
This renders the algorithm particularly useful for heavily loaded instances. However, in
the worst case the approximation guarantee is not better than O(log |V |); an algorithm
that always achieves a constant approximation is presented in Subsection 2.3.

The Directed Case. By Proposition 2, for each centered path set we have SOL(e,Pi) ≤
�Lin(e,Pi)/w� + �Lout(e,Pi)/w� + 2. The overall solution is thus: SOL(e,P) ≤∑t
i=1(�Lin(e,Pi)/w� + �Lout(e,Pi)/w� + 2) ≤ OPT (e,P) + 4 · t − 2. For edges

e ∈ E1 it holds that SOL(e,P) ≤ OPT (e,P) + 2 · t − 1. Therefore, SOL(I) ≤∑
e∈E1

(OPT (e,P) + 2 · t− 1) +
∑
e∈E2

(OPT (e,P) + 4 · t− 2) ≤ OPT (I) + (2 ·
t−1)(|E1|+ 2 · |E2|) < OPT (I) + 2|E′| log |V |, where E′ is the set of active directed
edges (we call a directed edge active if there are paths that use it). We get:
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Theorem 4. The algorithm for MinCollisions-PMC in trees is a (1 + 2|E′| log |V |
OPT (I) )-

approximation in the directed case, where E′ is the set of active directed edges.

2.3 A 4-Approximation for MinCollisions-PMC in Trees

The algorithm is based on a very recent 4-approximation algorithm for the problem
MinColors-PMC. For MinColors-PMC, it is clear that maxe∈E�L(e,P)/µ(e)� is a
lower bound on the number of colors used by the optimal solution. Chekuri, Mydlarz,
and Shepherd [4] gave a polynomial algorithm that comes within a factor of 4 of this
lower bound. We can state their result as follows:

Theorem 5 (Chekuri, Mydlarz and Shepherd, 2003). There is a 4-approximation for
MinColors-PMC in trees. It uses at most 4 maxe∈E�L(e,P)/µ(e)� colors.

Using this algorithm as a subroutine, we can obtain a 4-approximation algorithm for
MinCollisions-PMC.

Corollary 2. There exists a 4-approximation algorithm for MinCollisions-PMC in
undirected trees.

Proof. Let an instance of MinCollisions-PMC be given. Set µ′(e) = �L(e,P)/w� for
every edge e ∈ E. Next, compute a valid path multicoloring with respect to µ′ using the
algorithm mentioned in Theorem 5. This will need at most 4 max�L(e,P)/µ′(e)� ≤ 4w
colors. Now, we identify four colors at a time (i.e., assuming that the colors are numbered
1, 2, . . ., we map each color i to color �i/4�). This reduces the number of colors by a
factor of 4 and increases the number of color repetitions on every edge at most by a
factor of 4. Thus, we have a path multicoloring with at most w colors that is feasible
with respect to µ, where µ(e) = 4µ′(e) for every e ∈ E. Since OPT (e,P) ≥ µ′(e),
the corollary follows. �	

The result extends to the directed case as well, since the algorithm in [4] applies both
to undirected and directed trees.

2.4 Uniform Number of Fibers: MinCollisions-UPMC

In this section we consider the problem MinCollisions-UPMC, where the number of
fibers has to be the same over all links of the network. The goal of MinCollisions-
UPMC is to minimize the uniform µ (equivalently, to compute a path multicoloring
that minimizes maxe∈E µ(e)). Algorithm 3 uses as a subroutine the algorithm for path
coloring (PC) in undirected trees by Raghavan and Upfal [23] that colors a path set P
on a tree with no more than 3L(P)/2 colors.

Theorem 6. The algorithm for MinCollisions-UPMC in trees computes a multicol-
oring with at most �3 ·OPT/2� color collisions on any edge in the undirected case.

Proof. Given an instance I = (G,P, w), for any path multicoloring of P it holds
maxe∈E µ(e) ≥ �L(P)/w�, hence OPT (I) ≥ �L(P)/w�. After using the algorithm
for PC in trees it holds that all paths using an edge have different colors in the range
0, . . . , s− 1, s ≤ 3 · L(P)/2. Hence, the number of color collisions for any color is at
most � 32L(P)/w� ≤ � 32 ·OPT (I)� in the resulting multicoloring. �	
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Algorithm 3 MinCollisions-UPMC in trees.
Input: tree G, set of paths P , number of colors w.
Output: path multicoloring of P with w colors minimizing µ = maxe∈E µ(e).

1. Color all paths in P using colors in the range 0, . . . , s− 1, s ≤ 3L(P)/2.
2. Replace each color x with color x mod w.

The approximation ratio of the above algorithm is thus 3
2 + 1

2OPT ≤ 2.
For MinCollisions-UPMC in directed trees, we follow a similar approach using an

algorithm for PC in directed trees that colors all paths with at most 5 ·L(P)/3 colors [8].
This leads to at most � 53 ·OPT� collisions and approximation ratio 5

3 + 2
3OPT which is

at most 2 for OPT ≥ 2.

3 Maximizing the Number of Connections

Now we consider the Max-PMC problem and propose a constant-ratio approximation
algorithm for tree networks. Our algorithm uses as a subroutine an approximation algo-
rithm for the Maximum Path Packing problem, formally defined as follows.

Maximum Path Packing (Max-PP). Given a graph G = (V, E) with edge capacities
c : E → N and a set P of paths on G, find a valid, with respect to c, path packing of P ,
i.e., a subset P ′ ⊆ P such that no more than c(e) paths in P ′ go over edge e. The goal
is to maximize |P ′|.

Algorithm 4 Max-PMC
Input: graph G = (V, E) with edge weights µ : E → N, set P of paths, number of
colors w.
Output: a valid, with respect to µ, path multicoloring of a subset P ′ ⊆ P with w colors.

set P ′ := ∅;
for i = 1 to w do

use an algorithm for Max-PP to find a valid, with respect to µ, path packing Pi of P;
assign color i to all paths in Pi and set P ′ := P ′ ∪ Pi;
remove all paths in Pi from P;

Theorem 7. The above algorithm for Max-PMC is a 1/(1− e−1/ρ)-approximation if
a ρ-approximation algorithm for Max-PP is used as a subroutine.

The proof of Theorem 7 is a straightforward adaptation of the technique used by
Awerbuch et al. [1] for reducing Max-PC (the single-fiber version of Max-PMC) with
an arbitrary number of wavelengths to Max-PC with one wavelength and is omitted. The-
orem 7 applies to arbitrary graphs; for trees we obtain a 2.542-approximation algorithm
by using the existing 2-approximation algorithm for Max-PP from [11].

Corollary 3. There exists a 2.542-approximation algorithm for Max-PMC in tree net-
works.
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We note that the same result can be obtained for the directed case by using the
Max-PP algorithm given in [6] (note that in [6] Max-PP is defined for uniform edge
capacities; however, as the authors already note therein, their algorithm can be adapted
to work in the case of arbitrary edge capacities).

4 Conclusion

We have studied several optimization problems motivated by multifiber optical net-
works. For the problem of minimizing the total number of fibers (MinCollisions-
PMC), our algorithm computes a solution of cost at most OPT + 4|E| log |V | in undi-
rected trees T = (V, E), thus achieving approximation ratio 1 + 4|E| log |V |

OPT . Using the
recent 4-approximation algorithm for MinColors-PMC in [4], we also derived a 4-
approximation algorithm for MinCollisions-PMC in undirected or directed trees. For
the problem of maximizing the number of accepted requests, we presented a general
reduction from Max-PMC to Max-PP and obtained a 2.542-approximation algorithm
for undirected and directed trees.

We remark that our results can be generalized to MinCollisions-PMC with different
fiber costs on different edges (because our analysis compares the number of fibers on
each individual edge with the number of optimal fibers on the edge) and to Max-PMC
with different profits for different requests (by using a constant-factor approximation for
the weighted version of Max-PP such as the 4-approximation for Max-PP in trees given
in [4]). Concerning future work, it would be interesting to see whether the approximation
ratios can be improved further and whether good results can also be obtained for other
network topologies.

Acknowledgments. We would like to thank Chandra Chekuri, Marcelo Mydlarz and
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Abstract. We draw the n-dimensional hypercube in the plane with
5
324n −

⌊
n2+1

2

⌋
2n−2 crossings, which improves the previous best esti-

mation and coincides with the long conjectured upper bound of Erdös
and Guy.

1 Introduction

The crossing number of a graph G, denoted by cr(G), is the minimum number of
crossings of its edges among all drawings of G in the plane. It is a fundamental
topological invariant but appears naturally in the design of VLSI circuits [9] and
visualization of graph like structures [2]. The problem is NP -hard [6]. There
are only a few infinite families of graphs for which exact crossing numbers are
known. See e.g., surveys [10,12]. One of the most challenging problems is the
crossing number of the hypercube. In 1969 Harary [8] mentioned that there does
not even exist a conjecture about the crossing number of the hypercube. Then
Eggleton and Guy [3] announced a drawing which implies that for n ≥ 3

cr(Qn) ≤ 5
32

4n −
⌊

n2 + 1
2

⌋
2n−2. (1)
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Later a gap was found in the construction [7]. However, Erdös and Guy [4]
conjectured equality in (1). Madej [11] proposed a drawing of Qn with

1
6

4n − n22n−3 − 3 · 2n−4 +
1
48

(−2)n

crossings and showed that cr(Q5) ≤ 56. Sýkora and Vrt’o [13] proved that
Madej’s bound is asymptotically optimal, by deriving the following lower bound:

cr(Qn) ≥ 1
20

4n + O(n22n).

Then Dean and Richter [1] showed that cr(Q4) = 8, which is the only exact
and nontrivial result in this area. Recently, Faria and Figueiredo [5] proved that
cr(Q6) ≤ 352 and decreased the Madej’s upper bound to

165
1024

4n − (2n2 − 11n + 34)2n−3, (2)

for n ≥ 7, which coincides with the RHS of (1) for n = 7, 8.
In this paper we construct a new drawing of Qn in the plane which has the

conjectured number of crossings

5
32

4n −
⌊

n2 + 1
2

⌋
2n−2.

2 Definitions

The hypercube Qn is defined in the standard way. The vertices are all binary
strings of length n and two vertices are adjacent iff the corresponding strings
differ in precisely one position.We say that an edge belongs to the i-th dimension
if its endvertices (strings) differ in the i-th position from the left. A vertex is
called an even vertex if the number of 1’s in its corresponding string is even. Let
Cm denote an m-vertex cycle, m ≥ 3. For graphs G and H let G × H denote
their Cartesian product.

3 The Drawing

Theorem 1. For n ≥ 3,

cr(Qn) ≤ 5
32

4n −
⌊

n2 + 1
2

⌋
2n−2.

Proof. We consider the cases for n odd and n even separately. First we prove
by induction that the result holds for all odd n. Second, we use the result for n
odd to establish the corresponding result for n + 1.
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3.1 Odd Case

Let n = 2k − 1, for k ≥ 2. The main idea of the construction is the following.
Assume that we have a suitable drawing Dn of Qn in the plane with the claimed
number of crossings, denoted by cr(Dn). We utilize the identity Qn+2 = Qn×C4.
We replace every vertex v of Qn in the “small” neighbourhood of v in the drawing
Dn by a 4-cycle. The small neighborhood is a circle centered at v, which contains
no crossings and no other vertices. Then every edge e in Dn which started in
v will be replaced by 4 “parallel” edges drawn along the original edge e. Doing
this carefully we get a drawing Dn+2 of Qn+2. The total number of crossings will
be the number of crossings between edges starting in the vertices of the 4-cycle
times 2n plus 16cr(Dn). The term 16 comes from the fact that every crossing in
Dn is replaced by 4 parallel edges crossed by another 4 parallel edges in Dn+2.

We will construct inductively a drawing Dn of Qn satisfying the following
four properties:

1. The number of crossings in the drawing is:

cr(Dn) =
5
32

4n −
⌊

n2 + 1
2

⌋
2n−2.

2. Edges of the same dimension do not cross.
3. In any 4-cycle abcd, where ab, cd are of the n-th dimension and ad, bc are of

the i-th dimension, i < n, it holds that the number of edges drawn between
edges ab and ad in the counterclockwise order and between dc and da in the
clockwise order is the same. See Figure 1a.

cd

a b

yx

a b

a) b)

Fig. 1.

4. In the drawing of Dn take any edge ab of the n-th dimension, where a is an
even vertex. In a small neighborhood of the vertex a a 4-cycle is attached to
a as shown in Figure 1b, i.e. the 4-cycles do not interfere with the current
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drawing and the 4-cycle is placed between the edge ab and its neighbour ax
in the counterclockwise order.
Draw a symmetrical 4-cycle attached at the vertex b lying between the edge
ab and its neighbour by in the clockwise order. Call these 4-cycles new 4-
cycles. Consider again any 4-cycle abcd, where ab, cd are edges of the n−th
dimension and ad, bc are of the i-th dimension, i < n and a is an even vertex.
Starting with the edge ab let the edge of the i−th dimension be the r(i)-th
in the clockwise direction around the vertex a.
a) If r(i) > k then the new four 4-cycles attached to a, b, c, d lie inside the

cycle abcd as one can see in Figure 2a.

cd ba

a b d c

a) b)

Fig. 2.

b) If r(i) ≤ k then the new 4-cycles attached to a, b, c, d lie outside the abcd
as one can see in Figure 2b.

Now we start the induction for odd n. Let n = 3. Then Figure 3 shows a
drawing of Q3 satisfying the above 4 properties.

3rd

3rd 3rd

3rd

Fig. 3.
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k−1

k−2

k−2

k−2

k−2

v’01v01

v’11v11

v’10v10

v’v

Fig. 4.

Assume we have a drawing of Qn, for some n ≥ 3 satisfying the four proper-
ties. In what follows, we construct a drawing of Qn+2 satisfying the properties.
Take any even vertex v in the drawing of Qn. Let v′ be its neighbour along the
n-th dimension. Without producing new crossings, draw 2 new 4-cycles on ver-
tices v00 = v, v01, v11, v10 and v′00 = v′, v′01, v′11, v′10 s.t. the edge v00, v01
(v′00, v′01) is a “neighbour” of the edge vv′, in the drawing. The edge pattern in
the original vertices v and v′ is repeated in all vertices of the cycle corresponding
to v and v′, respectively. And the new edges are routed as depicted in the Figure
4.

We complete the drawing of Qn+2 by description of the routing of the new
edges. The drawing of the edges of the i-th dimension, i = n, n+1, n+2, is obvious
from Figure 4. Let i < n. Consider any 4-cycle v, v′, u, u′ in the drawing of Qn,
where the edges vv′ and uu′ belong to the n-th dimension and the edges vu′ and
v′u belong to the i-th dimension, and v is an even vertex. Starting with the edge
vv′, let the edge of the i-th dimension be the r(i)-th in the clockwise direction
around the vertex v. Consider now the corresponding cycle v00, v′00, u00, u′00
in the “partial” drawing of Qn+2.

Distinguish 3 cases (see Figure 5):

1. Let r(i) > k. Note that in this case the new 4-cycles lie inside the 4-cycle
vv′uu′. Draw the connection between vjl and u′jl for j, l, = 0, 1, j + l > 0
parallel with the “old” edge v00 and u′00 using the pattern valid for the
“upper” bunch of k − 1 edges.

2. Let r(i) = k. In this case the new 4-cycles lie outside the 4-cycle vv′uu′. Use
the connection pattern valid for the k-th edge.

3. Let r(i) < k. In this case again the new 4-cycles lie outside the 4-cycle vv′uu′.
Use the connection pattern valid for the “lower” bunch of k − 2 edges.
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n−th
n−th

r(i)=kr(i)>k

n−th

r(i)<k

i−th

v’v

uu’

i−th

v

u’ u

v’
v v’

uu’

i−th

Fig. 5.

We make a similar drawing for the 4-cycles attached to v′00 and u00. The draw-
ing immediately implies that the produced graph is Qn+2.

It remains to show that the drawing of Qn+2 satisfies the properties 1-4. We
have

Lemma 1. The number of crossings between the edges incident to the vertices
of the new 4-cycle attached to v00 is (3n2 − 4n− 1)/2.

Proof. To appear in the full version. �

Then the total number of crossings in the drawing Dn+2 of Qn+2 is

cr(Dn+2) = 16cr(Dn) +
3n2 − 4n− 1

2
2n

= 16
(

5
32

4n −
⌊

n2 + 1
2

⌋
2n−2

)
+ (3n2 − 4n− 1)2n−1

=
5
32

4n+2 −
⌊

(n + 2)2 + 1
2

⌋
2n.

The second property is obviously fulfilled. The third and fourth properties can
be checked by taking the 4-cycle v00, v01, u′01, u′00, formed by edges of the
(n + 2)-nd dimension and the i-th dimension, i < n + 2 and using the inductive
assumption. The inductive step for the odd case is completed.

3.2 Even Case

We start with the drawing Dn of Qn described above, for n odd. We utilize the
identity Qn+1 = Qn×P2, where P2 denotes the 2-vertex path. The construction
proceeds similarly as above but in a simpler way. To every vertex u in Dn, attach
a new edge uv in a small neighbourhood of u immediately above the edge of the
n-th dimension. For every edge e, starting in u, draw a new edge which starts
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in v and goes “parallel” to e. Doing this in a similar way as in the odd case, up
to the case where rank of the dimension of the edge e is k (this case is treated
in the same way as for the dimensions of rank less than k), we get a drawing of
Qn+1.

Lemma 2. The number of crossings between edges incident to the vertices of
the new edge is ((n− 1)/2)2.

Proof. To appear in the full version. �

Since for each edge of the drawing Dn of Qn there are 2 edges in the drawing
Dn+1 of Qn+1, then for each crossing in Dn we have 4 additional crossings in
Dn+1. As we proved that cr(Dn) = 5

324n − n2+1
2 2n−2, then by Lemma 2 the

drawing Dn+1 obtained from the drawing Dn contains the following number of
crossings:

cr(Dn+1) = 4cr(Dn) +
(

n− 1
2

)2

2n = 4
(

5
32

4n − n2 + 1
2

2n−2
)

+
(

n− 1
2

)2

2n

=
5
32

4n+1 −
⌊

(n + 1)2 + 1
2

⌋
2n−1.

�
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Abstract. Graph grammars are widely used in order to define classes
of graphs having some inductive and narrow structure. It is known, that
graph classes defined by context-free graph grammars have bounded
clique-width, but this general observation does not give the bound on
the clique-width explicitly.
We investigate here the explicit relationship between various not neces-
sarily context-free Neighborhood Controlled Embedding (NCE) graph
grammars and the clique-width of graphs generated by them. We show
that all the graphs, generated by any given NCE graph grammar, have
an explicitly computable bounded clique-width (where the bound de-
pends only on parameters of the grammar), and provide the correspond-
ing algorithms (based on dynamic programming techniques) for finding
clique-width expression based on given derivation tree.
All the results are first obtained for Node Label Controlled (NLC)
grammars, but can be generalized to both NCE grammars and edNCE
grammars (for directed graphs with dynamic edge relabelling).

Keywords: Graph grammars, clique-width, tree-width.

1 Introduction

The purpose of this paper is to find an explicit relationship between a wide class
of graph grammars, the Neighborhood Controlled Embedding (NCE) graph
grammars, and bounds for the tree-width and clique-width of graph languages
generated by them. We express these bounds (provided they exist) in terms of
parameters of the grammar only.

The first results of this kind were proven by C. Lautemann in [Lau88], where
he derived upper bounds for the tree-width of graph languages generated by a
given Hyperedge-Replacement (HR) grammar. In section 4 we use similar tech-
niques to derive bounds for the tree-width for two subclasses of NCE grammars,
Apex NLC and Boundary NLC.

Courcelle and Olariu in [CO00] showed that clique-width of graphs of tree-
width k, is at most 2k+1 + 1. Therefore, any graph language of bounded tree-
width, is automatically of bounded clique-width. Moreover, B. Courcelle, J.
� The results are part of the first author’s M.Sc. thesis [Gli03].
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Engelfriet and G. Rozenberg in [CER93] provided a complicated proof that
any given context-free graph grammar based on vertex-replacement (Conflu-
ent edNCE, or context-free V R grammar) generates graphs of bounded clique-
width. Although an upper bound for the clique-width could be derived from
their proof, it is not straightforward.
In general, finding an explicit bound for the clique-width is a more complicated
task than finding a bound for the tree-width.

In this paper we derive direct explicit upper-bounds for the clique-width of
graphs generated by any given Node Label Controlled (NLC) grammar (which
is a particular case of NCE), not necessarily confluent (context-free). We also
improve the known bounds for the tree-width for several special cases of NLC
grammars. For this purpose we use a modified concept of tree-width, introduced
first in [FV93], which allows us to achieve more accurate bounds for the clique-
width of corresponding graphs. More specifically, for a graph generated by an
NLC grammar, we provide, in Theorems 12, 13 and 14, polynomial time algo-
rithms which generate, from a derivation tree for the graph, a parse term for the
clique-width of this graph, where the clique-width is independent of the graph
and depends only on specific parameters of the grammar. Our main results are:

Theorem 1 Let K be a graph language generated by an NLC grammar. Then
K is of bounded clique-width.

Using these algorithms, which produce clique-width parse term from a deriva-
tion tree, one can apply the dynamic programming techniques introduced in
[CMR00] to the clique-width parse term, to obtain the following result. CMSOL
denotes Monadic Second Order Logic augmented with modular counting quan-
tifiers, cf. [EF95].

Theorem 2 Let K be a class of graphs generated by an NLC grammar. Let
Φ be a graph property definable in CMSOL. Then checking whether a graph
G ∈ K has property Φ is polynomial time Turing reducible to the computation
of a derivation tree for G.

We note that the computation of a derivation tree can be PSpace-hard for NLC
grammars and NP-hard for Linear Apex NLC grammars, cf. [F98,K01].

Analogue results like Theorems 1 and 2 can be proven for classes of graphs
generated by an NCE grammar, by an eNCE grammar, where one also allows
edges with labels, and by an edNCE grammar, where additionally the edges
may be directed. But in this extended abstract we do not have enough space to
develop the details.

The corresponding bounds on the clique-width are given in Theorem 14.
Proofs are only sketched, due to space limitations, and may be found in [Gli03].

2 Vertex-Replacement Graph Grammars

A graph grammar is a generalized type of grammar, which mimics in a natu-
ral way the usual Chomsky hierarchy in the case of graph-like structures. One
should note however, that there are context-sensitive languages of words, which,
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if looked at as graphs, are context-free. In this paper we investigate graph classes
generated by general, not necessarily context-free, graph grammars based on ver-
tex replacement, the Neighborhood Controlled Embedding (NCE) graph gram-
mars. In this extended abstract, however, we restrict the presentation to the
NLC grammars, where no edge labels are allowed, and also vertices with the
same label in the right-hand side graphs of productions are indistinguishable
during the embedding. Surveys on graph grammars are [DKH97,Eng97,K97].
In an NLC grammar, a nonterminal vertex can be substituted by some graph
according to the grammar rules, while the edges between the neighbors of the
nonterminal and the inner vertices of the right hand side graph are established
according to the corresponding embedding1 relation. There are several restricted
subtypes of NLC grammars, according to the structure of the right hand side
graphs in the grammar rules, and according to the permitted embedding.

Apex NLC: There are no edges between nonterminal vertices in right hand
side graphs. The embedding can only connect terminals.

Linear NLC: The right hand side graph can contain at most one nonterminal.
The embedding can connect terminals, or a terminal and a nonterminal.

Boundary NLC: There are no edges between nonterminal vertices in the right
hand side graphs. The embedding can connect terminals, or a terminal and
a nonterminal.

Confluent NLC: Any kind of right hand side graphs or embedding is per-
mitted, as long as the grammar is confluent (i.e. the order of applying the
substitutions does not affect the resulting graph).

For a grammar Γ we denote by L(Γ ) the class of graphs generated by Γ and
call it the graph language generated by Γ . We denote by X-Y-NLC the class of
graph languages generated by an X-Y-NLC grammar, where X ∈ {Lin, ε} and
Y ∈ {A, B, C, ε}, ε is the empty word and A stands for Apex, B for Boundary
and C for Confluent. C-NCE is sometimes also called Context Free VR, e.g.
in [ER90,Cou95].

From [K97,K01] we have the following strict inclusions and complexities2:

Proposition 3

(i) Lin-A-NLC ⊂ Lin-NLC ⊂ B-NLC ⊂ C-NLC ⊂ NLC
(i) Lin-A-NLC ⊂ A-NLC ⊂ B-NLC ⊂ C-NLC ⊂ NLC
(iii) Lin-NLC and A-NLC are incomparable.
(iv) Every NLC grammar generates a graph language in PSpace and some of

them are PSpace-complete.
1 For lack of space we skip the detailed definition of these embedding relations. They

will be included in the full paper and can be found most conveniently in [K97].
Informally, for each pair of labels (α, β) in the embedding relation, every α-labelled
inner vertex is connected to every β-labelled neighbor.

2 The corresponding inclusions of grammars do not always hold as is, but for every X
and Y, where the corresponding languages inclusion holds: X-NLC ⊂ Y-NLC, every
X-NLC grammar could be easily transformed into an equivalent Y-NLC grammar
(in linear time and with similar grammar parameters), generating the same language.
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(v) Every B-NLC grammar generates a graph language in NP.
(vi) There exists a Lin-A-NLC grammar which generates a NP-complete graph

language.

In particular, this also gives lower bounds for the complexity of finding derivation
trees for NLC gramamrs.

Now we define several parameters of NLC graph grammars, which will be
used later in order to express corresponding bounds of tree-width and clique-
width.

Definition 4 (NLC parameters) Let Γ be the given NLC grammar with a
set of nonterminals A1, A2, . . . and production rules Ai → (Hi, embi). We define
the following parameters:

n - maximal number of vertices in Hi

k - maximal number of terminals in Hi

m - maximal number of nonterminals in Hi

d - maximal degree of nonterminals in Hi

α - size of the terminals alphabet
β - size of the nonterminals alphabet
γ - maximal number of different terminal labels in Hi (γ ≤ min(k, α))

3 Tree-Width and Clique-Width

Here we define the notions of tree-width and clique-width. We use a refinement
of the classical notion of tree-width, introduced in [FV93]. For survey on classical
tree-width see [Bod98].

Definition 5 (Tree-Width) A (k,m)-tree decomposition of graph G = (V, E)
is a pair ({Xi | i ∈ I}, T = (I, F )) where {Xi | i ∈ I} - a family of subsets of V ,
one for each node of T , and T a tree such that

–
⋃
i∈IXi = V .

– for all edges (v, w) ∈ E there exists an i ∈ I with v ∈ Xi and w ∈ Xi.
– for all i, j, k ∈ I: if j is on the path from i to k in T , then Xi ∩Xk ⊆ Xj.
– for all i ∈ I, |Xi| ≤ k + 1.
– for every two adjacent nodes i, j ∈ I ((i, j) ∈ F ), |Xi ∩Xj | ≤ m.

A graph G is of tree-width(k,m) if there exists a (k,m)-tree decomposition of G.

Note that the classical tree-width is equivalent to the case m = k 3.

Definition 6 (Clique-Width, [CO00]) Given graph G = (V, E), the clique-
width of G (denoted by cwd(G)) is the minimal number of colors required to
obtain the given graph from colored singletons, using disjoint union (⊕), recol-
oring (ρi→j) and edge creation (ηi,j).
3 Given a graph G and k ∈ N there are efficient algorithms which determine whether

G has tree-width k, and if yes, produce a tree decomposition, cf. [Bod97]. The O(n2)
algorithm can be generalized for tree-width(k,m), but the existence of the linear one
remains open.
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A description of a graph using these operations is called a clique-width parse term
(or parse term, if no confusion arises). The simplest class of graphs of unbounded
tree-width but of clique-width at most 2 are the cliques. Given a graph G and
k ∈ N, determining whether G has clique-width k is in NP. A polynomial time
algorithm was presented for k ≤ 3 in [CHLetal]. It remains open whether for
some k ≥ 4 the problem is NP-complete. It will follow from our work in Section
6, that in the case of graph languages generated by NLC grammars, an upper
bound of the clique-width of a graph can be computed in polynomial time from
a derivation tree of the graph 4. On the one hand the upper bound obtained does
not depend on the particular derivation (only on the grammar); on the other
hand, the upper bound may be far from optimal.

In [CM02] the classes of graphs generated by C-edNCE grammars (context-
free VR-grammars) are characterized as those defined as the least solution of
systems of recursive set equations based on the operations used in the definition
of clique-width. Also in [CM02], based on [CE95,Cou92,EvO97], a characteriza-
tion of context-free Hyperedge Replacement grammars (HR-grammars) is given
in similar terms adapted to the operations used in computing a graph from its
tree decomposition (disjoint union, renaming and fusion).

4 NLC Graph Grammars of Bounded Tree-Width

4.1 Apex NLC

The following theorem summarizes our results concerning the tree-width and
clique-width of graphs generated by A-NLC grammar (the proof is available in
the full version):

Theorem 7 Let Γ be an A-NLC grammar, and G a graph in L(Γ ). Then

(i) G is at most of tree-width(k + d, d).
(ii) The clique-width of G is bounded by k + γ + 1.

Note. Unlike the general case (see section 5), in the case of an A-NLC grammar
the clique-width is polynomial in the tree-width, rather than exponential.

4.2 Linear/Boundary NLC with Bounded Nonterminal Degree

Definition 8 An NLC grammar Γ has bounded nonterminal degree if there
exists some constant D ∈ N depending only on the grammar Γ , such that the
degree of every nonterminal in every derivation of Γ is bounded by D.

Note. Although the maximal degree of the nonterminals in Hi is bounded by d,
the degree of the nonterminals during a derivation may grow arbitrarily.

Theorem 9 Let Γ be a B-NLC grammar of bounded nonterminal degree, and G
be a graph in L(Γ ). Then the tree-width of G is bounded by tree-width(k+D, D).
4 Moreover, for given k, there exists and edNCE grammar that generates all the

graphs of clique-width ≤ k.
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Note. The clique-width could be exponential in k (see Theorem 13).

Combining the results of B. Courcelle, in [Cou95] and of J. Engelfriet and G.
Rozenberg in [ER90], we conclude:

Theorem 10 Let K be a class of graphs generated by a C-edNCE grammar.
Then K can be generated by a B-edNCE grammar with bounded nonterminal
degree if and only if it is of bounded tree-width.

Note. If we remove the nonterminal degree restriction, already in the Lin-NLC
case, the tree-width of corresponding graphs could be arbitrarily large. For exam-
ple, the following Lin-NLC grammar (fig. 1) generates the class of all complete
graphs (which is known to have unbounded tree-width).

a

a

(A,a)
(a,a) (a,a)

Grammar:

Derivation:

a
A

a

A

a

aAA

a

A

a

aa

a

a

A

Fig. 1. Linear NLC grammar generating all cliques, and derivation of K4

5 Clique-Width of Graphs of Bounded Tree-Width

B. Courcelle and S. Olariu in [CO00] proved that graphs of tree-width k have
clique-width at most 2k+1 + 1 5.

We use the refined definition of tree-width(k,m) (see Definition 5) in order
to refine the corresponding clique-width bound:

Theorem 11 Let G be a graph of tree-width(k,m).
Then the clique-width of G is at most 2m+1 + (k −m) + 1.

5 This result was improved to 3 ·2k−1 by D. Corneil and U. Rotics in [CR01], and also
an explicit algorithm for building clique-width parse term was introduced, based on
the corresponding k-tree that embeds the given graph.
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Notice that for the standard tree-width (m=k), we obtain exactly the same
result as the one by B. Courcelle and S. Olariu6.

Proof. The algorithms proposed here are based on dynamic programming tech-
niques. A large set of labels is used in order to remember, i.e. encode with a
label, the connectivity of the specific vertex to other vertices, which were not
yet represented in the clique-width term.

Sketch of Algorithm. We perform two passes over the tree decomposition:

(i) first pass, top-down, while for each node we update two labelling functions:
(i.a) new - new vertices introduced in this node (might appear only in the

subtree rooted by the current node),
(i.b) old - all the other vertices.

(ii) second pass, bottom-up (building the clique-width expression):
(ii.a) Every vertex is inserted into the clique-width term (disjoint union)

when it appears in the new set of the current node (i.e. at the root of
the subtree induced by this vertex)

(ii.b) All the vertices in the current new set are labelled with unique labels
(ii.c) Edges are established between the new vertices if needed (η opera-

tions)
(ii.d) For each child of the current node:

i. Assume that all the vertices that appear in the corresponding parse
term are colored using 2m colors according to the subset of the old
set of vertices of the child, adjacent to the vertex in question.

ii. Proceed disjoint union with the parse term representing the child.
iii. Additional edges are established between every new vertex and

all vertices that are adjacent to it in the original graph and were
already activated before, according to their labels (labels that re-
member that they should be connected to this specific vertex) (η
operations).

iv. Every vertex is re-labelled according to the corresponding subset
of vertices in the old set of the current node, which are adjacent
to the current vertex (ρ operations).

Since in each step we need to remember the subset of old vertices adjacent
to the current vertex, the total number of colors required for this algorithm is
(k−m) + 1 (for new vertices) + 2m (labels used by children) + 2m (another set
of labels used for relabelling before the next step). �

6 Clique-Width of Graphs Generated by NLC Graph
Grammars

When a grammar derivation tree is given, we can build the corresponding clique-
width parse term using dynamic programming. We are going to parse the deriva-
tion tree bottom-up, and create a clique-width term for every derivation node
(representing its subtree).
6 Optimizations similar to those introduced in [CR01] could be applied here as well.
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6.1 Linear NLC

In the case of a Lin-NLC grammar, every introduced terminal must remember
what is the subset of terminal labels, that this vertex should be connected to.
Hence we get:

Theorem 12 Let Γ be a Lin-NLC grammar and G be a graph in L(Γ ). Then
the clique-width of G is bounded by 2α + k.

6.2 Boundary NLC

In case of a B-NLC grammar, we also have to remember the subset of terminal
labels, that this vertex should be connected to by the embedding. However, in
order to handle several children, we will need another set of (2α − 1) colors.

Theorem 13 Let Γ be a B-NLC grammar and G a graph in L(Γ ).
Then the clique-width of G is bounded by 2α+1 + k − 1.

Proof. The proof is given by the algorithm below. In the appendix, the algorithm
is explained in details using a generic example.

Sketch of Algorithm. Given a derivation tree, proceed bottom-up, for each node:

(i) color terminals vi of the current node with unique colors, ci(vi), proceed
disjoint union (⊕), establish edges between them as needed (ηci,cj ).

(ii) For each child of the current node:
(ii.a) perform disjoint union with the graph defined by the subexpression

corresponding to the current child (⊕).
(ii.b) connect new terminals to the old ones: for each terminal vi labelled

y and adjacent to the nonterminal deriving the current child, establish
edges between ci and all the old labels yz̄ (where z̄ - any vector of ter-
minal labels), that remember that the corresponding vertices should be
connected to y-labelled vertices: ηci,yz̄

(ii.c) update old colors for next step, assuming that current child is de-
rived from nonterminal labelled Y , and the current node is Hi. Let
z̄ = {z|(Y, z) ∈ embHi}. For each color of some vertices in the current
child, ȳ, recolor ȳ to the intersection between ȳ and z̄ (ρȳ→ȳ′∩z̄′).

(iii) Update new colors (terminals of the current node Hi): recolor terminal
vertex with label x and colored ci, with the color indicating the following
connectivity (ρci→ȳ):
(iii.a) remember the connectivity (conn) {y|(x, y) ∈ embHi}
The number of colors used by this algorithm is 2α − 1 for all the nonempty

combinations of terminal labels to be connected to the current vertex (plus
another 2α− 1 colors for children recoloring), plus k colors for new vertices, and
another one color for ”uncolor”. The algorithm indeed produces clique-width
expression for the graph, represented by the given derivation tree, since we have
succeeded in encoding by the colors all the needed connectivity information in
order to establish exactly the edges, produced by the derivation. Formal proof
of the correctness of the algorithm can be found in [Gli03]. �
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6.3 General NLC

In case of general NLC, the idea is similar to B-NLC, while we need to remember
connectivity to both terminals and nonterminals, and not just terminals. In
addition, we will need to remember the original label of the vertex, in order to
establish correctly the edges in case of non-confluent grammar. This will enlarge
the number of needed colors, and will affect the steps (6.2), (6.2) and (6.2) of
the algorithm. The details will be given in the full version of the paper.

Theorem 14 Let Γ be an NLC grammar and G be a graph in L(Γ ).
Then the clique-width of G is bounded by α · 2α+β+1 + k − 1.

Sketch of Proof. In case of a non-confluent grammar Γ , we have to modify
the algorithm of Theorem 13 in order to construct parse term corresponding
to some specific derivation order. On the basis of the information which of the
adjacent nonterminals was substituted first, we apply η operations according to
the corresponding embedding relation and the vertex labels. The resulting parse
term does depend on the derivation order. However, the number of colors does
not. �

7 Conclusions and Further Research

In this paper we have investigated the explicit relationship between NCE graph
grammars and the clique-width of the graphs generated by them. Our main
result is that any given NCE grammar generates graphs with bounded clique-
width, while the bound depends only on the parameters of the grammar, and
not on specific derivation. Moreover, given a derivation tree of a graph, we have
shown an algorithm for efficient construction of a clique-width parse term rep-
resenting the given graph which gives a good but not necessarily optimal upper
bound to the true clique-width. The same applies to edNCE grammars. In
[KJ99] a wider class of graph grammars is introduced, the HRNCE grammars
(Hyperedge-Replacement grammars with NCE-style embedding mechanism).
There it is also shown that every recursively enumerable graph language can be
generated by an HRNCE grammar. Therefore, the square grids Gridn,n form
an HRNCE language, as they are clearly recursive. However, they are known
to have unbounded clique-width, cf. [GR00]. This shows that our results cannot
be extended to HRNCE grammars.

In order to evaluate a CMSOL-property of a graph in a NCE graph language,
we start therefore with a derivation tree, and compute from it the clique-width
parse term using the algorithm from the proof of Theorem 14. From there on,
one can proceed with the standard techniques from [CMR00].

The question arises, if one can use the derivation sequence for the graph with
respect to an NCE grammar directly for the efficient evaluation of CMSOL-
properties of the graph. For this, one would have to verify that each vertex
replacement operation is CMSOL-smooth in the sense of [CM02,Mak03]. We
shall discuss this in details in the full version of the paper.
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Appendix: Theorem 13 proof by Example

Let’s look at the B-NLC grammar Γ at figure 2. Capital letters in squares
indicate nonterminals, while small letters in circles indicate terminals. For each
production rule Ai → (Hi, embi), the corresponding subgraph Hi is specified,
together with the embedding relation embi, while the first label of each pair
indicates the label of a vertex inside the subgraph (terminal or nonterminal),
and the second - label of the neighbor (terminal).

Moreover, figure 3 shows one of possible derivation trees of Γ . We are going
to use it in order to explain our algorithm for producing clique-width term of
the graph (Theorem 13), derived from this derivation tree.

(b,b)

(c,b)
(c,a)

c

(B,b)

(A,a)
(b,a)

(A,b)
(B,a)
(b,a)
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(c,c)

(a,a)
(a,a)

A
H

BbA

4H

AB

A

2

1H

B

ba

5H

3H

a

Fig. 2. Boundary NLC grammar Γ
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a 3t
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Fig. 3. Derivation tree of a graph G ∈ L(Γ )

We traverse the tree decomposition bottom-up, and for each node generate the
corresponding ti clique-width expression. The term t6, after processing all the
nodes except the axiom, is the resulting clique-width expression.

Colors: 0 = ”uncolor”
1,2 = new colors

a = should be connected to a
b = should be connected to b

ab = should be connected to both a and b
+ a’, b’, a’b’ for recoloring

t1: (i) 1(v1)
(ii) no children/subexpressions

(iii) v1 is labelled ”a”; (a, a), (a, b) ∈ embH3 ⇒ conn {a,b}
=⇒ t1 = ρ1→ab(1(v1))[⇒ v1 : ab]

...
t4: (i) t′4 = η1,2(1(v4)⊕ 2(v5))

(ii) • first child (derived from A):
(ii.a) t′′4 = t′4 ⊕ t1
(ii.b) v4 is labelled ”a” and is adjacent to A ⇒ η1,aȳ[⇒ (v4, v1)]
(ii.c) (A, a) ∈ embH1 ⇒ z = {a} ⇒ ρȳ→ȳ∩{a}[⇒ v1 : ab→ a′]
• second child (derived from B):
(ii.a) . . .⊕ t2
(ii.b) v4 is labelled ”a” and is adjacent to B ⇒ η1,aȳ[⇒ (v4, v2)];

v5 is labelled ”b” and is adjacent to B ⇒ η2,bȳ[⇒ (v5, v2)]
(ii.c) (B, b) ∈ embH1 ⇒ z = {b} ⇒ ρȳ→ȳ∩{b}[⇒ v2 : abc→ b′]

(iii) v4 : (a, a) ∈ embH1 ⇒ conn{a} ⇒ ρ1→a[⇒ v4 : a];
v5 : (b, a), (b, b) ∈ embH1 ⇒ conn{a, b} ⇒ ρ1→ab[⇒ v5 : ab]

(iv) reuse colors: ρx̄′→x̄[⇒ v1 : a′ → a, v2 : b′ → b]
...
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Abstract. In this paper, we introduce the class of chordal probe graphs
which are a generalization of both interval probe graphs and chordal
graphs. A graph G is chordal probe if its vertices can be partitioned into
two sets P (probes) and N(non-probes) where N is a stable set and such
that G can be extended to a chordal graph by adding edges between
non-probes. We show that a chordal probe graph may contain neither an
odd-length chordless cycle nor the complement of a chordless cycle. We
give polynomial time recognition algorithms for the subfamily of weakly
chordal graphs which are also chordal probe, first in the case of a fixed
given partition of the vertices into probes and non-probes, and second in
the more general case where no partition is given.

1 Introduction

Let G = (V, E) be a finite, undirected, simple graph (i.e., without self-loops and
parallel edges). The complement G = (V, E) of G has the same set of vertices
and edge set defined by E = {(x, y) | x, y ∈ V and x �= y and (x, y) /∈ E}. Given
a subset X ⊂ V , the subgraph induced by X is GX = (V (GX), E(GX)), where
E(GX) = {(v, w) ∈ E | v ∈ X and w ∈ X} and V (GX) = X.

A set X ⊆ V is an independent set or a stable set in G if for all u, v ∈ X,
(u, v) /∈ E. A set Y ⊆ V is a clique in G if for all u, v ∈ Y , u �= v, (u, v) ∈ E. If
Y = V , then G is a complete graph.

A sequence [v1, . . ., vk] of distinct vertices is a path in G if (v1, v2), . . .,
(vk−1, vk) ∈ E. These edges are called the edges of the path. The length of the
path is the number k − 1 of its edges. A closed path [v1, . . . , vk, v1] is called a
cycle if in addition (vk, v1) ∈ E. A chord of a cycle [v1, . . . , vk, v1] is an edge
between two vertices of the cycle that is not an edge of the cycle. A cycle is
chordless if it contains no chords. Trivially, a triangle has no chord, so we refer
to a chordless cycle in this work as having length strictly greater than 3. We
denote by Ck the chordless cycle on k vertices.

Definition 1. An undirected graph G is chordal (triangulated) graph, if every
cycle in G of length strictly greater than 3 possesses a chord. A graph G = (V, E)
is a weakly chordal graph if neither G nor its complement G have an induced
subgraph Ck, k ≥ 5 (see [2], [3]).
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We often use the notation PH[v,w] to denote a chordless path [v = v1, . . . , vk =
w] in the induced subgraph H, that is, v1, . . . , vk ∈ V (H) and {(v1, v2), . . .,
(vk−1, vk)} = E(H{v1,...,vk}). If C = [v1, . . . , vk, v1] is a chordless cycle in G (the
labels are assigned clockwise), then we denote by PC[v,w] a clockwise path of the
cycle C starting with vertex v ∈ C and ending with the vertex w ∈ C.

In this paper, we introduce the family of chordal probe graphs, a generalization
of interval probe graphs, defined as follows.

Definition 2. An undirected graph G = (V, E) is a chordal probe graph if its
vertex set can be partitioned into two subsets, P (probes) and N(non-probes),
where N is a stable set and there exists a completion E′ ⊆ {(u, v)|u, v ∈ N, u �=
v} such that G′ = (V, E ∪ E′) is a chordal graph.

Example 1. The graph C4 is not chordal by definition. However, it is chordal
probe, since there exists a partition P = {v1, v3}, N = {v2, v4} that can be
completed into a chordal graph by adding an edge (v2, v4).

In general, any bipartite graph is a chordal probe graph, by filling one of the
stable sets of the bipartition into a clique.

Definition 3. An undirected graph G = (V, E) is an interval graph if its vertices
can be put into one-to-one correspondence with a set of intervals � = {Iv}v∈V
of a linearly ordered set (like the real line) such that two vertices are adjacent in
G if and only if the corresponding intervals have a non-empty intersection that
is, (u, v) ∈ E ⇔ Iu ∩ Iv �= ∅ (see[3]).

Definition 4. Three vertices of G form an asteroidal triple of G if for every pair
of them there is a path connecting these two vertices that avoids the neighborhood
of the remaining vertex.

Theorem 1. (Lekkerkerker and Boland) A graph G is an interval graph if and
only if it is chordal and does not contain an asteroidal triple [3].

Interval probe graphs, a generalization of interval graphs, were introduced
by Zhang [11] and used in [12] to model certain problems in physical mapping
of DNA when only partial data is available on the overlap of clones (i.e., the
intervals)(see [6],[10]).

Definition 5. An undirected graph G = (V, E) is a interval probe graph if its
vertex set can be partitioned into two subsets, P (probes) and N(non-probes),
where N is a stable set and there exists a completion E′ ⊆ {(u, v)|u, v ∈ N, u �=
v} such that G′ = (V, E ∪ E′) is an interval graph.

Remark 1. Interval probe graphs are chordal probe graphs. Any interval com-
pletion is also a chordal graph completion. The converse is not true, as follows.
The even length chordless cycles greater than 4 are chordal probe but not interval
probe graphs, since interval probe graphs are weakly chordal (see [6],[10]).
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The odd chordless cycles of length > 4, however, are not chordal probe graphs
as shown in Section 2.

The definitions of interval probe and chordal probe graphs do not specify a
particular partition of the vertices in advance. However, in the biology appli-
cations, the partition into probes and non-probes is part of the input. Hence,
we may distinguish between the general case of interval probe or chordal probe
graphs, where we must find both a partition and a completion for it, and the spe-
cial case of partitioned interval probe or partitioned chordal probe graphs, where
we are given a fixed partition and must only find a completion for it. A poly-
nomial time algorithm for the problem of recognizing partitioned interval probe
graphs (i.e., with respect to a fixed partition) was first reported in [8]. Their
method uses PQ-trees and constructs an interval probe model in O(|V |2) time.
Another method given in [9], uses modular decomposition and has complexity
O(|V | + |E|log|V |). In contrast to this, however, the complexity of the general
problem of recognizing interval probe graphs (when no partition is given) is an
open problem. In this paper, we give O(m2) algorithms for recognizing whether
a graph is a weakly chordal, chordal probe graph, first in the partitioned case
(Section 3.1) and second in the general case (Section 3.3).

In [4], we presented the hierarchy of tolerance, interval probe and interval
graphs, and the restricted cases of having an interval representation where (i)
intervals have unit length or (ii) no interval properly contains another interval,
see also [6]. In [4], we give the complete hierarchy for the classes of chordal probe,
weakly chordal, interval probe and related families of graphs.

2 Structural Results

Lemma 1. If G is a chordal probe graph with respect to a given partition (P, N),
where N is a stable set, then probes and non-probes alternate in every chordless
cycle in G.

Proof. Suppose there is a chordless cycle C = [x1, . . . , xk, x1] in G (where k ≥ 4
and the labels are assigned according to clockwise order), such that probes and
non-probes don’t alternate in C. Since N is a stable set, there exists a pair
{x1, x2} of adjacent probes in C. The probes x1 and x2 remain with the same
neighborhood in any chordal completion graph G′ of G. However, combining the
path [xk, x1, x2, x3] and the chordless path from x3 to xk would give a chordless
cycle in G′. This contradicts the chordality of G′. Hence, the given partition
(P, N) does not have a chordal completion, contradicting the assumption. Hence,
probes and non-probes alternate along the cycle C. �

Lemma 1 implies the following Theorem.

Theorem 2. If G is a chordal probe graph, then G has no induced subgraph
C2k+1, for k ≥ 2.

Theorem 3. If G is a chordal probe graph, then G has no induced subgraph Ck,
for k ≥ 5.
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Proof. Let G = (V, E) be a chordal probe graph. By Theorem 2, G has no
induced C5, since C5 is isomorphic to C5. Suppose there exists k ≥ 6, such
that Ck = [x1, . . . , xk, x1] is an induced subgraph of G (ordered according to
clockwise direction). The cycle C ′ = [x2, x4, x1, x5, x2] is chordless in G. In any
partition of V (G) into probes and non-probes, which has chordal completion,
either x1 and x2 are non-probes or x4 and x5 are non-probes. Without loss of
generality, assume that x1 and x2 are non-probes. The vertex x1 is adjacent to
all the vertices in Ck, except for x2 and xk. Hence, the vertices x3, . . . , xk−1 are
probes. But C ′′ = [x3, x5, x2, x6, x3] is also a chordless cycle of length 4 in G. In
any partition (P, N) of V (G), which has chordal completion, either x2 and x3
are both non-probes or both probes. Contradiction. �

The complete hierarchy of chordal probe graphs and other well-studied fam-
ilies of graphs are summarized in [5].

Definition 6. A graph G = (V, E) is an even-chordal graph if it has no induced
even chordless cycle > 4. (This is called a (6,1)-even-chordal in [2]).

Combining Theorem 2 and Theorem 3 we obtain the following:

Theorem 4. If G is a chordal probe graph, then G is even-chordal if and only
if G is weakly chordal.

Definition 7. A partition of a vertex set of a graph into two subsets P (probes)
and N (non-probes) is valid if N is a stable set and probes and non-probes
alternate in every chordless cycle in G.

Definition 8. Let C = [v1, v2, v3, v4, v1] be a chordless cycle in G, such that
probes and non-probes alternate in C. Any chordal completion of G has an edge
(v2, v4), which we call an enhanced edge and the probes {v1, v3} are called the
creator pair of the enhanced edge (v2, v4). The enhanced graph G∗ = (P ∪N, E∗)
is the graph G together with all enhanced edges1.

Theorem 5. Let G = (V, E) be an even-chordal graph. If there exists a valid
partition of V (G), then G is a chordal probe graph and the enhanced graph G∗

is a chordal completion.

Proof. Let G = (P, N, E) be an even-chordal graph with a given valid partition
of V (G) into P and N . By the definition of valid partition, there are no chordless
cycles of odd length in G, hence all chordless cycles in G are 4-cycles.

We show by contradiction that G∗ has no induced chordless cycle. Suppose
C is a chordless cycle in G∗, with smallest possible number t of enhanced edges.

If C has no enhanced edge (t = 0), then C is a 4-cycle in G. Since probes
and non-probes alternate in C, it must have enhanced edge. Contradiction.
1 The notion of the enhanced graph was first introduced for interval probe graphs in

[11], (see [10]). We apply it more generally.
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Thus, t ≥ 1 and there is no chordless cycle in G∗ with less than t enhanced
edges. Let {(a1, b1), . . . , (at, bt)} be the enhanced edges in C. The two following
claims needed to complete the proof are proved in [5].

Claim 1. Let {c, d} be a creator pair of an enhanced edge (a, b) in C. At most
one of c or d may have a neighbor x ∈ C, such that x �= a, x �= b.

Claim 2. No creator pair creates more than one enhanced edge in C. In other
words there are no two equal creator pairs {ci, di} = {cj , dj}, i �= j, which create
(ai, bi) and (aj , bj) respectively.

We now complete the proof of the theorem. By Claim 1, there exists a creator
di for every enhanced edge (ai, bi), such that di is adjacent only to vertices ai
and bi in C. All the elements of X = {d1, . . . , dt} are different because their
neighborhoods are different.

If X is an independent set of G, then by replacing each enhanced edge (ai, bi)
by the two edges (ai, di), (di, bi) ∈ E(G), we would obtain a chordless cycle C ′

of G of length > 4. Contradiction!
Otherwise, (by renumbering if necessary) there exist probes d1 and di, i > 1,

such that (d1, di) ∈ E(G). If a1 = bi, then b1 �= ai due to Claim 2. If
a1 = bi, then assign C ′ = [(b1, d1), (d1, di), (di, ai), E(PC[ai,b1])], else assign
C ′ = [(a1, d1), (d1, di), (di, bi), E(PC[bi,a1])]. The cycle C ′ is a chordless cycle
in G∗ with number of enhanced edges less than t. Contradiction!

Thus, we have shown that the enhanced graph G∗ of G with respect to the
given valid partition is a chordal graph. Therefore, it is a chordal completion
and G is a chordal probe graph. �

Theorem 6. Let G = (P, N, E) be a chordal probe graph with respect to a given
partition (P, N), where N is a stable set. If G is an even-chordal graph, then the
enhanced graph G∗ is chordal.

Proof. According to Lemma 1, probes and non-probes alternate in every cycle
greater than 3 in G. Since G is an even-chordal graph, then according to Theorem
5 the enhanced graph G∗ is chordal. �

By Remark 1, every interval probe graph is a chordal probe graph with
respect to the same partition and is also an even-chordal graph. Therefore, we
obtain an alternate proof of the following:

Corollary 1 (Zhang [11]). Let G = (V, E) be an interval probe graph with
respect to the partition of its vertex set into P and N , where N is a stable set.
The enhanced graph G∗ is chordal.

3 Algorithmic Aspects

This section deals with recognition of even-chordal graphs which are chordal
probe graphs. This class properly contains the class of interval probe graphs.
We consider both the case with respect to a given partition (section 3.3) and the
more challenging case without being given the partition (section 3.1).
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Remark 2. A chordless cycle of length 4 (i.e., 4-cycle) has exactly two valid
partitions where either pair of non-adjacent vertices could be the non-probes.
Moreover, assigning any one of its four vertices to be a probe (respectively non-
probe) forces its neighbors in the cycle to be non-probes (resp. probes) and its
non-neighbor to be a probe (resp. non-probe).

Remark 3. The number of 4-cycles in a graph is at most O(|E(G)|2) and gener-
ating them can be done in O(|E(G)|2) time.

3.1 Recognition of Even-Chordal Graphs Which Are Chordal Probe
Graphs with Respect to a Given Partition

According to Theorem 4, a chordal probe graph is weakly chordal if and only
if it is even-chordal. The recognition of weakly chordal graphs can be done in
O(|E(G)|2) ([1] or [7]). We use this method at the first stage of our algorithm. At
the second stage, for each 4-cycle, we verify that probes and non-probes alternate
on this cycle. The algorithm may fail at first stage, meaning that the graph is
not weakly chordal. The algorithm may fail at the second stage, then the graph
is weakly chordal, but is not chordal probe, since probes and non-probes do
not alternate in every chordless cycle in G. The overall time complexity of the
algorithm is O(|E(G)|2) by Remark 3.

3.2 The C4-Connectivity Relation

Definition 9. Let G = (V, E) be a connected graph and let S(G) denote the
set of all 4-cycles in G. We define the sets Sx(G) = {C ∈ S(G)|x ∈ V (C)}
for each x ∈ V (G). A path [v1, . . . , vi, . . . , vn] in G is a C4-path if there exists
Ci ∈ S(G) such that (vi, vi+1) ∈ E(Ci) for each i = 1, . . . , n − 1. A pair of
vertices is C4-connected if there exists a C4-path that connects the vertices. A
graph is C4-connected graph if each pair of its vertices is C4-connected.

The C4-connectivity is an equivalence relation on V , so it partitions the set
V into vertex disjoint maximal C4-connected components, which we call C4-
components. A C4-component which has only one vertex is called a singleton
C4-component.

Let H1, . . . , Ht be the C4-components of G. The edges {(x, y)|x ∈ Hi and y ∈
Hi, i = 1, . . . , t} are called the internal edges of the graph. For each x ∈ Hi we
define the set Nj(x) = {y ∈ Hj |(x, y) ∈ E(G), j �= i} and each such edge (x, y)
is called an external edge. If Nj(x) = {y} and Ni(y) = {x}, then (x, y) is an
exclusive external edge and the vertices x and y are called exclusive endpoints.
See Figure 1.

Lemma 2. If (P1, N1), (P2, N2) are two different partitions of a C4-connected
graph G, such that probes and non-probes alternate in every chordless cycle in
G, then P1 = N2 and N1 = P2.
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Proof. Suppose there exists v ∈ V (G), which is either assigned to be a probe in
both partitions or a non-probe in both partitions.

We will now prove by induction on the length of a C4-path −→P = [v =
v0, . . . , vi, . . . , vm] that the vertex vm has the same assignment in both partitions.

In the case that −→P = [v0, v1], the edge (v0, v1) is an edge set of a 4-cycle.
Therefore, v1 has the same assignment in both partitions due to Remark 2.

Assume that for every path of length i < m, the vertex vi has the same
assignment in both partitions.

Let −→P = [v = v0, . . . , vm] be a C4-path of length m. By induction, each vertex
vi (1 ≤ i < m) must have the same assignment in both partitions. Consequently,
the vertex vm must have the same assignment in both partitions, since the length
of the c4-path [vi, . . . , vm] is less than m.

Therefore, all the vertices in G have the same assignment in both partitions
and hence P1 = P2 and N1 = N2. Contradiction! Thus, the assignment of each
vertex in (P1, N1) is different than its assignment in (P2, N2), so P1 = N2 and
P2 = N1. �

Lemma 3. Let G be a weakly chordal graph, and Hi be a C4-component of G.
Then the induced subgraph GNj(x) is connected for any x ∈ Hi (i �= j).

Lemma 4. There is at most one exclusive external edge that connects two C4-
components in G.

Proof. Suppose (u, v) and (a, b) are exclusive external edges that connect Hi

and Hj , where u, a ∈ Hi and v, b ∈ Hj , by definition u �= a and v �= b. Let x
be the first vertex on PHi[a,u], which has neighbors on PHj [b,v], and let y be the
first vertex on PHj [b,v] which is adjacent to the vertex x (y �= b since (a, b) is an
exclusive external edge). The cycle C ′ = [a, PHi[a,x], x, y, PHj [y,b], b, a] is chordless
of length > 3 and has vertices from different C4-components. Contradiction. �

We use the FindC4Comps procedure to find all the C4-components in a
graph. The procedure is a variant of breadth first search, and in O(|E(G)|2)
time it combines those 4-cycles that are not vertex disjoint into a C4-component.
Those vertices which are not in a vertex set of a 4-cycle are singleton C4-
components. See [5] for more details.

Example 2. H1, . . . , H8 are the C4-components in the graph shown in Figure 1,
where H1, H2, H3, H6 are singleton C4-components. The C4-component H5 has
only one valid partition.

3.3 Recognition of Even-Chordal Graphs Which Are Chordal Probe
Graphs without Being Given the Partition

In Stage 1 of our algorithm, we test whether G is weakly chordal, using the
method in [1] or [7]. In Stage 2, for each vertex x, we find the set Sx(G) of 4-
cycles containing x, and in Stage 3, we construct the C4-components H1, . . . , Ht
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Fig. 1. Example

of G. Stage 4 finds all valid partitions of each Hi. If there exists a C4-component
Hi, which does not have a valid partition, then Hi is not a chordal probe graph
by Lemma 1; hence G is not a chordal probe graph by the hereditary property.

At Stage 5, we extend the partitions from the C4-components to the entire
graph, and upon success we construct a graph G1 = (V1, E1), whose vertices
correspond to the vertices of G and edges correspond to the internal edges and
a certain subset of exclusive external edges of G. We will prove that if stages
1-5 succeed, then G1 is a chordal probe graph. Finally, we will show that G1 is
a chordal probe graph if and only if G is a chordal probe graph.

Algorithm II. Recognition of even-chordal graphs which are chordal
probe graphs without being given the partition

1. verify that G = (V, E) is weakly chordal using the algorithm in [1] or [7],
otherwise return ‘failure’;

2. construct the set S(G) of all 4-cycles in G and the sets Sx(G) for each
x ∈ V (G);

3. find the set H = H1, . . . , Ht of C4-components by calling FindC4Comps;
4. for each Hi ∈ H do

if Hi is a singleton C4-component then Pi = V (Hi), Ni = ∅, li = 1;
else

find a valid partition (Pi, Ni) and the number li of valid partitions
of Hi by calling the FindPartitions procedure;
if it fails, then return ‘failure’;

5. build the graph G1 = (V1, E1) by calling the PropagateConstrainedGraph
procedure. If it fails, then return ‘failure’, otherwise return ‘success’;

We now give the details of the procedures that are used in the algorithm.
The FindPartitions procedure finds all valid partitions of a weakly chordal

C4-component Hi and assigns a label li, namely 1 or 2.
If Hi does not have a valid partition, then the FindPartitions procedure fails.

The procedure first finds a partition of vertices, such that probes and non-probes
alternate on every chordless cycle. It makes an arbitrary vertex v to be a probe
and then propagates the assignment of all the other vertices accordingly.

Applying Lemma 2, there exist at most two such partitions of Hi, where in
the case of two valid partitions, the set of probes in one is exactly the set of non-
probes in the other. Then the FindPartitions procedure checks if non-probes are
a stable set and if probes are a stable set.
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Procedure: FindPartitions
Input: A C4-component Hi and the set Sx(G) for each x ∈ V (G).
Output: A valid partition (Pi, Ni) of Hi and the label li, or failure.

step a: (Pi, Ni)← ({v}, ∅), where v is an arbitrary vertex in Hi;
li ← 0;
insert the vertex v into a queue Q;
while the queue Q is not empty do

remove vertex u from Q;
for each cycle Ci ∈ Su(G) do

if the non-neighbor x of u in Ci has a different assignment than u, then
return ‘failure’;

if x is not yet assigned then
assign x to have the same assignment as u and insert x into Q;

if either neighbor y1 or y2 of u in Ci has the same assignment as u, then
return ‘failure’;

if either yi is not yet assigned then
assign yi to have different assignment than u and insert yi into Q;

step b: if Ni is a stable set then
if Pi is a stable set then li ← 2, else li ← 1;
else if Pi is a stable set, then swap the sets Pi and Ni and li ← 1;
else return ‘failure’;

Lemma 5. Let Hi be a non-singleton C4-component of a weakly chordal graph
G. The FindPartitions procedure finds all the valid partitions of Hi.

Proof. Each partition that is found by the FindPartitions procedure is valid,
since probes and non-probes alternate in every 4-cycle (this is checked in step
(a)) and non-probes are a stable set (this is checked in step (b)). According to
Lemma 2, there exists at most two valid partitions, while the set of probes in
one of the partitions is exactly the set of non-probes in the other partition. The
FindPartitions procedure checks if both partitions are valid, by checking if the
probes and the non-probes are stable sets. �

The PropagateConstrainedGraph procedure identifies the external edges of G
and builds the graph G1, enforcing the set of non-probes to be a stable set. In
the process, a vertex can be forced to be a probe using the ForceToBeAProbe
procedure, which assigns a valid partition to the C4-component, such that the
vertex is a probe and reduces its label to 1, or fails.

Procedure: PropagateConstrainedGraph
Input: The set H = H1, . . . , Ht of C4-components in a graph G = (V, E), and a valid
partition {Pi, Ni} of Hi together with the label li, for all i.
Output: Finds the graph G1 = (V1, E1), or ‘failure’
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Step I: for each Hi, mark the internal edges E(Hi);
Step II: /* marking of non-exclusive external edges */
for each v ∈ V (G), let v ∈ Hi do

for each unmarked edge (u, v) ∈ E(G), u ∈ Nj(v), |Nj(v)| > 1 do
mark the edge (u, v);
if there is at least one non-probe in Nj(v) then call ForceToBeAProbe(v);

Step III: /* marking of some exclusive external edges */
insert all C4-components with label equal to 1 into the queue Q;
while Q is not empty do

remove component Hi from Q;
for each v ∈ Hi do

if there exists an unmarked edge (u, v) ∈ E(G), u ∈ Nj(v) then
mark the edge (u, v);
if u,v are both non-probes then

call ForceToBeAProbe(u);
insert Hj into Q;

let G1 = (V1, E1) be the graph with (V1 = V ) and edges correspond to the remaining
unmarked edges of G together with all internal edges ∪E(Hi).

Lemma 6. If the PropagateConstrainedGraph procedure succeeds, and e is an
external edge of G, then e ∈ E1 if and only if it is an exclusive external edge
that connects two C4-components both having two valid partitions remaining at
the end of the procedure.

Lemma 7. Every chordless cycle in G1 is a subgraph of a C4-component of G.

Definition 10. A vertex is called simplicial if its adjacency set is a clique. Let
G = (V, E) be an undirected graph and let σ = [v1, . . . , vn] be an ordering of the
vertices. We say that σ is a perfect elimination ordering(PEO) if each vi is a
simplicial vertex of the induced subgraph G{vi,...,vn}.

Theorem 7. (Fulkerson and Gross) A graph is chordal iff it has a PEO [3].

Let G2 = (V2, E2) be the quotient graph of G1, where each hi ∈ V2 corre-
sponds to the C4-component Hi in G and E2 = {(hi, hj)|∃(u, v) ∈ E1 such that
u ∈ Hi, v ∈ Hj}.
Remark 4. Obviously G2 is a chordal graph, since every chordless cycle in G1 is
contained in a C4-component due to Lemma 7. Therefore, there exists a PEO
σ = [h1, . . . , ht] of V2, which corresponds to an ordering ν = [H1, . . . , Ht] of the
C4-components in G.

Lemma 8. Let G be a weakly chordal graph and ν = [H1, . . . , Ht] the ordering
of the C4-components in G, which corresponds to a PEO in G2. There exists at
most one exclusive endpoint of an edge in Hi that connects Hi with any of the
C4-components [Hi+1, . . . , Ht] in G1.
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Proof. Suppose there exists exclusive external edges (x1, y1) and (x2, y2), x1 �=
x2, such that x1, x2 ∈ Hi, y1 ∈ Hj , y2 ∈ Hk and j, k > i. Then j �= k according to
Lemma 4. Since hi is a simplicial vertex in G2[hi+1,...,ht], there exists an exclusive
external edge (z1, z2), z1 ∈ Hj , z2 ∈ Hk (possibly y1 = z1 or y2 = z2). The
chordless cycle C = [x1, PHi[x1,x2], x2, y2, PHk[y2,z2], z2, z1, PHj [z1,y1], y1, x1] in
G has vertices in different C4-components. Contradiction.�

Theorem 8. The PropagateConstrainedGraph procedure succeeds if and only
if G is a chordal probe graph.

Proof. (⇒) If the PropagateConstrainedGraph procedure succeeds, then by Re-
mark 4, let σ be PEO of G2 that corresponds to an ordering ν of the C4-
components in G. If hi is an isolated vertex in G2, then (Pi, Ni) is a valid
partition of Hi. Otherwise, let x be the exclusive endpoint in Hi that connects
Hi to Hj , for all j > i in G1, as in Lemma 8. There exist two valid partitions of
Hi due to Lemma 6. Let (Pi, Ni) be the valid partition of Hi, such that x ∈ Pi.

Consider the partition (P = ∪(Pi), N = ∪(Ni)) of V (G1). Probes and non-
probes alternate in every cycle of length > 3 in G, since such a cycle is an
induced subgraph in a C4-component by Lemma 7. Suppose there exists an edge
(u, v) ∈ E1, such that u ∈ Ni, v ∈ Nj and j > i. Then u is the exclusive endpoint
of Hi and hence u ∈ Pj , a contradiction. Thus N is a stable set and (P, N) is a
valid partition of G1. Therefore, G1 is a chordal probe graph by Theorem 5.

Let (P = ∪(Pi), N = ∪(Ni)) be a valid partition of G1, where (Pi, Ni) is a
valid partition of Hi. We will prove that (P, N) is a valid partition of G and
hence G is a chordal probe graph due to Theorem 5.

Since G is a weakly chordal graph, each chordless cycle of length > 3 in G
is an induced subgraph of a C4-component and hence probes and non-probes
alternate in the cycle. Thus, we only need to prove that N is a stable set.
Suppose for a contradiction that there exists an edge (u, v) ∈ E(G), such that
u, v ∈ N . Moreover, u ∈ Hi and v ∈ Hj , since Ni is a stable set for all i. In
case that |Nj(v)| > 1, the procedure either fails or forces the vertex u to be
a probe. Therefore |Nj(v)| = 1 and similarly |Ni(v)| = 1. Thus, (u, v) is an
exclusive external edge. Neither Hi nor Hj were inserted into Q, since otherwise
the procedure would remove Hi (or Hj) from Q and force v (or u) to be a probe.
Thus (u, v) is unmarked by the procedure, meaning that (u, v) ∈ E1 and N is
not a stable set in G1. This is a contradiction, since G1 is a chordal probe graph
with respect to (P, N).

(⇐) We prove that if the procedure fails, then G is not a chordal probe graph.
In the case that the PropagateConstrainedGraph procedure fails at Step II, there
exists an edge (u, v) ∈ E(G), v ∈ Hi, u ∈ Nj(v), |Nj(v)| > 1, such that there is
at least one non-probe in Nj(v) in a given partition (Pj , Nj), v is a non-probe in
a given partition (Pi, Ni) and li = 1. Since Nj(v) is a connected set by Lemma
3 and Nj is a stable set, u has a probe neighbor in Nj(v) in the given partition
(Pj , Nj). Thus, there is also a non-probe in Nj(v) in the opposite partition of
Hj . Therefore, there exists a non-probe in Nj(v) in any valid partition of Hj .
Suppose G is a chordal probe graph. Now, (Pi, Ni) is the only valid partition of
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Hi, since v must be a non-probe in any valid partition of G. Thus there would
be a pair of adjacent non-probes in any valid partition of G, a contradiction.

In the case that the PropagateConstrainedGraph procedure fails at Step III,
there exists an edge (u, v) ∈ E(G), u ∈ Nj(v), |Nj(v)| = 1, where u,v are both
non-probes in the given partitions (Pi, Ni), (Pj , Nj) and lj = li = 1. Suppose G
is a chordal probe graph. Since both Hi and Hj have only one valid partition,
u and v are both non-probes in any valid partition of G. Thus there would be a
pair of adjacent non-probes in any valid partition of G, a contradiction. �

Remark 5. The time complexity of the Algorithm II is O(|E(G)|2).

Proof. Stage 1 of the algorithm has time complexity O(|E(G)|2), using the algo-
rithm in [1] or [7]. By Remark 3, Stage 2 also has time complexity O(|E(G)|2).
At Stage 3, we call FindC4Comps, which has complexity O(|E(G)|2). At Stage
4, FindPartitions is called for each C4-component Hi of the graph, and the time
complexity is O(|E(Hi)|2) (see [5]); hence Stage 4 has complexity∑
i O(|E(Hi)|2) = O(|E(G)|2). The time complexity of Stage 5 is O(|E(G)|) (see

[5] for details). �
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Abstract. Given a planar graph G = (V, E) and a vertex set W ⊆ V ,
the subgraph induced planar connectivity augmentation problem asks
for a minimum cardinality set F of additional edges with end vertices in
W such that G′ = (V, E∪F ) is planar and the subgraph of G′ induced by
W is connected. The problem arises in automatic graph drawing in the
context of c-planarity testing of clustered graphs. We describe a linear
time algorithm based on SPQR-trees that tests if a subgraph induced
planar connectivity augmentation exists and, if so, constructs a minimum
cardinality augmenting edge set.

1 Introduction

For an undirected graph G = (V, E), a subset of vertices W of V , and EW the
subset of E that contains only edges with end vertices in W let GW = (W,EW )
be the subgraph of G induced by W . If G is planar, a subgraph induced planar
connectivity augmentation for W is a set F of additional edges with end vertices
in W such that the graph G′ = (V, E ∪ F ) is planar and the graph G′

W is
connected.

We present a linear time algorithm based on the SPQR data structure that
tests if a subgraph induced planar connectivity augmentation exists and, if so,
constructs a minimum cardinality augmenting edge set. The difficulty of the
subgraph induced planar connectivity augmentation problem arises from the
fact that the computation of an appropriate planar embedding is part of the
problem. Once the embedding is fixed, the decision becomes trivial.

The subgraph induced planar connectivity augmentation problem arises for
example in the context of c-planarity testing of clustered graphs. A clustered
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262 C. Gutwenger et al.

graph is an undirected graph together with a nested family of vertex subsets
whose members are called clusters. The concept of c-planarity is a natural ex-
tension of graph planarity for clustered graphs and plays an important role in
automatic graph drawing. While the complexity status of the general problem
is unknown, c-planarity can be tested in linear time if the graph is c-connected,
i.e., all cluster induced subgraphs are connected [3,2]. In approaching the general
case, it appears natural to augment the clustered graph by additional edges in
order to achieve c-connectivity without losing c-planarity.

The results presented in this paper are the basis for a first step towards this
goal. Namely, the algorithm presented here leads to a linear time algorithm that
tests “almost” c-connected cluster graphs, i.e., cluster graphs in which at most
one cluster is disconnected, for c-planarity [6,8].

In general, connectivity augmentation problems consist of adding a set of
edges in order to satisfy certain connectivity constraints such as k-connectivity
or k-edge-connectivity. The first results in this area are due to Lovász [12]. Since
then, augmentation results for many different connectivity properties have been
proved. For more information on connectivity augmentation problems see the
surveys, e.g., by Frank [5] and Khuller [11].

Planar connectivity augmentation problems have been introduced by Kant
and Bodlaender [10]. They have shown that the problem of augmenting a planar
graph to a planar biconnected graph with the minimum number of edges is NP-
hard. Moreover, they have given a 2-approximation algorithm for the planar
biconnectivity augmentation problem. Fialko and Mutzel [4] have given a 5

3 -
approximation algorithm. Polyhedral investigations of this problem have been
conducted, e.g., in [13] and [14].

To our knowledge, this is the first time that subgraph induced planar connec-
tivity augmentation is investigated. It is a generalization of planar connectivity
augmentation. The subgraph induced connectivity augmentation problem is a
special case of a certain connectivity augmentation problem considered, e.g., by
Stoer [15] in the context of network survivability.

This paper is organized as follows. Section 3 describes the easy case in which
the embedding of the given graph is fixed for example, when the graph is tri-
connected. The most interesting case is the treatment of biconnected graphs in
Section 4 with the help of the SPQR-tree data structure and the results of the
previous section. Finally, Section 5 is concerned with the non-biconnected case
in which we construct the block-cut tree of G and use the algorithm for bicon-
nected graphs for each block along with a planarity testing step. All sections
are illustrated by an application to an example graph (see Figure 2 - Figure 5).
The proofs omitted in this extended abstract and the information about the
implementation will be given in the full version [7].

2 Preliminaries

SPQR-trees have been introduced by Di Battista and Tamassia [1]. They repre-
sent a decomposition of a planar biconnected graph according to its split pairs



Subgraph Induced Planar Connectivity Augmentation 263

(pairs of vertices whose removal splits the graph or vertices connected by an
edge). The construction of the SPQR-tree works recursively (see Figure 2). At
every node v of the tree, we split the graph into the split components of the
split pair associated with that node. The first split pair of the decomposition is
an edge of the graph and is called the reference edge of the SPQR-tree. We add
an edge to each of the split components to make sure that they are biconnected
and continue by computing their SPQR-tree and making the resulting trees the
subtrees of the node used for the splitting. Every node of the SPQR-tree has
two associated graphs:

– The skeleton of the node associated with a split pair p is a simplified version
of the whole graph where some split-components are replaced by single edges.

– The pertinent graph of a node v is the subgraph of the original graph that
is represented by the subtree rooted at v.

The two vertices of the split pair that are associated with a node v are called the
poles of v. There are four different node types in an SPQR-tree (S-,P -,Q- and
R-nodes) that differ in the number and structure of the split components of the
split pair associated with the node (see Figure 1). The Q-nodes form the leaves
of the tree, and there is one Q-node for each edge in the graph. The skeleton
of a Q-node consists of the poles connected by two edges. The skeletons of S-
nodes are cycles, while the skeletons of R-nodes are triconnected graphs. P -node
skeletons consist of the poles connected by at least three edges. Figure 1 shows
examples for skeletons of S-, P - and R-nodes.

Skeletons of adjacent nodes in the SPQR-tree share a pair of vertices. In each
of the two skeletons, one edge connecting the two vertices is associated with a
corresponding edge in the other skeleton. These two edges are called twin edges.
The edge in a skeleton that has a twin edge in the parent node is called the
virtual edge of the skeleton.
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Fig. 1. Decomposition of biconnected graphs and the skeletons of the corresponding
nodes in the SPQR-tree. Here the three cases are illustrated.

Each edge e in a skeleton represents a subgraph of the original graph. This
graph together with e is the expansion graph of e.
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All leaves of the SPQR-tree are Q-nodes and all inner nodes S-, P - or R-
nodes. When we regard the SPQR-tree as an unrooted tree, then it is unique
for every biconnected planar graph. Another important property of these trees
is that their size (including the skeletons) is linear in the size of the original
graph and that they can be constructed in linear time [1,9]. As described in [1,
9], SPQR-trees can be used to represent the set of all combinatorial embeddings
of a biconnected planar graph. Every combinatorial embedding of the original
graph defines a unique combinatorial embedding for a skeleton of each node
in the SPQR-tree. Conversely, when we define an embedding for the skeleton
of each node in the SPQR-tree, we define a unique embedding for the original
graph. The skeletons of S- and Q-nodes are simple cycles, so they have only
one embedding. But the skeletons of R-and P -nodes have at least two different
embeddings. Therefore, the embeddings of the R- and P -nodes determine the
embedding of the graph and we call these nodes the decision nodes of the SPQR-
tree.

3 An Easy Case: Fixed Embedding

We consider the case that the planar graph G is given together with a fixed
embedding. In the following, we call the vertices belonging to W blue vertices.
Our task is to insert edges so that the induced subgraph GW is connected and
G is still planar after edge insertion.

Our algorithm looks at each face f in G that has at least two non-adjacent
blue vertices on its boundary. We start at an arbitrary blue vertex v on the
boundary of f and introduce a new edge through f that connects it to the next
blue vertex on the boundary. Thus we step through the blue vertices on the
boundary of f , connecting each to its successor on the boundary until we come
back to v. We call the resulting graph G′. Note that we only introduce a linear
number of edges in this step and that G′ is planar. Another important property
of G′ is that G′

W is connected if and only if there is a planar augmentation for
W in G.

Then we compute the graph G′′ by deleting all vertices from G′ that are not
blue. We assign value 1 to all edges introduced in the first step and 0 to all other
edges. We can find a minimum spanning tree in G′′ in linear time because there
are only two different weights on the edges. One way to do this is to use Prim’s
Algorithm where we use two lists instead of the priority queue. The algorithm
may now determine that G′′ is not connected. Then we know that there is no
planar augmentation for G. Otherwise, the edges of weight 1 in the minimum
spanning tree are our solution. Thus, we can solve the problem in linear time.

4 The Algorithm for the Biconnected Case

In this section we present an algorithm for the case that the given graph G
is biconnected. First, we compute the SPQR-tree T of G. In Section 4.1, we
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present a recursive algorithm for coloring all edges in all skeletons of the SPQR-
tree. This coloring stores information about the position of the blue vertices in
each skeleton of the SPQR-tree by assigning three different colors to the edges.
The coloring enables us to test if an augmentation is possible by examining the
colors in each skeleton. If an augmentation is possible, we compute an embedding
of the graph that allows an augmentation (see Section 4.2). Then we can apply
the algorithm of the previous section to this fixed embedding in order to compute
the list of edges needed to solve the augmentation problem. Algorithm 1 gives
an overview of the algorithm for biconnected graphs.

Algorithm 1: The algorithm BiconnectedAugmenter computes a planar
connectivity augmentation for a planar biconnected graph G and a subset W
of the vertices, if it exists.

Input: A biconnected planar graph G and a subset W of its vertices,
Result : true if and only if there is a planar augmentation for W ; in the positive

case an embedding Π and a minimum cardinality augmenting edge
set will be computed.

Calculate the SPQR-tree T of G;
Make an arbitrary node r which is not a Q-node the root of T ;
MarkEdgesPhase1(r, W );
MarkEdgesPhase2(r, W );
BiconnectivityFeasibilityCheck(T );
Embedding Π = CalculateEmbedding;
return FixedEmbeddingAugmenter(Π, W );

4.1 The Coloring Algorithm

Again we call a vertex blue, if it is contained in W and black otherwise. Figure
2 shows an example graph, in which the set W is given by {3, 8, 10} (shown by
bold circles). The skeletons are shown in Figure 3, which displays essentially the
SPQR-tree without the Q-nodes. The blue vertices in the tree are marked by
circles.
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Q QS QQ

Q Q

Fig. 2. Example: A graph G and its SPQR-tree.
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We assign one of two colors to each edge in each skeleton: blue or black. We
call an edge in a skeleton blue, if its expansion graph contains blue vertices and
black otherwise. For example, in Figure 5 in the skeleton of the S-node of the
SPQR-tree, the edge between the vertices 1 and 5 is blue because the blue vertex
3 is contained in its expansion graph. It is represented by a dashed line.
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S-node

Fig. 3. Continuation of Figure 2: Q-nodes are omitted; assigning blue to the vertices
of the subset W .

Additionally, we assign the attribute permeable to some blue edges. Intu-
itively, an edge is permeable if we can construct a path connecting only blue
vertices through its expansion graph. Therefore, in Figure 5 the edge between
the vertices 1 and 5 in the skeleton of the root node does not get the attribute
permeable. But we assign for example the attribute permeable to the edge be-
tween the vertices 1 and 5 in the skeleton of the P-node whose expansion graph
contains the vertex 10. In Figure 5, the permeable edges are represented by a
dotted line. Let G(e) be the expansion graph of edge e in skeleton S. In any pla-
nar embedding G(e), there are exactly two faces that have e on their boundary.
This follows from the fact that in a planar biconnected graph, every edge is on
the boundary of exactly two faces in every embedding. We call the edge e in S
permeable with respect to W , if there is an embedding Π of G(e) and a list of
at least two faces L = (f1, . . . , fk) in Π that satisfies the following properties:

1. The two faces f1 and fk are the two faces with e on their boundary.
2. For any two faces fi, fi+1 with 1 ≤ i < k, there is a blue vertex on the

boundary between fi and fi+1.

We call a skeleton S of a node v of T permeable if the pertinent graph of v
together with the virtual edge of S have the two properties stated above. So S
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is permeable if the twin edge of its virtual edge is permeable. For example, in
Figure 5 the skeleton that contains the vertex 3 is permeable.

We develop an algorithm that marks each edge in every skeleton of the SPQR-
tree T of G with the colors black or blue and assigns the attribute permeable
depending on the expansion graph of the edge. The algorithm works recursively.
We assume that T is rooted at node r and r is not a Q-node.

First we mark all the edges of the skeletons of the children of r recursively
black or blue and assign the permeable attribute by treating them as the roots of
subtrees. Each edge in the skeleton S of r except the reference edge corresponds
to a child of r. Let e be such an edge in S, v the corresponding child of r and
S ′ the skeleton of v. If S ′ contains a blue edge or vertex, we mark e blue and
otherwise black. The permeability of e depends on the type of v:

Q-node: We mark e permeable if the skeleton S ′ contains a blue vertex.
S-node: If the skeleton S ′ contains a blue vertex or a permeable edge, we mark

e permeable.
P -node: If the skeleton S ′ contains only permeable edges or a blue vertex, we

mark e permeable.
R-node: We consider a graph H where the vertices are the faces of S ′ and there

is an edge between two vertices if there is a permeable edge or a blue
vertex on the boundary that separates the two faces. Let s and t be the
two faces left and right of the virtual edge of S ′. If there is a path in
H connecting s and t, we mark e permeable (see Figure 4).
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Fig. 4. A permeable R-node with the graph H: permeable edges are represented by
dotted lines, the virtual edge of the skeleton by a dashed line.

After executing this algorithm, which we call MarkEdgesPhase1, all edges of
the skeleton of the root node r are marked, because we have seen all the blue
vertices of the graph. All other skeletons except the skeleton of r contain one
edge that is not yet marked: the virtual edge of the skeleton.

The algorithm MarkEdgesPhase2 works top down by traversing T from the
root to the leaves. The edges of the skeleton of the root r of T are already
marked in the first step, therefore we can proceed to the children and mark
the virtual edges of its children. Let v be a node in T where the skeleton S ′
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of the parent node is already completely marked. We mark the virtual edge e
in the skeleton S of v blue if there is a blue edge or vertex in the skeleton of
the parent. The permeability of e again depends on the type of the skeleton in
exactly the same way as in the algorithm MarkEdgesPhase1 (see Figure 5). Note
that the case Q-node is irrelevant here because the Q-nodes form the leaves of
the tree. In Figure 5 we see a result of the two algorithms MarkEdgesPhase1 and
MarkEdgesPhase2 for our example graph. Permeable edges are represented by
dotted lines, blue edges that are not permeable by dashed lines and blue vertices
by a circle around them.
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Fig. 5. Continuation of Figure 3: After calling the algorithms MarkEdgesPhase1 and
MarkEdgesPhase2.

The two algorithms MarkEdgesPhase1 and MarkEdgesPhase2 can both be
implemented in linear time because the size of the SPQR-tree of a planar bi-
connected graph including all skeletons is linear in the size of the graph [1].

Lemma 1. Let e be an edge in a skeleton of an inner node and G(e) its ex-
pansion graph. Then the coloring algorithm marks e blue if and only if G(e)
contains a vertex of W . Furthermore, e is marked permeable if an only if there
is an embedding Π of G(e) together with a sequence of faces f1, . . . , fk with the
following property:
(*) The two faces f1 and fk are the two faces with e on their boundary and for

any two faces fi, fi+1 with 1 ≤ i < k, there is a blue vertex on the boundary
between fi and fi+1.

4.2 The Embedding Algorithm

Let S be a skeleton of a P -node. We call the embedding of S admissible if all
blue edges are consecutive and the blue edges that are not permeable (if they
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exist) are at the beginning and at the end of the sequence (see Figure 6 for three
examples of admissible orderings). For example, in Figure 5 the skeleton of the
P-node has already an admissible embedding.

Fig. 6. Admissible embeddings of a P -node skeleton (permeable edges are dotted, blue
edges that are not permeable are dashed).

Our algorithm for finding an augmentation or proving that no augmentation
exists works in two phases:

1. Using the colors and attributes of the edges in each skeleton, we fix an em-
bedding for every P - and R-node skeleton and thus determine an embedding
for G.

2. We use the algorithm of Section 3 for fixed embeddings to determine whether
an augmentation is possible.

The embedding computed in the first step has the property that it allows an
augmentation if and only if there is an embedding of G that allows an augmen-
tation.

We set the embedding for the skeletons of the R- and P -nodes recursively
using the structure of the SPQR-tree. We assume that the vertices in G are
numbered and that all edges are directed from the vertex with lower number to
the vertex with higher number.

For simplicity, we consider whether a special case is present where a planar
connectivity augmentation cannot exist.

Theorem 1. Let G be a biconnected series-parallel planar graph and W a subset
of its vertices. There exists a planar connectivity augmentation for W in G if
and only if all P -nodes of the SPQR-tree of G contain at the most two edges
that are blue but not permeable.

The conclusion of the theorem is that if there exists a P -node that contains a
skeleton with more than two blue edges in a biconnected graph G, there cannot
exist a planar connectivity augmentation. For example, in Figure 5 there are no
edges that are blue but not permeable in the skeleton of the P-node.

First, we test whether the biconnected graph contains only P -nodes with
skeletons that have at the most two edges. Then we can sort the two blue edges
as mentioned in Figure 6 to obtain an admissible embedding. Note that the two
blue but not permeable edges are not consecutive in an admissible embedding if
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there are additionally black and permeable edges. Therefore, there is nothing to
do for the skeleton of the P-node in Figure 5.

Next, we construct an algorithm that marks edges in the skeletons with a
new attribute that can have three different values: left, right and nil. If the
virtual edge (the edge whose twin edge is in the parent of v) in a skeleton of
node v is marked left, then the pertinent graph of v must be embedded in such
a way that there is a blue vertex on the boundary of the face left of the virtual
edge. If the edge is marked right, a blue vertex must be on the boundary of
the face right of the virtual edge. If the virtual edge is marked nil, there is no
restriction on the embedding of the pertinent graph of v.

For each node v in the SPQR-tree, where the embedding of the parent node
has already been fixed, we perform two steps:

1. We determine an embedding using the attribute of the virtual edge and the
colors and attributes of the other edges.

2. We determine the attribute for the virtual edge in the skeleton of each child
of v.

Only the skeletons of R- and P -nodes have more than one embedding, so the
first step is only important for these node types. First we consider the case where
v is an R-node. In this case, its skeleton has two embeddings. If the attribute on
the virtual edge is nil, we can choose any of the two embeddings. Otherwise,
we choose an embedding where there is a blue edge or vertex on the face left
(right) of the virtual edge if the attribute was left (right). If none of the two
embeddings has this property, no augmentation is possible. If v is a P -node, we
can only choose among the admissible embeddings of the skeleton. Again, we
choose an embedding according to the attribute and if no suitable embedding
exists, there can be no augmentation.

Now we have to determine the attribute for the virtual edge of each child of v.
Let S be the skeleton of v. For all edges in S that are either black or permeable,
we pass nil to the corresponding child. Let L be the set of edges in S that are
blue but not permeable.

First we consider the case that v is an S-node. If the attribute of the virtual
edge is nil, we pass nil to every child that corresponds to an edge in L. Oth-
erwise, the attribute on the virtual edge designates one of the two faces of the
S-node skeleton as the one that must have a blue vertex on the boundary. For
each edge e in L, we pass left to the corresponding child if this face is right of
e and right otherwise.

To make the following descriptions more concise, we call a face permeable,
if it has a permeable edge or a blue vertex on its boundary. If v is a P -node,
L contains at most two edges. For each of edge e in L, there are three possible
cases:

1. Exactly one of the faces with e on its boundary contains a blue edge. If this
is the face on the right of e, we pass left to the child corresponding to e
and right otherwise.
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2. One of the faces with e on its boundary is permeable and the other is not.
If the permeable face is left of e, we pass right to the child corresponding
to e and left otherwise.

3. The faces left and right of e are both permeable or both contain only black
edges and vertices. In this case, we pass nil to the child.

If v is an R-node, we also have to consider the faces left and right of each edge
e in L. The same cases as for P -nodes apply, but there is one additional case
that cannot occur in a P -node: Both faces left and right of e are not permeable
but both contain a blue edge except e (if this happens in a P -node, there can
be no augmentation). In this case, we pass nil to the corresponding child. For
example, in Figure 5 the attributes of all virtual edges are nil.

To start the process, we choose an arbitrary P - or R-node as the root of
the SPQR-tree. If we choose an arbitrarily R-node, we select one of the two
embeddings of the skeleton. If we select a P -node, we choose an arbitrary ad-
missible embedding. Now we can compute the attributes we pass to the children
of the node as stated above and compute an embedding for each skeleton of the
SPQR-tree by applying the algorithm in depth first or breadth first sequence to
all inner nodes of the tree.

This algorithm defines an embedding for each R- and P -node in the SPQR-
tree and thus for the graph G. Since we touch each skeleton only once and
the operations we perform for each skeleton can be done in time linear in the
size of the skeleton, the embedding can be computed in linear time. Then we
apply the algorithm from Section 3 to the fixed embedding. This algorithm either
computes the list of edges that constitutes the planar connectivity augmentation
or it signals that no augmentation is possible for this embedding.

Theorem 2. Let Π be the embedding of G determined by the algorithm de-
scribed above. G has a planar connectivity augmentation with respect to W if
and only if there exists a planar connectivity augmentation for G with respect to
the embedding Π.

The proof uses structural induction over the SPQR-tree. We first show that
the claim holds for graphs whose SPQR-tree has only one inner node and then
use induction to show that it holds for graphs whose SPQR-tree has more than
one inner node. Because of space considerations we show the proof in [7].

Theorem 3. Given a biconnected planar graph G = (V, E) and a subset of
vertices W ⊆ V . The algorithm BiconnectedAugmenter tests correctly whether
a subgraph induced planar connectivity augmentation exists and, if so, constructs
a minimum cardinality augmenting edge set. It runs in time O(|V |).

5 The Algorithm for the Connected Case

Using BC-trees, this algorithm can be extended for connected graphs. Because
of space considerations we omit a detailed description that is available in [7].
Using this result for non-connected planar graphs, the problem becomes easy.
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Abstract. A graph G is a general partition graph if there is some set
S and an assignment of non-empty subsets Sx ⊆ S to the vertices of G
such that two vertices x and y are adjacent if and only if Sx ∩ Sy �= ∅

and for every maximal independent set M the set {Sm | m ∈ M} is a
partition of S. For every minor closed family of graphs there exists a
polynomial time algorithm that checks if an element of the family is a
general partition graph.
The triangle condition says that for every maximal independent set M
and for every edge (x, y) with x, y �∈ M there is a vertex m ∈ M such
that {x, y, m} induces a triangle in G. It is known that the triangle
condition is necessary for a graph to be a general partition graph (but in
general not sufficient). We show that for AT-free graphs this condition is
also sufficient and this leads to an efficient algorithm that demonstrates
whether or not an AT-free graph is a general partition graph.
We show that the triangle condition can be checked in polynomial time
for planar graphs and circle graphs. It is unknown if the triangle con-
dition is also a sufficient condition for planar graphs to be a general
partition graph. For circle graphs we show that the triangle condition is
not sufficient.

Introduction and Preliminaries

Definition 1. A graph is a general partition graph if there exists a set S and
an assignment of a non-empty subset Sx ⊆ S to each of its vertices x such that
two vertices x and y are adjacent if and only if Sx ∩ Sy �= ∅ and such that for
every maximal independent set M , the collection {Sm | m ∈M} partitions S.
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For a graph G = (V, E) we write N(x) for the set of neighbors of a vertex x ∈ V
and N [x] = N(x) ∪ {x} for the closed neighborhood of x.
The following theorem was proved in [15].

Theorem 1. A graph is a general partition graph if and only if there exists a
clique cover C for the edges of G such that every maximal independent set meets
every clique in C.

Definition 2. A graph G = (V, E) satisfies the triangle condition if for every
maximal independent set M and every edge (x, y) with x, y �∈ M , there exists a
vertex m ∈M such that {x, y, m} is a triangle in G.

It follows immediately from Theorem 1 that a general partition graph satisfies
the triangle condition [15]. However, this condition is not sufficient. A computer
search has found all connected graphs on 10 or fewer vertices which satisfy the
triangle condition but are not general partition graphs [7]. One of these is a
graph on 9 vertices and 9 others have 10 vertices [1]. It was noted in [1] that all
these graphs have the 3-sun (also called Hajós graph, see, e.g. [2]) as an induced
subgraph.

Remark 1. Notice that any graph G can be embedded in a general partition
graph by adding a new vertex for every edge in the graph and making this
adjacent to the two ends of this edge. The new graph has only one possible
clique cover with maximal cliques, and clearly every maximal independent set
hits every clique of this cover.

Notice that all cographs (i.e., those graphs without induced P4) are gen-
eral partition graphs since every maximal independent set meets every maximal
clique in such a graph. The converse is not true: the 3-sun gives counterevidence.
Notice that all cographs are permutation graphs, hence AT-free (Definition 3 be-
low).

Chordal graphs were considered in [1]. In this paper it is proved that chordal
graphs are general partition graphs if and only if they obey the triangle condition.
Furthermore, it is shown that these graphs can be general partition graphs only
if every edge is either incident with a simplicial vertex or constitutes a triangle
with some simplicial vertex.

The following lemma was shown in [1]:

Lemma 1. If a graph G satisfies the triangle condition but is not a general
partition graph then the 3-sun is an induced subgraph of G.

Definition 3. Three vertices x, y, z form an asteroidal triple (AT) of G if for
every pair of them there is a path connecting the two vertices that avoids the
neighborhood of the remaining vertex. A graph G is AT-free if no three vertices
form an AT.
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Remark 2. Notice that the vertices of an AT are pairwise non-adjacent. The 3-
sun is an example of a graph containing an AT. Lekkerkerker and Boland [14]
characterized interval graphs as those chordal graphs which are AT-free. Recently
AT-free graphs (and generalizations) have drawn renewed attention [2,3,6].

Corollary 1. An AT-free graph G is a general partition graph if and only if it
satisfies the triangle condition.

Proof. Let G be an AT-free graph. If G is a general partition graph then it
satisfies the triangle condition [15]. Conversely, if a graph G satisfies the triangle
condition and is not a general partition graph, then it has a 3-sun (thus an AT)
as an induced subgraph by Lemma 1. ��

In this paper we show that the triangle condition can be checked in polyno-
mial time for AT-free graphs, planar graphs and for circle graphs. Thus far it is
unknown if the triangle condition is also sufficient for planar graphs. However,
we show that there is a polynomial time algorithm to check if a planar graph is
a general partition graph.

1 Graphs with Bounded Clique Numbers

In this section we show that for every minor closed class of graphs, there exists
a polynomial time algorithm that checks if a graph is a general partition graph.

Theorem 2. Assume G is a class of graphs with clique number at most k for
some constant k. Then there exists a polynomial time algorithm to check if a
graph G ∈ G is a general partition graph.

Proof. We use Theorem 1. Clearly, we may assume that the clique cover men-
tioned in this theorem contains only maximal cliques.

Since the graph has clique number at most k, there are at most O(nk) max-
imal cliques in G. Of course we can obtain a list of all the maximal cliques in
polynomial time (for more or less efficient algorithms see, e.g., [4,20]).

Let C be a maximal clique for which there exists a maximal independent
set M such that C ∩M = ∅. Then clearly C cannot be in any clique cover as
specified by Theorem 1. We can recognize these intolerable cliques as follows. Let
C = {x1, . . . , xk}. For each choice of x′

1 ∈ N(x1)−C, . . . , x′
k ∈ N(xk)−C check

if {x′
1, . . . , x′

k} (with possible repetitions) is an independent set in G. If there
is such an independent set C◦ then clearly there exists a maximal independent
set M containing C◦ which does not intersect C since every vertex of C has a
neighbor in M .

Let C be the set of tolerable maximal cliques (i.e., those that are not intolera-
ble) in G. By Theorem 1 it now follows immediately that G is a general partition
graph if and only if C is a clique cover for the edges of G. This can clearly be
tested in polynomial time. ��
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Corollary 2. For every minor closed class of graphs G there exists an efficient
algorithm to check if a graph in the class is a general partition graph.

Proof. According to [18] (see also, e.g., [12]) there exists a finite obstruction set
O that demarcates the graphs in G. Let k be the smallest order of the graphs in
O. Then the graphs G ∈ G cannot have cliques of order at least k, since otherwise
every graph with at most k vertices would be a subgraph of G and hence the
smallest graph in O would be a minor. By Theorem 2, there exists a polynomial
algorithm to test whether a graph of G is a general partition graph. ��

Corollary 3. There exists an efficient algorithm to check if a planar graph is a
general partition graph.

2 AT-Free Graphs

In this section we show that there is a polynomial time algorithm to test whether
an AT-free graph is a general partition graph. We use Corollary 1 and show that
the triangle condition can be tested in polynomial time for AT-free graphs.

Definition 4. Let x and y be two non-adjacent vertices in an AT-free graph G.
Let Cx(y) be the component of G−N [x] that contains y. The interval I(x, y) is
I(x, y) = Cx(y) ∩ Cy(x).

Definition 5. Let G be an AT-free graph. Two vertices x and y are close if they
are non-adjacent and I(x, y) = ∅.

Theorem 3. Assume G is AT-free. Then G is a general partition graph if and
only if no close pair {x, y} are the end-vertices of an induced P4.

Proof. Let G be a general partition graph. Assume x and y are close and assume
that there is an induced P4, say P = [x, a, b, y]. Consider a maximal independent
set M containing x and y. Clearly, M does not contain a or b. Hence, by the
triangle condition, a and b must have a common neighbor z in M . We claim that
z ∈ I(x, y).

Indeed, since z ∈ N(b), b ∈ N(y), and z �∈ N(x), we have that z ∈ Cx(y).
Of course also z ∈ Cy(x) and hence z ∈ I(x, y). But this is a contradiction since
I(x, y) = ∅ by definition.

Now assume that no close pair are the end-vertices of an induced P4, and that
nevertheless G is not a general partition graph. Hence, by Corollary 1 there exist
a maximal independent set M and an edge (a, b) with a, b �∈M such that a and
b do not have a common neighbor in M . Let x ∈ N(a) ∩M and y ∈ N(b) ∩M .
These vertices must exist since M is maximal and hence P = [x, a, b, y] forms
an induced P4.

We choose x and y in M such that [x, a, b, y] is an induced P4 and |I(x, y)| is
minimal. If |I(x, y)| = 0 then {x, y} forms a close pair and by assumption these
are not the end-vertices of an induced P4.
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Let z ∈ I(x, y) ∩ M . Such a vertex exists because otherwise the vertices
in M would belong to components of G − N [x] that do not contain y and in
components of G − N [y] that do not contain x. But a vertex z ∈ I(x, y) must
be adjacent to some vertex in M , which is a contradiction.

If z �∈ N(a) and z �∈ N(b) then we claim that {x, y, z} is an AT. Indeed, P is
an x, y-path avoiding N(z). Since z ∈ Cx(y), there is a z, y-path avoiding N(x)
and of course, for the same reason there is also an x, z-path avoiding N(y). Hence
z is adjacent to at least one of a, b, but not both since z ∈M and a and b have
no common neighbor in M . Assume z is adjacent to a. Notice that [z, a, b, y] is
now an induced P4.

Consider I(z, y). It is easy to see (e.g., [3]) that I(z, y) ⊂ I(x, y), and hence
|I(z, y)| < |I(x, y)|, since z ∈ I(x, y) − I(z, y). This is a contradiction since we
chose x and y in M such that |I(x, y)| is as small as possible. ��

Theorem 4. There exists a polynomial algorithm to check if an AT-free graph
is a general partition graph.

Proof. By Theorem 3 we only have to check for every close pair {x, y} if there
is no induced P4 with x and y as end-vertices. Clearly this can be done in
polynomial time. ��

Remark 3. Notice that not all AT-free general partition graphs are perfect. An
example is given in Figure 1.

Fig. 1. An AT-free general partition graph containing a C5

3 Circle Graphs

In this section we show that the triangle condition can be tested in polynomial
time for graphs for which red maximal independent set can be solved in
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polynomial time. We show that circle graphs fall in this category. Furthermore,
if a graph has only a polynomial number of maximal cliques the red maximal

independent set problem can be used to test if a graph is a general partition
graph.

Definition 6. The red maximal independent set problem is the following:
Instance: Graph G and an assignment of a color red or blue to each vertex of G
Question: Does there exist a maximal independent set in G containing only red
vertices?

Remark 4. Obviously, the problem is equivalent to asking if there is an indepen-
dent set of red vertices dominating all blue vertices. Red maximal indepen-

dent set can be solved for graph classes for which weighted independent

dominating set can be solved in polynomial time. (Give the blue vertices a
weight∞ and the red vertices a weight 1. Then there exists a red maximal inde-
pendent set if and only if there exists an independent dominating set with finite
weight.)

Red maximal independent set is NP-complete even restricted to planar
graphs [21]. The NP-completeness can be seen by observing that the following
disjoint maximal independent set (DMIS) problem is NP-complete.

Instance: Graph G = (V, E) and an edge (x, y) ∈ E
Question: Does there exist a maximal independent set M such that M ∩N [x]∩
N [y] = ∅?

The fact that DMIS is NP-complete can be seen by a reduction from SAT
similar to the one that was used in [5] to show NP-completeness of not well-

covered.
Recently it was shown that red maximal independent set is solvable in

O(5kk3n) for graphs with cliquewidth at most k [13].

Theorem 5. Let G be a class of graphs for which red maximal independent

set can be resolved in polynomial time for every partition of the vertex set into
red and blue vertices. Then the triangle condition can be tested in polynomial
time for graphs in G as well.

If furthermore the number of maximal cliques is polynomial, then there exists
a polynomial time algorithm to test if a graph in G is a general partition graph.

Proof. Assume red maximal independent set can be solved in polynomial
time. Let (x, y) be an edge in G. The algorithm we describe checks if there is a
maximal independent set M in G with N [x]∩N [y]∩M = ∅. Clearly, this is the
case if and only if there is a maximal independent set M �
 x, y which, together
with (x, y) violates the triangle condition.

Let A = N [x]∩N [y]. Color the vertices of A blue and all other vertices red. By
assumption we can check in polynomial time if there is a maximal independent
set M in this subgraph that contains solely red vertices.

Now assume furthermore that G is a class of graphs with only a polynomial
number of maximal cliques. Let G ∈ G and consider a list of all maximal cliques
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in G [4,20]. For each clique C in this list, we color the vertices of C blue and all
other vertices of G red. We use the algorithm for red maximal independent

set to test if there exists a maximal independent set which does not intersect C.
If there is one, we remove this maximal clique from the list. Finally, the graph
is a general partition graph if and only if the remaining maximal cliques form a
clique cover for the edges in the graph. This proves the theorem. ��

Remark 5. Weighted independent dominating set (hence also red max-

imal independent set) can be solved in polynomial time for AT-free graphs
using methods from [3]. This gives an auxiliary proof that the triangle condition
can be tested in polynomial time for the class of AT-free graphs. On the other
hand, recall that clique remains NP-complete for AT-free graphs [3]. Indeed,
K2n − {a perfect matching} is an AT-free graph with 2n maximal cliques.

Definition 7. A graph G is a circle graph if G is the intersection graph of
chords in a circle.

Remark 6. Circle graphs can be recognized in O(n2) time [16,19]. The class
contains all permutation graphs but not all elements are perfect. (For example
all cycles are circle graphs.)

Remark 7. In this section we describe an algorithm to solve red maximal in-

dependent set for circle graphs. This algorithm can be used to solve triangle

condition. Unfortunately, the triangle condition is not a sufficient condition for
a circle graph to be a general partition graph. Indeed, the graph on 9 vertices,
pictured in [1,7] which satisfies the triangle condition but which is not a gen-
eral partition graph is a circle graph. The graph is the intersection graph of the
chords pictured in Figure 2.

For the description of our algorithm it is convenient to use another intersec-
tion model for circle graphs. Consider a collection of intervals on the real line.
Two intervals with a non-empty intersection are said to overlap if they have a
non-empty intersection, but neither is fully contained in the other. Given a set
of chords in a circle, it is easy to obtain an overlap model by projecting each
chord in the circle from the north pole upon a line below the circle. In [11] the
following observation was made:

Theorem 6. A graph G is a circle graph if and only if G is the overlap graph
of a collection of intervals on the real line.

Consider an overlap model for a circle graph G = (V, E). We identify a vertex
x with the interval in the model representing it and we write �(x) and r(x) for
the left- and right-endpoint of x.

Our algorithm checks if there is a red independent set such that every blue
vertex has a neighbor in it. We say that such a red independent set covers the
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Fig. 2. Non-general partition circle graph satisfying the triangle condition

blue vertices. We describe a dynamic programming procedure PI(x) that checks,
for a given red interval x, if the blue intervals fully contained in x can be covered
by an independent collection of red intervals which are also fully contained in
x. Notice that we can add a new red interval ω to our model covering all other
intervals, and then a call PI(ω) solves our problem.

First sort all the intervals according to their length. (Of course we may as-
sume that no two intervals have the same length and that no two end-points
of different intervals coincide.) We deal with the red intervals one by one
according to increasing length.

If a red interval x contains no other red intervals, then PI(x) = true if x
contains no blue intervals. Otherwise, PI(x) = false.
Consider a red interval x and assume that for all red intervals y that are
contained in x, PI(y) is correctly determined. In order to determine PI(x), we
now consider only intervals (red and blue) that are fully contained in x and
furthermore, we only consider those red intervals y in x with PI(y) = true.
We scan the red intervals y (that are contained in x) according to increasing
right end-point r(y).
For a red interval y in x define Px(y) as a boolean variable indicating
whether or not there is a collection of independent red intervals in x con-
taining y that cover all the blue intervals b in x with r(b) < r(y) (i.e., each
of these blue vertices must have a red neighbor in this collection).

If there is no red interval y′ such that r(y′) < �(y), then Px(y) = true if and
only if there is no blue interval b in x with r(b) < �(y).
Now consider another red interval y and let y′ be the red interval with
the largest right end-point r(y′) < �(y) and with Px(y′) = true. Then
Px(y) = true if and only if there is no blue interval b between y′ and y (i.e.,
with r(y′) < �(b) ≤ r(b) < �(y)).

Finally, consider the red interval y in x with largest right end-point for which
Px(y) = true. If there is a blue interval b with �(b) > r(y), then PI(x) =
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false. On the other hand, if there is no blue interval b in x with r(b) > r(y),
then all blue vertices in x can be covered and hence PI(x) = true.
If there are blue intervals with �(b) < r(y) < r(b), then it is unclear whether
there is a satisfying cover. But if there is one, then the left end-point of such
a blue vertex must be covered. Hence we may shrink the blue interval to its
left end-point and re-run the whole algorithm described above computing
PI(x). Of course, this time the shrunken blue intervals are covered if they
are contained in some red interval in the cover, i.e., if they don’t fall between
two consecutive red intervals in the cover. Notice that the description above
correctly checks this.

Theorem 7. There exists a polynomial time algorithm to solve the red maxi-

mal independent set problem for circle graphs.

Proof. A moment’s reflection shows the correctness of the procedure described
above. Notice that for each re-run of the part computing PI(x), at least one
blue interval is shrunken to its left end-point. Hence the number of re-runs is
bounded by the number of blue vertices, since each blue vertex can be shrunken
only once. Each step can clearly be performed in polynomial time. ��

By Theorem 5 we obtain:

Theorem 8. The triangle condition problem can be solved in polynomial
time for circle graphs.

4 The Triangle Condition for Planar Graphs

We now show that the triangle condition problem can be checked in poly-
nomial time for planar graphs. Let G be a plane graph, i.e., a planar graph
G given together with an embedding in the plane. Consider an edge (x, y) in
G. Without loss of generality we assume that (x, y) is an edge of the outerface
in G. Let x′ ∈ N(x) − N [y] and y′ ∈ N(y) − N [x] be non-adjacent private
neighbors of x and y respectively. The algorithm we describe checks if there is
a maximal independent set M 
 x′, y′ such that N [x] ∩ N [y] ∩ M = ∅. Let
N(x) ∩N(y) = {x1, . . . , xk}. We choose this numbering of the common neigh-
borhood such that for each i, {x1, . . . , xi−1} is contained in the interior of the
area of G spanned by the triangle {x, y, xi}.

For each i we color a vertex xi white if there exist pairwise non-adjacent
neighbors x′

t ∈ N(xt)−N({x′, y′}) 1 for each t = 1, . . . , i such that x′
i is in the

interior of the triangle {x, y, xi}. We color a vertex xi red if we cannot choose
these neighbors.

We can color the vertices x1, x2, . . . , xk in the following way. If there is an
x′

1 ∈ N(x1)−N({x′, y′}), such that x′
1 is in the interior of the triangle {x1, x, y},

we color x1 white, otherwise, we color x1 red. Suppose that xi has been colored for
1 Here we use N({x′, y′}) to indicate the union of the two neighborhoods.
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i ≥ 1. If xi is white, then check if there is a vertex x′
i+1 ∈ N(xi+1)−N({x′, y′})

in the interior of the triangle {x, y, xi+1}. If there is such a vertex then color
xi+1 white. If not, then color xi+1 red.

Now assume xi is red. First check if there are neighbors x′
i ∈ N(xi) −

N({x′, y′}) and x′
i+1 ∈ N(xi+1) − N({x′, y′}) which are non-adjacent, and

which both lie in the interior of the square {x, y, xi, xi+1}. If there are such
neighbors, then color xi+1 white. Otherwise, check if there is a neighbor x′

i ∈
N(xi)−N({x′, y′}) inside the square {x, y, xi, xi+1}. If so, then color xi+1 red.
If this is also not the case, then a maximal independent set containing x′ and y′

and that misses N [x] ∩ N [y] cannot exist. (The modification necessary for the
case i = k is clear.)

Clearly, this test can be performed in polynomial time, and since the cor-
rectness is obvious, we obtain:

Theorem 9. Triangle condition is polynomial for planar graphs.

5 Final Remarks

Let u and v be two twins (true or false) in G (see, e.g., [2]). Then G is a general
partition graph iff G−u is a general partition graph. Also, G satisfies the triangle
condition iff G−u does so [15,1]. Clearly, the class of circle graphs is closed under
adding a new vertex and making it a twin with an existing vertex. We conjecture
that the only non-general partition circle graphs satisfying the triangle condition
are obtained from the graph depicted in Figure 2 by a series of this operation.
This conjecture is true for the case of 10 vertices. (For a list of these graphs
see [1]. It is easy to check which of these 9 graphs with 10 vertices are circle
graphs and which are not. Exactly 4 of them are circle graphs.) Clearly, if the
conjecture is true then it can be tested in polynomial time if a circle graph is a
general partition graph.

We end with the following conjecture:

Conjecture 1. The triangle condition problem is co-NP-complete.
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Abstract. We present new algorithms for finding short cycles (of length
at most 6) in planar graphs. Although there is an O(n) algorithm for
finding any fixed subgraph H in a given n-vertex planar graph [5], the
multiplication constant hidden in “O” notation (which depends on the
size of H) is so high, that it rather cannot be used in practice even when
|V (H)| = 4. Our approach gives faster “practical algorithms” which are
additionally much easier to implement.
As a side-effect of our approach we show that the maximum number of
k-cycles in n-vertex planar graph is Θ(n� k

2 �).

1 Introduction

The subgraph isomorphism problem consists in deciding whether a given graph
G, called “text”, contains another graph H, called “pattern”, as a subgraph. This
is one of the most important and natural problems in the algorithmic graph the-
ory, often arising in applications. In this paper we focus on the situation when
G is planar and we consider one of the most natural class of patterns – cycles.
It is easy to show that such restricted version of the problem is NP-complete,
because of the reduction from the Hamiltonian cycle problem. However, treating
the pattern as a fixed graph one can consider polynomial algorithms. Eppstein [5]
presents a linear algorithm finding any fixed pattern in a planar graph. Unfor-
tunately, for a given w-vertex pattern graph H his algorithm has to generate as
much as O(w3w+9) combinatorial objects. Therefore, in spite of great theoreti-
cal importance, the algorithm of Eppstein cannot be used in practice even for
4-vertex patterns. Thus constructing effective algorithms for particular patterns
is still a challenging research area.

Related Work. The problem of finding cycles of specified lengths in a planar
graphs attracted many researchers. Papadimitriou et al. [9] gave first linear,
but complicated algorithm for finding C3’s. Two simple linear algorithms for
finding triangles were developed by Chiba et al. [3] and Chrobak et al. [4]. The
first of that papers describes also simple linear algorithm for finding C4’s. Both
algorithms from that paper can be also applied to d-degenerate graphs containing
m edges with O(d ·m) time complexity. Richards [10] gave O(n log n) algorithms
� Research supported by KBN grant 4T11C04425
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for finding C5’s and C6’s. Alon et al. presented O(d2 · m) time algorithm for
finding C5 (only one occurrence) in d-degenerate graph of m edges.

Apart from Eppstein’s result [5] there were also a few other algorithms for
finding cycles of arbitrary fixed length in planar graphs. Monien [8] presented an
algorithm working in O(m · n) time for an arbitrary graph containing n vertices
and m edges. Alon et al. designed an algorithm for planar graphs working in
O(n) expected time or O(n log n) worst case time. In our recent paper with
M. Kurowski [7] we presented a data structure answering short paths queries
in planar graphs. The structure can be also adapted to construct a linear time
algorithm for finding cycles of any fixed length. However, similarly as in the
Eppstein’s algorithm, the constant hidden in the asymptotic notation describing
the time complexity of the algorithm is very high.

New Results. We present a new approach to finding short cycles in planar
graphs. We are able to apply our methods to cycles of lengths from 3 to 6.
We obtain algorithms listing all #c occurrences of cycles of a given length in
n-vertex graph in time O(n + #c). Each of the algorithms detects the first cycle
in time O(n). Moreover, the algorithms for cycles of length 3, 4, 5 work also
for d-degenerate graphs. The running time in this case is O(d2 ·m + #c) (resp.
O(d2 ·m) time when we search for only one cycle), where m denotes the number
of edges and #c is the number of cycles.

In section 6 we show how to extend the approach of Chiba and Nishizeki [3]
to the case of 5-cycles obtaining a very simple algorithm. It can be also easily
modified to count 5-cycles in d-degenerate graph of m edges in time O(d2 ·m).
Both our algorithms for finding 5-cycles in d-degenerate graphs match the time
complexity of the algorithm of Alon et al. being much simpler at the same time.

As a side-effect of our approach in section 4 we show that the maximum
number of k-cycles in an n-vertex planar graph is Θ(n� k

2 �). This fact apart from
being interesting combinatorial result is used for time complexity analysis of our
algorithms.

None of our algorithms requires a plane embedding of an input graph.

Applications in Graph Coloring. The problem of finding cycles in planar
graphs is related to classical coloring and list coloring of planar graphs. Decid-
ing whether a given planar graph is 3-colorable or 3-choosable is NP-complete.
Nevertheless, we know that planar graphs without triangles are 3-colorable and
planar graphs without C3’s and C4’s are 3-choosable [11]. Moreover, for any k,
3 ≤ k ≤ 6 an arbitrary planar graph without k-cycles is 4-choosable [6]. Thus, al-
gorithms for finding short cycles in planar graphs allow to recognize wide classes
of 3-colorable, 3-choosable and 4-choosable planar graphs.

Our Approach. We start from transforming an n-vertex input graph G into
new graphs G2 and G3. Each edge in G2 (resp. G3) corresponds to a certain
path of length 2 (resp. 3) in G. Obviously, since the number of all paths of
length 2 in planar graph can be Ω(n2), we have to choose only some of the
paths to guarantee a linear size of E(G2). On the other hand, we cannot lose
information on any cycle that we search for. In the second phase our algorithms
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search for shorter cycles in graphs G2 and G3 or for pairs of internally disjoint
paths corresponding to the same edges in G2 or G3.

2 Preliminaries

We assume the reader is familiar with standard terminology concerning graph
theory and planar graphs in particular. In this section we recall some notions
that are not so widely used.

Let G be an undirected graph. We say that G is d-degenerate when an ar-
bitrary subgraph of G contains a vertex of degree at most d. A directed graph
is said to be k-oriented if its every vertex has the out-degree at most k. If one
can orient edges of graph G obtaining k-oriented graph G′ we say that G is
k-orientable. The arboricity a(G) of graph G is the minimal number of forests
needed to cover all the edges of G. The three defined notions are closely related.
It is easy to show that d = Θ(k) and d = Θ(a(G)). It is also well known that
any planar graph is 5-degenerate, 3-orientable [4] and has arboricity at most 3.

3 Graphs of Paths of Length 2 and 3

Algorithm 1 described below transforms an input graph G into two graphs G2
and G3. The algorithm successively removes vertices of low degrees from graph
G, storing in graphs G2 and G3 information about paths crossing the deleted
vertices. N(v) denotes the set of all neighbors of vertex v in current graph G
and N0(v) denotes the set of neighbors of v in the input graph G. For every edge
added to G2 or G3 we store the corresponding path of length 2 or 3 respectively.
An edge x–y ∈ G2 associated with a path xvy in G is denoted by x v y. Similarly,
x vw y denotes an edge in G3 associated with path xvwy in G. Observe that
several edges joining the same vertices can be added to G2 (resp. G3). The graphs
G2 and G3 are transformed to simple ones in step 12.

Theorem 1. Every cycle in the input graph consists of edge disjoint paths cor-
responding to certain edges in G2 or G3, treated as multigraphs.

Proof. Let G0 denote the input graph. We will show by the induction on the num-
ber of deleted vertices that whenever the algorithm starts or ends the execution
of the while loop every cycle in G0 consists of edge disjoint paths corresponding
to certain edges in G2 or G3 and of edges in the current graph G.

Before any vertex was deleted the invariant is trivially satisfied, since then
G0 = G ∪ G2 ∪ G3. Now we assume that the invariant holds at the beginning
of the while loop (statement 4) and we will show that it is still satisfied at the
end (after statement 11). Let C0 ⊆ G0 be an arbitrary cycle. From the induction
hypothesis there exists a cycle C ⊆ G∪G2∪G3 corresponding to C0 (as a union
of edge disjoint paths). We assume that the vertex v chosen in statement 4 is
incident with an edge v–a ∈ G ∩ C (otherwise C is not affected and there is
nothing to prove). Let b ∈ V (C) be the neighbor of v in C different from a.
There are three cases to consider.
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Algorithm 1 Transforming G to G2 and G3

1: G2 ← ∅
2: G3 ← ∅
3: while G �= ∅ do
4: v ← a vertex with the lowest degree in G
5: for all x ∈ N(v) do
6: for all y ∈ N0(v)−N(v) do
7: G2 ← G2 ∪ {x v y}
8: end for
9: for all v w y ∈ G2 do

10: G3 ← G3 ∪ {x vw y}
11: end for
12: delete the edge v − x from G
13: end for
14: delete the vertex v from G
15: end while
16: Replace multiple edges in G2 and G3 by single ones. For every single edge store all

the paths corresponding to it.

When v–b ∈ G the edge a v b is added to G2 in statement 7. It is clear that
C ′ = C−{v−a, v−b}∪{a v b} corresponds to C0. Similarly when v−b ∈ G2 the
edge a–b is added to G3 in statement 9. Again we see that C ′′ = C−{v−a, v−b}∪
{a− b} corresponds to C0. Finally, when v cd b ∈ G3 the edge a v c is added to
G2 in statement 7. It is easy to observe that both v c d and c d b are in G2. Then
we see that at the end of the while loop C ′′′ = C−{v−a, v cd b}∪{a v c, c d b} ⊆
G ∪G2 ∪G3 corresponds to C0. That ends the proof. ��

Proposition 1. Let G be an arbitrary d-degenerate graph and let G2, G3 be
graphs generated by Algorithm 1. Then at most 2d · |E(G)| paths are stored in
G2, and at most 2d · |E(G2)| paths are stored in G3.

Proof. Consider a path xvy in G corresponding to an edge e in G2. Assume that
in the moment of adding the path to G2, x ∈ N(v) and y ∈ N0(v) −N(v). We
say that the edge v–y generates e. Let us consider an arbitrary edge u–v in graph
G. It generates at most 2d edges in G2. Subsequently, at most 2d · |E(G)| paths
are stored in G2. Similarly, at most 2d · |E(G2)| paths are stored in G3. ��

Corollary 1. Let G be an arbitrary d-degenerate graph and let G2, G3 be
graphs generated by Algorithm 1. Then |E(G2)| ≤ 2d · |E(G)| and |E(G3)| ≤
2d · |E(G2)| ≤ 4d2 · |E(G)|.

Corollary 2. For any d-degenerate graph G, Algorithm 1 can be implemented
to work in time O(d2 · |E(G)|).
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Fig. 1. Drawing edges incident with x.

Proof. It suffices to show that step 12. of the algorithm can be implemented
in linear time. It can be achieved by radix-sorting all the edges of G2 and G3.
Assume that the vertices of G form a linear order. Every edge x− y ∈ G2 with
x < y, corresponding to a path xvy in G, is transformed into the sequence
(x, y, v). All the sequences are sorted in O(|V (G)|+ d · |E(G)|) time using radix-
sort. Then we create the simple graph G2 and for every edge we store the set of
all paths corresponding to it. Similarly we sort all the 3-paths corresponding to
edges in multigraph G3 and we build a simple graph G3. ��

Corollary 3. If G is planar then |E(G2)| ≤ 10|E(G)| and |E(G3)| ≤ 10|E(G2)|.

Lemma 1. For any planar graph G, graph G2 generated by Algorithm 1 is a
union of at most 20 planar graphs.

Proof. In the proof we consider multigraph G2 generated by the algorithm before
the execution of step 12.

Let G = (V, E). It is well known that every planar graph is 4-colorable. Let
K : V −→ {1, 2, 3, 4} be a 4-coloring of G. Let us consider a vertex v of degree
≤ 5 chosen by the algorithm in line 4. We can assign different numbers from set
{1, . . . , 5} to its neighbors. For a neighbor x of v let nov(x) ∈ {1, . . . , 5} denote
its number. We define a partition of G2,

G2 =
⋃

i∈{1,... ,4}
j∈{1,... ,5}

Gi,j
2

in which graph Gi,j
2 contains an edge x v y considered in line 7 of the Algorithm 1

when K(v) = i and nov(x) = j.
Now it suffices to show that each graph Gi,j

2 is planar. Let us take any plane
embedding of G. Consider one of graphs Gi,j

2 . We will show that it has a plane
embedding. Every vertex in Gi,j

2 is embedded in exactly the same point as the
corresponding vertex in G. An edge x− y ∈ Gi,j

2 corresponding to path p = xvy
in G is drawn close to the embedding of p in such a way that for given x, v ∈ V
none of the edges corresponding to paths xvy crosses any other edge (see Fig. 1).
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Fig. 2. Construction of an n-vertex graph containing O(n� k
2 �) k-cycles

Consider an arbitrary edge e = x v y ∈ Gi,j
2 . Assume that e crosses another

edge e′ = x′ v′
y′ ∈ Gi,j

2 . If v = v′ either the edges were drawn in such a
way that they do not cross or the edges cannot belong to the same graph Gi,j

2 .
Subsequently v 	= v′ and it remains to consider the case when v = x′ (the other
ones are symmetric). Then v is adjacent to v′ in G. We see that such a case
cannot happen since v and v′ are assigned different colors implying that both
edges e and e′ cannot belong to Gi,j

2 .
��

Corollary 4. Let G2 be a graph generated by Algorithm 1. Then G2 has ar-
boricity 60, G2 is 60-orientable and 120-degenerate.

4 The Maximum Number of Given Length Cycles

In this short section we show how to use properties of graphs G2 and G3 to prove
the following theorem.

Theorem 2. Let k ≥ 3 be a fixed integer constant. The maximum number of
k-cycles in an n-vertex planar graph is Θ(n� k

2 �).

Proof. We start from the lower bound. We construct an n-vertex planar graph
with Ω(n� k

2 �) cycles of length k as follows. Assume that k is even. We start
from a cycle C of length k

2 . Then each edge u–v of cycle C is replaced by l
paths of length 2 joining u and v. The construction is shown on Fig. 2. Note
that n = (l + 1) · k2 and l = Ω(n). It is clear that the resulting graph has
Ω(l

k
2 ) = Ω(n� k

2 �) cycles of length k as required. When k is odd the construction
is similar. We start from a cycle C of length �k2 � + 1 and we choose an edge
e ∈ C. Every edge except e is replaced by l paths of length 2, as before. The
resulting graph has Ω(l�

k
2 �) = Ω(n� k

2 �) cycles of length k.
The upper bound is an immediate conclusion from Theorem 1 and Proposi-

tion 1. Let G be an arbitrary planar graph. It suffices to observe that a cycle of
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length k in G can consist of at most �k2 � paths of length 2 and 3 stored in G2
and G3. Since there is O(n) such paths (Prop. 1) and every cycle in G consists
of these paths, there can be no more than O(n� k

2 �) cycles of length k in G. ��

5 Finding Cycles of Lengths from 3 to 6

In this section we show how to use graphs G2 and G3 to find short cycles.
Algorithms for cycles of length 3, 4 and 5 apply also to d-degenerate graphs and
have linear complexity, provided that d = O(1). In the algorithm for cycles of
length 6 we need Lemma 1. Therefore this algorithm apply only to planar graphs.
In the rest of the section we assume that we search cycles in d-degenerate graph
G of n vertices and m edges.

5.1 Length 3

As an immediate consequence of Theorem 1 we see that it suffices to find self-
loops in G3. Every such self-loop corresponds to certain cycle in G. The algorithm
works in time O(d2m).

5.2 Length 4

Using Theorem 1 we get that every cycle xvyw of length 4 in G is formed by
two paths xvy and xwy corresponding to certain edge x − y in G2. To find a
cycle of length 4 it suffices to find an edge in G2 that corresponds to more than
one path in G. The algorithm works in time O(d2 ·m).

Similarly, if we want to list all 4-cycles in G it suffices to consider, for every
edge x − y ∈ G2, all pairs of paths corresponding to this edge. The algorithm
works in time O(d2 ·m+#c), where #c denotes the number of C4’s in the graph
(#c = O(n2)).

5.3 Length 5

Theorem 1 implies that every cycle of length 5 in G is formed by two paths
of length 2 and 3 corresponding to certain edges x–y ∈ G2 and x–y ∈ G3
respectively. We can easily compute E(G2) ∩ E(G3) in linear time using radix-
sort. Observe that two paths of length 2 and 3, corresponding to edges x− y ∈
E(G2) and x − y ∈ E(G3) respectively, do not necessarily form a cycle. For a
path xvy of length 2 there can be even Θ(n) paths of length 3 joining x and y
and crossing vertex v. Luckily the following proposition holds:

Proposition 2. Any x-y path of length 3 can internally intersect with at most
2 x-y paths of length 2.
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To find one cycle of length 5, for every edge u-v in G3 and for every path of
length 3 in G corresponding to that edge we check at most 3 paths corresponding
to edge u-v in G2. The time will be O(d2 ·m) due to Proposition 1.

In the case when we want to find all 5-cycles, for every two edges, x-y ∈ G2
and x-y ∈ G3, we check all the pairs of corresponding paths. At most O(d2m)
pairs of paths do not form a cycle. Therefore the algorithm works in time
O(d2m + #c), where #c denotes the number of C5’s in the graph (#c = O(n2)).

It is possible that the algorithm returns one cycle more than once. In order
get rid of unnecessary copies without increasing the time complexity it suffices
to sort the cycles using radix-sort. The cycle C is transformed to a sequence
(v1, v2, v3, v4, v5) such that v1v2 . . . v5 are successive vertices of C, v1 = min V (C)
and v2 = min NC(v1) (NC(v1) denotes the set of neighbors of v1 in C).

5.4 Length 6

In this section we assume that G is an n-vertex planar graph. From Theorem 1
we know that each cycle of length 6 in G is formed either from two paths corre-
sponding to the same edge in G3 or it is formed from 3 paths of length 2 such
that corresponding edges in G2 form a triangle in G2. The algorithm finding
one occurrence of C6 is linear. If we want to list all C6’s our algorithm will
work in time O(n + #c), where #c denotes the number of C6’s in the graph
(#c = O(n3)). In the latter version of algorithm it is possible that the same
cycle is found twice: either as a triple of 2-paths and as two paths corresponding
to the same edge in G3. To have every cycle printed exactly once it suffices to
radix-sort all the cycles found in the last phase of the algorithm, similarly as it
was shown is Section 5.3.

Finding Triangles in G2. Since G2 is O(1)-degenerate (see Corollary 4),
we can use the algorithm from section 5.1 to find all triangles in linear time.
Alternatively we can use any other algorithm finding C3’s in O(1)-degenerate
graphs in linear time, e. g. [3,4]. Subsequently there are O(n) triangles in G2.
For every such triangle we need to find 2-paths corresponding to its edges that
form a 6-cycle in G. Consider a triangle T = v1v2v3 in G2. Observe that we
can ignore 2-paths v1v2v3, v1v3v2, v2v1v3. None of them can be a part of 6-cycle
corresponding to T . All the other 2-paths corresponding to the edges of T will
be called needed. For an edge e in triangle T let Need(e) denote the set of needed
paths corresponding to e. We check the triples of 2-paths using algorithm 2.

Proposition 3. Every O(1) steps Algorithm 2 either returns a 6-cycle or ter-
minates.

Proof. Let T = v1v2v3 be a triangle in G2. Consider needed paths corresponding
to the edges v1-v2 and v2-v3. Let 2-paths v1xv2 and v2yv3 correspond to the edges
v1-v2 and v2-v3 respectively. Assume that the paths are not internally disjoint.
Since they are needed, x = y. Observe that there can be at most 2 pairs of such
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Algorithm 2 Searching for triples of 2-paths that form 6-cycles
1: Sort edges of triangle T so |Need(e1)| ≤ |Need(e2)| ≤ |Need(e3)|.
2: for all p ∈ Need(e1) do
3: for all q ∈ Need(e2) do
4: if p and q are internally disjoint then
5: for all r ∈ Need(e3) do
6: if p, q and r form a 6-cycle in G then
7: Print the cycle.
8: end if
9: end for

10: end if
11: end for
12: end for

paths that are not internally disjoint because every 3 such pairs of paths form
K3,3 in G.

Thus, there can be at most 2 pairs of paths p ∈ Need(e1) and q ∈ Need(e2)
that are not internally disjoint. Consider a pair of internally disjoint paths p
and q checked by the algorithm. We can assume that |Need(e3)| ≥ 3, because
otherwise there would be O(1) triples to check and nothing remains to prove.
Subsequently the algorithm can check at most 2 paths r ∈ Need(e3) that do
not form a 6-cycle with p and q. Thus, when |Need(e3)| ≥ 3, among every 3
successively checked triples of paths at least one forms a cycle. ��

Corollary 5. One can find all 6-cycles in G corresponding to triangles in G2 in
time O(n+#c) where #c denotes the number of all such 6-cycles. The algorithm
finds the first cycle in time O(n).

Checking Paths Corresponding to the Same Edge in G3. Among all k
paths corresponding to one edge in G3 we need to find internally disjoint ones.
If k < 8 there is O(1) possible pairs and we can verify each of them. Otherwise
we need the following proposition:

Proposition 4. Let e be an edge in G3 corresponding to k ≥ 8 different 3-paths
in G. There is an algorithm working in O(k) time which either decides that there
is no pair of paths corresponding to 6-cycle or returns Θ(k) cycles of length 6
and at least two paths such that there is no more cycles containing any of that
paths.

Proof. Assume that there is a cycle C compound of two internally disjoint 3-
paths, p and q, each corresponding to e. Obviously there can be no more that
8 paths corresponding to e that are neither internally disjoint with p nor with
q. For at most 9 paths p1, p2, . . . p9 the algorithm verifies whether they form a
cycle with all the other paths corresponding to e. Thus, after checking at most
9k pairs of paths, the algorithm finds a cycle compound of one of the paths pi
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and a path p. Then for every path r corresponding to e, the algorithm checks
whether r forms a cycle with p. Observe that the total number of cycles found
by the algorithm is at least k− 9 (at least k− 10 paths form a cycle either with
pi or with p). Among these cycles are all the cycles containing paths p1, p2, . . . pi
and p.

In the case when there is no pair of paths corresponding to e that form a
6-cycle, the algorithm checks 9k pairs of cycles and reports that there is no cycle
formed by paths corresponding to e. ��

Corollary 6. There is an algorithm which lists all the cycles formed by paths
corresponding to the same edges in G3. Its time complexity is O(n + #c). The
algorithm finds the first cycle in O(n) time.

5.5 Longer Cycles

From Theorem 1 we see that all cycles of length 7 are formed by two 2-paths and
one 3-path corresponding to edges e1, e2 ∈ G2 and to e3 ∈ G3, respectively. To
find those edges we should search for triangles in graph G2 ∪G3. Unfortunately
we were unable to show that G3 is O(1)-degenerate.

6 Another Algorithm for Finding C5 in Planar Graphs

In this section we show another linear algorithm for finding C5’s in planar graphs.
This algorithm is more simple than the algorithm from section 5. It also seems
to be faster in practice (see Section 7). Another important feature is that the
new algorithm returns each cycle exactly once (additional sorting is not needed).
The algorithm can be easily modified to count the number of 5-cycles in linear
time. We extend the approach of Chiba and Nishizeki [3] to the case of cycles of
length 5. The algorithm is presented below.

Lemma 2 (Chiba, Nishizeki [3]). Let G be a graph of m edges with arboricity
a. Then

∑

u−v∈E
min{d(u), d(v)} ≤ 2am

Proposition 5. Algorithm 3 correctly lists all 5-cycles in d-degenerate n-vertex
graph G in O(d2 · m + #c) time, where #c denotes the number of 5-cycles in
G. Moreover, the algorithm finds first cycle (or reports that there is no one) in
O(d2 ·m) time.

Proof. It is straightforward that for every vertex vi the algorithm lists all the
5-cycles containing vi. This is achieved by finding edges joining vertices distant
by 2 from vi (statement 11). We will focus on the time complexity.



294 �L. Kowalik et al.

Algorithm 3 Listing all cycles of length 5 in d-degenerate graph
1: Direct the edges of G producing d-oriented directed graph G′.
2: Sort the vertices of G in such a way that d(v1) ≥ d(v2) ≥ . . . d(vn).
3: for all v ∈ V do U(v)← ∅
4: for i← 1 to n do
5: {finding all 5-cycles containing vi}
6: for all u ∈ N(vi) do
7: for all w′ ∈ N(u)− {vi} do
8: U(w′)← U(w′) ∪ {u}
9: end for

10: end for
11: for all u ∈ N(vi) do
12: for all w ∈ N(u)− {vi} do
13: for all w → x ∈ E(G′) do
14: if x �= u then
15: for all y ∈ U(x) do
16: if y �∈ {u, w} then
17: Print out the cycle viuwxy.
18: end if
19: end for
20: end if
21: end for
22: end for
23: end for
24: for all w such that U(w) �= ∅ do
25: U(w)← ∅
26: end for
27: Delete vi from G.
28: end for

Statement 1 of the algorithm can be easily implemented to work in linear
time. It suffices to successively choose a vertex v of degree at most d, make the
edges incident with v outgoing from v in G′ and mark them as deleted in G.

Consider a vertex vi and its neighbor u at the beginning of the “for” loop.
Let G0 be the input graph and let G be the current version of G0. Then dG(u) ≤
dG0(u) = min{dG0(u), dG0(v)}. Subsequently, from Lemma 2, the variable w is
assigned at most 4dm times in statement 10 (G has arboricity at most 2d). Since
G′ is d-oriented the variable x is assigned at most 4d2m times (statement 11).
Moreover, among all checked sequences of vertices (v, u, w, x, y) at most 8d2m
sequences does not form a cycle. That ends a proof. ��

Algorithm 3 can be easily adapted to count the number of 5-cycles in linear
time. In this case U(w) will denote the number of 2-paths from vi to w. In
algorithm 3 whenever a 3-path p = vi–u–w → x is found we have to find those
2-paths vi–x stored in U(x) which do not intersect with p (statement 14). We can
easily get rid of this time-consuming fragment. Before checking all the 3-paths
of the form vi–u . . . we decrease the number U(x) for all neighbors of u. As a
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Algorithm 4 Counting cycles of length 5 in d-degenerate graph
1: #c ← 0
2: Direct the edges of G producing d-oriented directed graph G′.
3: Sort the vertices of G in such a way that d(v1) ≥ d(v2) ≥ . . . d(vn).
4: for all v ∈ V do U(v)← 0
5: for i← 1 to n do
6: for all u ∈ N(vi) do
7: for all w′ ∈ N(u)− {vi} do U(w′)← U(w′) + 1
8: end for
9: for all u ∈ N(vi) do

10: for all w ∈ N(u)− {vi} do U(w)← U(w)− 1
11: for all w ∈ N(u)− {vi} do
12: for all w → x ∈ E(G′) do
13: if x �= u then
14: if w → vi ∈ E(G′) or vi → w ∈ E(G′) then
15: #c ← #c + U(x)− 1
16: else
17: #c ← #c + U(x)
18: end if
19: end if
20: end for
21: end for
22: for all w ∈ N(u)− {vi} do U(w)← U(w) + 1
23: end for
24: for all w such that U(w) �= 0 do U(w)← 0
25: Delete vi from G.
26: end for

result, when we find a 3-path p = vi–u–w → x there is exactly U(x) 2-paths
from vi to x that do not intersect with u. Then if w is adjacent to vi exactly
one of these paths intersects p (in vertex w). If w is not adjacent to vi none of
these paths intersects p. Thus in the first case we find U(x)− 1 paths that form
5-cycles with p and in the latter case U(x) ones. See Algorithm 4 for details.

Proposition 6. Algorithm 4 correctly counts cycles of a given n-vertex planar
graph in O(n) time.

7 Experimental Results

Since the motivation of this paper was to give algorithms that can be used in
practice in this section we show some of the experimental results concerning pre-
sented methods. The algorithms were tested on random 105-vertex triangulation
generated by Donald Knuth’s Stanford GraphBase. The computations were done
on a Pentium II 500 MHz computer with 2 GB of memory. Below you can see
time results for almost all the algorithms presented in the paper as well as the
number of cycles found (#c). The algorithm for 6-cycles searches for triangles
in graph G2 using the algorithm by Chiba and Nishizeki [3].
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algorithm C3 C4 C5 C6 C5 counting C5
(Alg. 3) (Alg. 4)

time [s] 28.03 20.70 51.55 93.43 26.94 5.89
#c 201,136 315,333 689,705 2,065,391 689,705 689,705
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Abstract. Seidel’s switching of a vertex in a given graph results in mak-
ing the vertex adjacent to precisely those vertices it was nonadjacent
before, while keeping the rest of the graph unchanged. Two graphs are
called switching equivalent if one can be transformed into the other one
by a sequence of Seidel’s switchings. We consider the computational com-
plexity of deciding if an input graph can be switched into a graph having
a desired graph property. Among other results we show that switching to
a regular graph is NP-complete. The proof is based on an NP-complete
variant of hypergraph bicoloring that we find interesting in its own.

1 Seidel’s Switching

We consider undirected graphs without loops or multiple edges. The vertex set
and the edge set of a graph G are denoted by VG and EG, respectively. Edges
are considered as two-element subsets of the vertex set. A graph is called r-
regular if every vertex has degree r. A bipartite graph is called (k, r)-biregular
if every vertex in one bipartition class has degree k and every vertex in the
other bipartition class has degree r. A hypergraph is a family of subsets (called
hyperedges) of its vertex set. A hypergraph is called k-regular if every vertex
belongs to exactly k hyperedges, and it is called k-uniform if every hyperedge
has size k.

Let G be a graph. Seidel’s switching of a vertex v ∈ VG results in a graph
called S(G, v) whose vertex set is the same as of G and the edge set is the
symmetric difference of EG and the full star centered in v, i.e.,

VS(G,v) = VG

ES(G,v) = (EG \ {xv : x ∈ VG, xv ∈ EG}) ∪ {xv : x ∈ VG, x �= v, xv �∈ EG}.
Graphs G and H are called switching equivalent if G can be transformed into
a graph isomorphic to H by a sequence of Seidel’s switches. It can be easily
� Project LN00A056 supported by the Ministry of Education of the Czech Republic.
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seen that only the parity of the number of times a particular vertex is switched
matters. Denote A ⊆ VG the set of vertices which are switched odd number of
times. The resulting switched graph is then

S(G, A) = (VG, EG ÷ {xy : x ∈ A, y ∈ VG \A}),

and G is switching equivalent to H if and only if H is isomorphic to S(G, A) for
some A ⊆ VG (÷ denoting the symmetric difference of sets).

The concept of Seidel’s switching was introduced by the Dutch mathemati-
cian J.J. Seidel in connection with symmetric structures, often of algebraic flavor,
such as systems of equiangular lines, strongly regular graphs, or the so called
two-graphs. For more structural properties of two-graphs cf. [13,14,15].

Colbourn and Corneil [1] (and independently but later Kratochvil et al. [10])
proved that deciding if two graphs are switching equivalent is an isomorphism
complete problem. This observation can be extended to the fact that deciding
if an input graph is switching equivalent to its complement is also isomorphism
complete [11].

Several authors asked the question of how difficult it is to decide if a given
graph is switching equivalent to a graph having some prescribed property (this
property becomes the parameter of the problem). It was noted in [10], and
later also in [3], that there is no correlation between the complexity of this
problem and the complexity of the property itself. For instance, it is shown
that every graph is switching equivalent to a graph containing a hamiltonian
path, and it is polynomial to decide if a given graph is switching equivalent to
a graph containing a hamiltonian cycle (while both deciding if the graph itself
contains a hamiltonian path or cycle are NP-complete problems). This result
was extended in [2] to graph pancyclicity. Hage et al. further show in [5] that
switching equivalence to Euler graphs and to bipartite graphs are polynomially
solvable problems.

An elegant characterization by forbidden induced subgraphs for the property
“not being perfect” is proven in [7,8]. This characterization yields a polynomial
time decision algorithm. (Equivalently, this provides a characterization of graphs
such that every switching equivalent graph is perfect.) Also graphs such that all
switching equivalent ones contain perfect dominating sets (perfect codes) can
be characterized by a finite set of forbidden induced subgraphs and hence are
recognizable in polynomial time [9].

Another direction is avoiding forbidden induced subgraphs. It is proved in
[10] that deciding if a given input graph can be switched to a P3-free graph (i.e.,
a graph not containing and induced copy of the path on 3 vertices) is polynomi-
ally solvable. This means deciding if the input graph is switching equivalent to
the disjoint union of complete graphs. R. Hayward [6] (and later Hage et al. [5])
showed that deciding switching equivalence to triangle-free graphs is also poly-
nomial. Somewhat surprisingly, this result is a core of the polynomial algorithm
for recognizing P3-structures of graphs [6]. (The H-structure of a graph is the
hypergraph on the same vertex set whose hyperedges are those subsets of vertices
that induce graphs isomorphic to H.) The question of recognizing P3-structures
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was motivated by the class of perfect graphs and P4-structures, since induced
P4’s play an important role for perfectness. Recognition of P4-structures is still
an open problem.

It was also announced (but not proved) in [10] that deciding switching equiv-
alence to a regular graph is NP-complete. Given that recognizing regular graphs
is linear, this result may seem somewhat unexpected. In this paper, we present
a proof significantly simpler than the original (and so far unpublished) one.
The proof is based on NP-hardness of a special hypergraph bicoloring problem
(Theorem 1) which is proven in the next section. We believe that this result is
interesting in its own, also for the consequence of balancing biregular bipartite
graphs. In the last section we conclude with observations on switching to graphs
of bounded minimum degree.

2 Bicoloring Uniform Regular Hypergraphs

Satisfiability of Boolean formulas is considered one of the basic and most useful
(for further consequences) NP-complete problems. Special variants as 3-SAT, 1-
in-3-SAT etc. are known to be NP-complete, and are often used in deriving other
hardness results. A remarkable theorem of Schaefer [12] gives a complete char-
acterization of predicates that determine polynomially solvable or NP-complete
instances. Schaefer, however, does not take into account further regularity re-
quirements on the input formula.

Let us have a closer look at formulas without negative literals. We can view
such a formula as a hypergraph – vertices being the variables and hyperedges
being the clauses. A truth valuation of the variables is then nothing else than
a coloring of the vertices by two colors. A clause is not-all-equal satisfied if and
only if the corresponding hyperedge is colored so that it is not monochromatic
(contains at least one vertex colored true and at least one vertex colored false).
Hence Not-All-Equal-SAT of formulas without negations is exactly the hyper-
graph bicoloring problem, well known to be NP-complete.

Another well known NP-complete problem is 1-in-3-SAT where we require
that every clause (all of which are of size 3) contains exactly one true variable.
In the hypergraph setting this problem asks if the vertices can be colored by two
colors so that every hyperedge contains exactly one vertex colored by a favored
color. In the dual setting this is equivalent to the question if the hyperedges can
be colored by two colors so that every vertex belongs to exactly one hyperedge
of a favored color, ergo, if one can choose a set of hyperedges which cover every
vertex exactly once, the problem known as EXACT COVER. This problem is
NP-complete even if every hyperedge has size 3 and every vertex belongs to
exactly 3 hyperedges [4].

The aim of this section is to further explore regular instances of the hyper-
graph bicoloring problem. Recall that a hypergraph is called q-regular if every
vertex belongs to exactly q hyperedges, and m-uniform if every hyperedge has
size m. Thus the bipartite incidence graph of a q-regular m-uniform hypergraph
is (q, m)-biregular. We say that an m-uniform hypergraph is (k-in-m)-colorable



300 J. Kratochv́ıl

if the vertices can be colored by two colors (say black or white) so that every
hyperedge contains exactly k white vertices. We prove the following result.

Theorem 1. For every q ≥ 3, m ≥ 3 and 1 ≤ k ≤ m − 1, deciding (k-in-m)-
colorability of q-regular m-uniform hypergraphs is NP-complete.

Proof. The case q = 3, k = 1, m = 3 is the variant of EXACT COVER mentioned
above. We use it to show NP-completeness of the case q = 3 (k, m arbitrary).
Assume that we have a 3-regular 3-uniform hypergraph H = (V, E) and we ask
if it is 1-in-3-colorable. Let n = |E| be the number of hyperedges of H. Without
loss of generality we may assume that n is divisible by 3 (if not, we simply reject
H as not 1-in-3-colorable).

First we construct a hypergraph B called a block as follows:

VB = {ai : i = 1, 2, . . . , m− 1} ∪ {x1, x2, x3}

EB = {R1, R2, R3}
where

Ri = (a1, a2, . . . , am−1, xi).

Straightforwardly, if B is (k-in-m)-colored then xi, i = 1, 2, 3 have the same
color, and vice versa, B can be (k-in-m)-colored with all xi’s having the same
color.

Now blocks are combined into chains: Take r = 2
3n(k−1)+2k copies of B, say

Bj , j = 1, 2, . . . , r, with the x vertices denoted by xji , i = 1, 2, 3, j = 1, 2, . . . , r.
Then identify xj1

∼= xj+1
3 , j = 1, 2, . . . , r (counting in subscripts modulo r) and

x2j
2
∼= x2j−1

2 for j = 1, 2, . . . , r2 (note that r is even). These newly created x
vertices must receive the same color in every k-in-m-coloring. Similarly, take
s = 2

3n(m − k − 2) + 2(m − k) copies of B, say Cj , j = 1, 2, . . . , s, with the
x vertices denoted by yji , i = 1, 2, 3, j = 1, 2, . . . , s. Then identify yj1

∼= yj+1
3 ,

j = 1, 2, . . . , s and y2j
2
∼= y2j−1

2 for j = 1, 2, . . . , s2 (note that s is again even).
Again these newly created y vertices must receive the same color in every k-in-
m-coloring. Since each of the x or y vertices is contained in exactly 2 hyperedges
of
⋃r
j=1 Bj ∪⋃sj=1 Cj , we have created n(k − 1) + 3k x-vertices and n(m− k −

2) + 3(m − k) y-vertices. (The a vertices of the blocks Bj , Cj are all mutually
distinct.)

For every hyperedge e ∈ E, add k − 1 distinct x vertices and m − k − 2
distinct y vertices to this edge, thus creating a hyperedge ẽ. Distinct hyperedges
are completed by mutually distinct vertices. From the remaining 3k x-vertices
and 3(m−k) y-vertices, create 3 auxiliary hyperedges A1, A2, A3, each containing
exactly k x-vertices and m− k y-vertices. Denote this hypergraph H̃ = (Ṽ , Ẽ).

Obviously, every hyperedge of Ẽ has exactly m vertices and every vertex of Ṽ
is contained in exactly 3 hyperedges. We claim that (Ṽ , Ẽ) is (k-in-m)-colorable
if and only if (V, E) is (1-in-3)-colorable.
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Suppose φ : Ṽ → {black,white} is a coloring such that in every ẽ ∈ Ẽ there
are exactly k white vertices. Since all x-vertices have the same color, and so do
all the y-vertices, and since A1 should have exactly k white vertices, necessarily
φ(x) =white and φ(y) =black (or possibly φ(x) =black and φ(y) =white when
m = 2k). If φ(x) =white then in every clause ẽ there are exactly k − 1 white
vertices among those added with respect to e, and hence e has exactly 1 white
vertex, i.e., H is (1-in-3)-colorable. (If m = 2k and φ(x) =black then ẽ would
have m − k − 2 = k − 2 white vertices among the new ones, and e would have
to contain exactly 2 white vertices, i.e. (V, E) would be (2-in-3)-colorable, and
hence also (1-in-3)-colorable.)

The opposite implication, i.e., that (Ṽ , Ẽ) is (k-in-m)-colorable provided
(V, E) is (1-in-3)-colorable, is obvious.

For the case of q > 3, we reduce from q = 3. Let H = (V, E) be a hypergraph
with every hyperedge of size m and every vertex occurring in 3 hyperedges. We
construct H ′ = (V ′, E′) by taking q copies of H with vertex v ∈ V called vi in
the i-th copy, for i = 1, 2, . . . , q. Then for each vertex v ∈ V , we add (q−3) copies
of the block B(q), with vertices x1, x2, . . . , xq being identified with v1, v2, . . . , vq

(respectively). The block B(q) has vertices {a1, a2, . . . , am−1, x1, x2, . . . , xq} and
hyperedges ei = {a1, a2, . . . , am−1, xi} for i = 1, 2, . . . , q. Every vertex aj has
degree q, every vertex xj has degree one and in any (k-in-m)-coloring, the ver-
tices x1, x2, . . . , xq receive the same color, and both colors are feasible. This
construction is just the garbage collection, since each copy of H already has
to be (k-in-m)-colored. Now H ′ is q-regular and an (k-in-m)-coloring of H ′ is
obtained by taking the same (k-in-m)-coloring of each copy of H.

Corollary 1. For every q ≥ 3, m ≥ 3 and 1 ≤ k ≤ m− 1, k-in-m-SAT is NP-
complete for formulas without negations with every variable occurring in exactly
q clauses.

Note that the bounds q ≥ 3 and m ≥ 3 are sharp, since the case m = 2 is
a special instance of 2-SAT and hence polynomially solvable, while in the case
of q = 2 the variables can be regarded as edges of an m-regular graph and the
question is equivalent to deciding if an m-regular graph contains a spanning k-
regular subgraph, a problem well known to be polynomially solvable by matching
techniques.

Next we prove an auxiliary result on bipartite graphs which we will use in
the proof of Theorem 2. We say that a graph is balanced if its vertices can be
colored by two colors (say black and white) so that every vertex has the same
number of white and black neighbors (obviously, a necessary condition is that
every vertex has even degree). Deciding if a graph is balanced is a hard problem,
even in a very restricted case.

Proposition 1. For all p, q ≥ 2, it is NP-complete to decide if a (2p, 2q)-
biregular bipartite graph is balanced.
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Proof. Assume first that one of p, q is greater than 2, say q ≥ 3. Consider a q-
regular 2p-uniform hypergraph H as an instance of (p-in-2p)-colorability, which
has been just shown NP-complete. Duplicate every hyperedge, obtaining a 2q-
regular 2p-uniform hypergraph H ′ whose (p-in-2p)-colorability status is the same
as of H. We can color the hyperedges of H white and their duplicates black to
balance the vertices of VH , and hence the incidence graph of H ′ is balanced if
and only if H ′ is (p-in-2p)-colorable.

Also in the case p = q = 2 we reduce from (2-in-4)-colorability of 3-regular
hypergraphs, just the construction is slightly more technical. Given a 3-regular
4-uniform hypergraph H = (V, E), we construct a hypergraph H ′ = (V ′, E′) by
replacing every hyperedge of H by four new hyperedges and four new vertices
as follows:

V ′ = V ∪ {ve : v ∈ e ∈ E}
E′ = {ev : v ∈ e ∈ E}

with the newly introduced hyperedges being

ev = {v} ∪ {xe : x ∈ e, x �= v}.

We claim that H ′ is (2-in-4)-colorable if and only if H is, and that the
hyperedges of H ′ can be bicolored so that every vertex belongs to at least one
hyperedge of each color.
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Fig. 1. Construction of H ′ from H, depicted as the incidence graphs B and B′.

Suppose H is (2-in-4)-colored by a coloring ϕ : V −→ {black, white}. We
extend it to a (2-in-4)-coloring ϕ′ of H ′ by setting

ϕ′(xe) = ϕ′(x) = ϕ(x)
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for every x ∈ e ∈ E. Consider a hyperedge e ∈ E. It has two black and two white
vertices, say e = {u, v, w, z} with ϕ(u) = ϕ(v) = black and ϕ(w) = ϕ(z) = white.
Then ev has two black vertices v, ue and two white vertices we, ze. Similarly for
the other three edges eu, ew, ez.

Next suppose that the vertices of H ′ are bicolored by a bicoloring ϕ so
that every hyperedge has two white and two black vertices. We argue that the
restriction of ϕ to V is a (2-in-4)-coloring of H. Consider a hyperedge e ∈ E,
say again e = {u, v, w, z}. For any three of ue, ve, we, ze, E′ contains a hyperedge
containing all these three vertices, and hence no three of ue, ve, we, ze may have
the same color. It follows that exactly two of ue, ve, we, ze are black and exactly
two are white. But then ϕ(xe) = ϕ(x) for every x ∈ e, and e has two black and
two white vertices as claimed.

Now we show how to color the hyperedges of H ′. Let B = (V ∪E, {xe : x ∈ e ∈
E}) be the bipartite incidence graph of H. We orient the edges of B so that every
V -vertex is incident with at least one ingoing and at least one outgoing edge,
and each E-vertex has indegree and outdegree two. (To find such an orientation,
add to B a dummy vertex adjacent to all V -vertices. This enriched graph has all
vertices of even degrees and hence allows an Eulerian walk. Orienting the edges
along this walk yields an orientation in which every vertex of V ∪E has indegree
and outdegree two.) Color ev ∈ E′ black if the edge ve of B is oriented from v
to e, and color it white otherwise. If e, f, g are the hyperedges of H that contain
a vertex v ∈ V , at least one of the edges ve, vf, vg is oriented out of v and at
least one is oriented toward v, and hence at least one of the hyperedges ev, fv, gv
of H ′ is colored white and at least one is colored black. For the new vertices of
V ′ \V , consider e = {u, v, w, z} ∈ E. Since e has indegree and outdegree two (in
the orientation of B), exactly two of the hyperedges eu, ev, ew, ez are black and
exactly two are white. Thus each of the vertices ve, ue, we, ze is incident with at
least one black and at least one white hyperedge.

Finally we take four disjoint copies of H ′ with corresponding vertices and
hyperedges indexed vi, ei, i = 1, 2, 3, 4, and we add transversal hyperedges

tv = {v1, v2, v3, v4}

for all v ∈ V ′. Obviously, the hypergraph H̃ constructed in this way is 4-regular
and 4-uniform, and hence its bipartite incidence graph B̃ is 4-regular. Since H̃
contains H ′ as an induced subhypergraph, H̃ may be (2-in-4)-colorable only if
H ′ is. On the other hand, using a (2-in-4)-coloring of H ′ on two copies of H ′ and
its reverse on the other two copies gives a (2-in-4)-coloring of H̃. The hyperedges
of H̃ can always be colored so that every vertex is incident with two black and
white hyperedges. Use the same coloring of edges (guaranteed by the previous
claim) on each copy of H ′, and color the transversal hyperedges as forced (e.g.,
if v belongs to two black and one white hyperedge in the coloring of the edges of
H ′, color the transversal hyperedge tv white).

The bipartite incidence graph B̃ of H̃ is then balanced if and only if H is
(2-in-4)-colorable, which concludes the proof.
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Also in Proposition 1 the bounds on p and q are tight. For one can decide
in polynomial time if a (2, 2q)-biregular bipartite graph is balanced for every q.
The neighbors of the vertices of degree 2 can be properly colored if and only if
the graph does not contain a cycle of length 2 modulo 4. And if this is satisfied,
we contract these vertices into edges and decide via matching algorithm if the
resulting 2q-regular graph contains a spanning q-regular subgraph.

3 Complexity of Switching to Regular Graphs

Theorem 2. Deciding if an input graph is switching equivalent to a regular
graph is NP-complete.

The theorem follows directly from Proposition 1 and the following result.

Proposition 2. Let G be a (2p, 2q)-biregular bipartite graph with n > 2(p + q)
vertices. If p �= q, then G is switching equivalent to a regular graph if and only
if G is balanced. The resulting switched graph is then n

2 -regular.

Proof. Let G = (V1 ∪V2, E) be a bipartite (2p, 2q)-biregular graph with biparti-
tion classes V1 and V2, such that degG u = 2p for every u ∈ V1 and degG u = 2q
for every u ∈ V2. Suppose that switching a subset A of vertices of G results in a
D-regular graph. Denote

X = A ∩ V1, Y = A ∩ V2,

Z = V1 \A, W = V2 \A

and
x = |X|, y = |Y |, z = |Z|, w = |W |.

We will refer to X, Y, Z, W as blocks.

Denote by degG(u, S) = |NG(u) ∩ S| the number of neighbors of a vertex u
in a set S. Consider a vertex u ∈ X. Its degree in the switched graph S(G, A)
is degS(G,A)u = degG(u, Y ) + z + w − degG(u, W ) = w + z + 2degG(x, Y )− 2p,
since degG(u, Y ) + degG(u, W ) = 2p. If S(G, A) is D-regular, degG(u, Y ) =
1
2 (D+2p−w−z) and hence all vertices in X have the same number of neighbors
in Y . Similarly for the number of neighbors in W and for vertices in other blocks.
It follows that the partition VG = X ∪Y ∪Z∪W is regular, i.e., any two vertices
from the same block have the same number of neighbors in each other particular
block (adjacency considered in the original graph G). It follows that there exist
numbers a, b, c, d, −p ≤ a, b ≤ p, −q ≤ c, d ≤ q, such that

degG(u, Y ) = p− a, degG(u, W ) = p + a, degG(u, Z) = 0, for u ∈ X,

degG(u, Y ) = p− b, degG(u, W ) = p + b, degG(u, X) = 0, for u ∈ Z,

degG(u, X) = q − c, degG(u, Z) = q + c, degG(u, W ) = 0, for u ∈ Y ,
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degG(u, X) = q − d, degG(u, Z) = q + d, degG(u, Y ) = 0, for u ∈W.

This is illustrated in Figure 2, where the symbol close to each set denotes the
size of the set and the symbol at the beginning of an edge ST close to S denotes
the number of neighbors of a vertex from S in T , with S, T ∈ {X, Y, Z, W}.
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��
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X Y

Z W

x y

wz

p− a q − c

p + b q + d

p + a

p− b q − d

q + c

Fig. 2. Schematic diagram of the regular partition VG = X ∪ Y ∪ Z ∪W .

The subgraph G[X ∪ Y ] is (p − a, q − c)-biregular, and hence (by counting
the number of its edges)

x(p− a) = y(q − c), (1)

and similarly
w(q − d) = x(p + a), (2)

y(q + c) = z(p− b), (3)

z(p + b) = w(q + d). (4)

Multiplying these four equations we get

xyzw(p− a)(p + b)(q + c)(q − d) = xyzw(p + a)(p− b)(q − c)(q + d). (5)

We will show that all four blocks X, Y, Z, W are nonempty, i.e., that we can
divide this equation by xyzw �= 0. But first we list the equations for the degrees
of vertices from each block in the switched graph, which should by assumption
equal D. For instance, for u ∈ X, we have

degS(G,A)u = p− a + z + w − (p + a) = z + w − 2a, (6)

and similarly
u ∈ Y : degS(G,A)u = z + w − 2c, (7)

u ∈ Z : degS(G,A)u = x + y + 2b, (8)

u ∈W : degS(G,A)u = x + y + 2d. (9)

Once we prove that x �= 0 �= y, i.e., that X and Y are nonempty, it will follow
from (6) and (7) that a = c. Similarly, from zw �= 0 will follow that b = d.



306 J. Kratochv́ıl

To prove that xyzw �= 0, assume that one of the blocks is empty. Say X = ∅
(by symmetry, this will cover all cases). Since X ∪ Z = V1, this means that
Z �= ∅. Also Y must be nonempty, since otherwise the switching set A = X ∪ Y
would be empty and the switched graph S(G, A) = G would not be regular.
Hence c = d = q and we deduce from (7,8) that

z + w − 2q = y + 2b. (10)

From (3,4) we get

y =
z(p− b)

2q
, w =

z(p + b)
2q

.

Substituting into (10) yields

z +
z(p + b)

2q
− 2q =

z(p− b)
2q

+ 2b

which implies
(z − 2q)(b + q) = 0.

Now z = 2q implies y + w = 2p and n = |VG| = 2(p + q), contradicting the
assumption of the theorem. Also b = −q leads to a contradiction, since in this
case p + b = p− q �= 0 implies that W �= ∅ and hence (9,8) give b = q.

From now on we will assume without loss of generality that p < q. We further
note that −p < a, b < p. For a = p would imply c = q, which is impossible since
c = a = p < q, while a = −p would imply b = q > p. Similarly, b �= −p, p.

Dividing (5) by xyzw and using the fact that c = a and d = b we get

(p− a)(p + b)(q + a)(q − b) = (p + a)(p− b)(q − a)(q + b)

which yields
(p− a)(q + a)
(p + a)(q − a)

=
(p− b)(q + b)
(p + b)(q − b)

.

Consider the function f(b) = (p−b)(q+b)
(p+b)(q−b) as a function of b. Its derivative is

f ′(b) =
2(p− q)(pq + b2)
(p + b)2(q − b)2

< 0

and so f(b) is decreasing in the interval (−p, q). Hence b = a is the only solution
of f(a) = f(b) in the interval b ∈ (−p, p).

Therefore, (1–4) yield

y = x
p− a

q − a
, z = x

q + a

q − a
, w = x

p + a

q − a

and substituting these into

w + z − x− y = 4a
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(which is obtained by comparing (7) and (8)) gives

4a(x− q + a) = 0.

Now x = q − a would imply y = p − a, z = q + a and w = p + a, hence
n = x+y +z +w = 2(p+q) contradicting the assumption. Thus we derive a = 0
as the only possibility, yielding

degG(u, A) = degG(u, VG \A) = p for every u ∈ V1 = X ∪ Z

and
degG(u, A) = degG(u, VG \A) = q for every u ∈ V2 = Y ∪W.

This shows that G is balanced by coloring the vertices of A white and the vertices
of VG \A black.

On the other hand, if G is balanced by a coloring φ : VG → {black, white},
then switching the set of white vertices yields an n

2 -regular graph. To see this,
denote A = {u ∈ VG : φ(u) = white} and set X = A ∩ V1, Y = A ∩ V2, Z =
V1 \ A, W = V2 \ A. Since G[X ∪ Y ] and G[Z ∪ Y ] are both (p, q)-biregular,
we have p|X| = q|Y | = p|Z| and hence |X| = |Z|. Similarly, |Y | = |W |. For any
vertex u ∈ X, we have degS(G,A)u = p + |Z|+ |W | − p = |Z|+ |W | = |VG|

2 , and

by symmetry, degS(G,A)u = |VG|
2 for every u ∈ VG.

4 Switching to Graphs of Bounded Minimum Degree

One can easily see that for every fixed k, one can decide switchability to a
k-regular graph in polynomial time. We frame this fact in a more general obser-
vation.

Proposition 3. Let A be an isomorphism-closed class of graphs such that every
graph of A contains a vertex of degree at most k, for some fixed number k. If A
can be recognized in polynomial time, then it can also be decided in polynomial
time if an input graph is switching equivalent to a graph belonging to A. More
precisely, this can be decided in time O(nk+3p(n)), where p(n) is the worst case
time complexity of recognizing graphs of A.

Proof. If the input graph is switched to a graph of A, one of its vertices is
switched to a vertex of degree at most k. There are n possible choices of which
vertex will this be. For each such vertex, there are 1+(n−1)+

(
n−1

2

)
+. . .+

(
n−1
k

)
=

O(nk) possible sets of at most k neighbors for that vertex (in the switched graph).
So for each vertex u and for every choice of a set S of at most k other vertices, we
switch the set NG(u)÷S and check if the resulting graph is in A. Each switching
can only affect O(n2) edges, hence the upper bound.

Corollary 2. Switching equivalence to a tree, acyclic graph, planar graph, out-
erplanar graph, graph of bounded genus, graph of bounded tree-width, k-regular
graph (for fixed k) are all polynomially decidable problems.
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One can argue about the necessity of the assumption that graphs of A are
polynomial time recognizable as follows. It is NP-complete to decide if an input
graph of maximum degree 4 is 3-colorable. For any graph G, the disjoint union
of G and a triangle is switchable to a 3-colorable graph if and only if G itself is
3-colorable. Hence deciding if an input graph is switchable to a 3-colorable graph
of maximum degree at most 4 (as well as deciding switchability to 3-colorable
graphs) is NP-complete.
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Abstract. We give a polynomial time algorithm to compute a minimum (weight)
feedback vertex set for AT-free graphs, and extending this approach we obtain a
polynomial time algorithm for graphs of bounded asteroidal number.
We also present an O(nm2) algorithm to compute a longest induced path in AT-
free graphs.

1 Introduction

A feedback vertex set (fvs) of an undirected graph G = (V, E) is a set W containing at
least one vertex of each cycle of G. Hence W ⊆ V is a feedback vertex set of G = (V, E)
if and only if G−W is a forest. The feedback vertex set (FVS) problem is, given a
graph G and an integer k, whether G contains a feedback vertex set of size at most k.

An induced path P = (W,F ) of a graph G is a tree G[W ] = P of maximum degree
two. The longest induced path (LIP) problem asks whether the input graph contains
an induced path of given length.

Both FVS and LIP are NP-complete [11]. Both problems are definable in a logical
language called LinEMSOL(τ1,L). Thus their weighted versions are linear time solvable
on graphs of bounded clique-width [9]. Hence both problems are linear-time solvable
for graphs of bounded treewidth, cographs, distance-hereditary graphs, etc.

There are very few papers on algorithms for LIP. A very interesting one by Gavril
studies the weighted version of LIP and obtains polynomial time algorithms for various
graph classes among them k-bounded hole families of graphs, interval-filament graphs,
polygon-circle graphs, circle graphs and circular-arc graphs [12].

On the contrary, there is a lot of research on algorithms for FVS. The problem is fixed-
parameter tractable [10]. There has been a series of papers on approximation algorithms
on minimum (weight) FVS resulting in a 2-approximation algorithm for minimum weight
FVS [1]. Clearly FVS had been and still is a benchmark covering problem. It is also
important since FVS approximation algorithms are used as subroutines in approximation
algorithms for other typically network analysis problems. See e.g. [14] where a PTAS
for FVS on planar graphs is constructed as a by-product.

Concerning the complexity of FVS on special graph classes the following is known.
FVS is NP-complete for bipartite and for planar graphs. A minimum (weight) fvs can
be computed by a polynomial time algorithm for interval graphs (O(n + m)) [18],

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 309–321, 2003.
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permutation graphs (O(nm)) [16], cocomparability graphs (O(n2m)) [17] and convex
bipartite graphs (O(n2m)) [17]. Furthermore FVS is mentioned as polynomial time
solvable for chordal graphs and circular-arc graphs in [19]. J. Spinrad points out in [19]
that the complexity of FVS on AT-free graphs in unknown.

Three independent vertices form an asteroidal triple (AT for short) if any two of
them are connected by a path avoiding the neighbourhood of the third vertex. Graphs
without asteroidal triples are called AT-free. AT-free graphs contain cocomparability
graphs, permutation graphs and interval graphs. In an important paper Corneil, Olariu
and Stewart were the first to study structural properties of AT-free graphs [8]. In the
last ten years various papers on the complexity of NP-complete problems for AT-free
graphs have been published (see e.g. [5,6,7,15]). Inspecting their results one finds out
that there are LinEMSOL(τ1,L)-definable problems that remain NP-complete on AT-
free graphs. clique is NP-complete on AT-free graphs [6] and minimum dominating
clique remains NP-complete even on cocomparability graphs [3]. This provides another
motivation to study FVS on AT-free graphs.

Our paper is organised as follows. In Section 2 we summarise the main ingredients
of an approach developed in [6] to design polynomial time algorithms for problems on
AT-free graphs (see also [5,7]). In Section 3 we demonstrate the approach for LIP on AT-
free graphs (which is much easier than for FVS) and obtain anO(nm2) time algorithm.
In Section 4 we present a polynomial time algorithm for FVS on AT-free graphs. In
Section 5 we show how to extend the approach to graphs of bounded asteroidal number
and we obtain a polynomial time algorithm for FVS.

2 Preliminaries

We use standard graph theory notation throughout. For nonadjacent vertices u and v
we denote by CG(u, v) the connected component of G − N [v] containing u. As usual
we omit the index if this does not cause confusion. By a connected component we
mean a maximal connected induced subgraph of a graph. Thus we denote a connected
component of a graph G with vertex set C by G[C]. Note that w ∈ C(u, v) if and only
if u ∈ C(w, v). Using this notation, the vertices u, v and w form an AT if and only if
u ∈ C(v, w), v ∈ C(w, u) and w ∈ C(u, v).

2.1 Blocks and Intervals

Let G = (V, E) be a connected graph and v ∈ V . The pair (v, C) is called a block of G
if G[C] is a connected component of G−N [v]. Thus removing a closed neighbourhood
N [v] for some vertex v from a graph G this graph decomposes into the connected
components of G−N [v] and it also decomposes into blocks.

Let u and v be two nonadjacent vertices of G and let B = C(v, w) ∩ C(w, v). The
triple (v, B, u) is called an interval of G. Obviously (v, B, u) is an interval if and only
if (u, B, v) is an interval. Notice that B may be empty.

Removing a closed neighbourhood from a block decomposes it into blocks and
exactly one interval. Formally, consider a block (v, C) and let u ∈ C. Removing N [u]
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Fig. 1. Blocks and intervals

from G[C] partitions C into B, C1, . . . , Cp, where (v, B, u) is an interval and (u, Ci)
are blocks of G (see Figure 1).

The LIP and FVS problems are solved by dynamic programming on blocks.

2.2 Representing Neighbourhoods

Definition 1. Consider a vertex v of the graph G and let S be an independent set
contained in N(v). We say that a set R ⊆ S is a representation of S w.r.t. v if N(S) \
N(v) = N(R) \N(v) and R is of minimum size for this property.

The following lemma shows that in AT-free graphs, each representation of an inde-
pendent set S ⊆ N(v) contains at most four vertices.

Lemma 1. Let G[C] be a connected component of G −N [v] where G = (V, E) is an
AT-free graph, v ∈ V and C ⊂ V . The neighbourhood of an independent set S ⊆ N(v)
in C can be represented by a subset of size at most two, i.e. there is a set RC ⊆ S
with |RC | � 2 and N(RC) ∩ C = N(S) ∩ C. The outside neighbourhood of S can be
represented by a subset of size at most four, i.e. there is a set R ⊆ S with |R| � 4 and
N(R) \N(v) = N(S) \N(v).

Proof. We consider three pairwise nonadjacent vertices r, s, t ∈ N(v) with private
neighbours a, b, c ∈ C. That is, a ∈ (C ∩ N(r)) \ (N(s) ∪ N(t)), b ∈ (C ∩ N(s)) \
(N(r) ∪ N(t)) and c ∈ (C ∩ N(t)) \ (N(r) ∪ N(s)). If a, b and c induce a triangle
in G then r, s and t form an AT of G—a contradiction. Otherwise let ab /∈ E. Now
a, b and v form an AT of G because G[C] is connected—a contradiction again. Hence
an independent triple of vertices in N(v) cannot have private neighbours in the same
component of G−N [v].

Next let a, b and c be vertices in three different connected components of G−N [v]
having private neighbours r, s, t ∈ S. That is r ∈ (S ∩ N(a)) \ (N(b) ∪ N(c)), s ∈
(S ∩N(b)) \ (N(a)∪N(c)) and t ∈ (S ∩N(c)) \ (N(a)∪N(b)). Clearly {a, b, c} is
an independent set of G and hence these vertices form an AT of G. Since G is AT-free
at most two components of G − N [v] contain vertices having private neighbours in
N(v). ��
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3 Longest Induced Path

3.1 Analysis

Lemma 2. Let P = (W, F ) be an induced path of an AT-free graph G. Then for every
vertex v ∈W and every component G[C] of G−N [v] the graph P [C] is connected.

Proof. Conversely, let (t, u, v, w, x) be a subpath of P with t, x ∈ C. Since P is induced
the vertices t and x are non-adjacent. Since G[C] is connected there is a path in G[C]
joining t and x. This is, t, v and x form an AT of G—a contradiction. ��

Thus any longest induced path passing through v will enter at most two blocks
(v, C) and (v, C ′), each of them at most once. Let �(u, v, w, x) denote the length of a
longest induced path (u, v, w, x, . . . ) in G[N [v]∪C(x, v)]. These values represent partial
solutions for the block (v, C(x, v)) of G. Note that we store several partial solutions for
each block (v, C), namely the longest extensions of all possible paths (u, v, w).

By Pl(G) we denote the set of induced paths of length l in G and define

lip(G) = max{l : Pl(G) �= ∅} .

If G = (V, E) contains at least one path of length three the values �(u, v, w, x) fulfil the
following recursion for all (u, v, w, x) ∈ P3(G).

�(u, v, w, x)

=






3 if there is no y ∈ C(x, v) such that (u, v, w, x, y) ∈ P4(G)
1 + max{�(v, w, x, y) :

y ∈ C(x, v), u /∈ C(y, w), (u, v, w, x, y) ∈ P4(G)} otherwise
(1)

lip(G) = max{�(u, v, w, x) : (u, v, w, x) ∈ P3(G)} (2)

3.2 Algorithm

The above recurrence translates to the following recursive algorithm on G = (V, E).

Step 1 Compute P3(G). If P3(G) = ∅ then if E = ∅ then lip(G) = 0 else if each
component of G is complete then lip(G) = 1 else lip(G) = 2.

Step 2 Create a list of all blocks (v, C) of G and sort by |C|.
Step 3 For each block (v, C) and each (u, v, w, x) ∈ P3(G) with x ∈ C compute

�(u, v, w, x) according to Equation (1) using the values �(v, w, x, y) computed
earlier in this step.

Step 4 Determine lip(G) by Equation (2) using the values �(u, v, w, x) computed in
step 3.

Theorem 1. There is an O(nm2) algorithm to compute the maximum length of an
induced path in AT-free graphs.



Feedback Vertex Set and Longest Induced Path on AT-Free Graphs 313

Proof. First we show that our algorithm indeed computes lip(G)for every graph G =
(V, E). This is obviously true if P3(G) = ∅. We can modify our algorithm such that
it stores a path (u, v, w, x, . . . ) of length �(u, v, w, x) for each such value computed.
If one of these paths is not an induced one it contains a subpath corresponding to an
induced cycle. The shortest such cycle has length at most 5 because longer induced
cycles contain ATs. But in Equation (1) we check that every sequence of five consecutive
vertices induces a path and not a cycle. Hence G contains an induced path of length l if
our algorithm computes lip(G) = l.

Now let (t, u, v, w, x) be a subpath of any induced path in G. By Lemma 2 the
vertices t and x belong to different connected components of G−N [v]. In other words,
our algorithm detects a longest induced path in G.

It remains to bound the running time. As usual let n = |V | and m = |E|.
Step 1 For each pair of edges vw, xy ∈ E we check whether (v, w, x, y) ∈ P3(G).

This can be done in O(m2) time.
Step 2 The number of blocks isO(n2) and for fixed v we find all blocks (v, C) in time

O(n + m). Hence this step needs time O(nm + n2).
Step 3 Here we compute O(m2) values �(u, v, w, x). For each one we minimise over

O(n) vertices y. Consequently this step takes O(nm2) time.
Step 4 In the last step we minimise over all (u, v, w, x) ∈ P3(G) in O(m2) time.

Hence the overall running time can be bounded by O(nm2). ��
Gavril [12] considers maximum weighted induced paths in graphs in so-called k-

bounded hole families (k-chordal graphs in [2]). For k = 5 (AT-free graphs are a 5-
bounded hole family) the running time of his algorithm can be bounded by O(nm3).
Our algorithm can be modified to run on vertex weighted graphs without slowdown. Thus
a maximum weight induced path on AT-free graphs can be computed by an O(nm2)
time algorithm.

4 Feedback Vertex Set

4.1 Analysis

Let
fvs(G) = min{|W | : G−W is a forest} (3)

and let K be a set of vertices inducing a forest in the graph G. For a fixed vertex v ∈ K,
denote by L the set of leaves of G[K] contained in N(v) and let R′ = K ∩N(v) \ L.
Note that in the forest G[K] every vertex in L is adjacent to v only and every vertex in
R′ is adjacent to v and at least one vertex outside N [v]. Let R be a representation of L
w.r.t. v. The triple (v, R, R′) we call a local map of K. In the example of Figure 2, the
forest K is represented by a bold line. The triple (v, {b, d}, {g}) is a local map of K.

Lemma 3. Let (v, R, R′) be a local map of K 	 v inducing a forest G[K] in a graph
G that might as well contain ATs. The following conditions hold:
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1. R ∪R′ ⊆ N(v);
2. R ∪R′ is an independent set of G;
3. N(x) \N(v) ⊂ N(x′) \N(v) implies x ∈ R and x′ ∈ R′ for all x, x′ ∈ R ∪R′;
4. If G is AT-free then |R ∪R′| � 4.

Proof. Condition 1 follows directly from the definition.
Conversely, if G[R ∪ R′] contains an edge xy, then x, y and v would form a cycle

in G[K]. This implies Condition 2.
For Condition 3, firstly notice that if x, x′ ∈ R and N(x) \N(v) ⊂ N(x′) \N(v)

then N(R\{x})\N(v) = N(R)\N(v), contradicting the fact that R is a representation
of (K ∩ N(v)) \ R′ w.r.t. v. Suppose now that x ∈ R′ and x ∈ R ∪ R′. Let z be a
neighbour of x in K \N [v]. Then z is adjacent to x′ too, so v, x, z and x′ induce a cycle
in G[K]. Condition 3 follows.

Finally we consider Condition 4. Lemma 1 implies |R| � 4 and |R′| � 2, hence
|R ∪R′| � 6. The proof of |R ∪R′| � 4 is omitted here due to space restrictions. ��

A triple (v, R, R′) is called local map of G if it satisfies the conditions of Lemma 3.
The set of all local maps of G is denoted byR(G) or simplyR.

Definition 2. Let (v, R, R′) be a local map of G = (V, E). We say that K ⊆ V is
compatible with (v, R, R′) if

• G[K] is a forest;
• {v} ∪R ∪R′ ⊆ K;
• Every internal vertex x ∈ N(v) of G[K] belongs to R′;
• R is a representation of (K ∩N(v)) \R′, w.r.t. v.

Let K(v, R, R′) denote the set of all sets K compatible with (v, R, R′).

a b v

c

f

h kg

d e

Fig. 2. Local maps

In particular, K must contain the star induced by v, R and R′, and the only vertices
of K ∩ N(v) which may have a neighbour in K \ N [v] are the elements of R′. We
point out that the vertices of R′ are not required to have neighbours in K \N [v], they
are just the only ones that may have neighbours in K \N [v]. In Figure 2, the forest K
is compatible with both (v, {b, d}, {g}) and (v, {d}, {b, g}). The former is a local map
of the forest K ∪ {a}. In other words, every induced forest containing the vertex v is
compatible with its local map (v, R, R′), but some vertices in R′ might be leaves of
another forest compatible with (v, R, R′).

Our algorithm will compute, for each local map (v, R, R′) and for each block (v, C),
the largest forest contained inN [v]∪C, compatible with (v, R, R′). The following lemma
shows in particular that it suffices to compute forests K1, K2 ∈ K(v, R, R′) such that
K1 ∩N(v) and K2 ∩ C be of maximum size.
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Lemma 4. Let K1, K2 ⊆ V be compatible with (v, R, R′) ∈ R(G). For any block
(v, C) of G, K3 = (K1 \ C) ∪ (K2 ∩ C) is compatible with (v, R, R′).

Proof. We only show that K3 induces a forest in G because the other condition is
obviously fulfilled. Conversely let Z ⊆ K3 induce a shortest cycle in G[K3]. Clearly
Z ∩ C �= ∅ and Z ∩ N [v] �= ∅. Let (a, x1, . . . , xp, b) be a subpath of Z such that
xi ∈ C,∀i, 1 � i � p and a, b ∈ N(v) (possibly a = b). Since a, b ∈ K1 ∩C, there is a
vertex a′ (resp. b′) of R ∪R′ such that x1 ∈ N(a′) (resp. xp ∈ N(b′)). If a′ = b′, then
(a′, x1, . . . , xp) is a cycle of G, else (v, a′, x1, . . . , xp, b

′) is a cycle of G, contradicting
the fact that v, a′, b′, x1, . . . , xp ∈ K2 and G[K2] is acyclic. ��

Lemma 5. Let (v, B, w) be an interval of G = (V, E) and let Kv, Kw ⊆ V be
compatible with (v, R, R′), (w, Q, Q′) ∈ R(G), respectively. Then K = (Kv \
C(w, v)) ∪ (Kw \ C(v, w)) is compatible with both (v, R, R′) and (w, Q, Q′) if
K0 = {v, w} ∪R ∪R′ ∪Q ∪Q′ is compatible with both local maps.

Proof. We assume K0 ∈ K = K(v, R, R′) ∩K(w, Q, Q′). Observe that Kw ∩N(v) ∩
N(w) = Kv ∩N(v) ∩N(w) = R′ ∩Q′.

Firstly, we show that K ′
v = (Kv \C(w, v))∪K0 is compatible with both (v, R, R′)

and (w, Q, Q′). By applying Lemma 4 to the block (v, C(w, v)), with K1 = Kv and
K2 = K0, we obtain that K ′

v ∈ K(v, R, R′). Since K ′
v ⊆ Kv ∈ K(w, Q, Q′) and

K ′
v contains {w} ∪ Q ∪ Q′, we have K ′

v ∈ K(w, Q, Q′). For similar reasons, K ′
w =

(Kw \ C(v, w)) ∪K0 ∈ K.
We apply Lemma 4 to the block (v, C(w, v)), with K1 = K ′

v and K2 = K ′
w

and obtain that K ∈ K(v, R, R′). By Lemma 4 again, applied to (w, C(v, w)) with
K1 = K ′

w and K2 = K ′
v , we conclude that K ∈ K(w, Q, Q′). ��

4.2 Synthesis

Let (v, C) be a block of an AT-free graph G = (V, E), (v, R, R′) ∈ R(G) and F ⊆ V .
We define

start(v, R, R′) = max
K∈K(v,R,R′)

|K ∩N [v]| , (4)

branch(v, R, R′, C) = max
K∈K(v,R,R′)

|K ∩ C| , (5)

accum(F, v, R, R′) =
∑

(v,C) is block
C∩F=∅

branch(v, R, R′, C) . (6)

Then
fvs(G) = |V | − max

(v,R,R′)∈R(G)

(
start(v, R, R′) + accum(∅, v, R, R′)

)
(7)

follows directly from Equations (3–6) and Lemma 4.
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4.3 Computing start

As usual α(G) denotes the maximum size of an independent set S ⊆ V of G = (V, E).
For a local map (v, R, R′) of G we define

Inf(v, R, R′) = {x ∈ N(v) : N(x) \N(v) ⊆ N(R)} \ (N(R) ∪N(R′)) . (8)

Lemma 6.
start(v, R, R′) = 1 + |R ∪R′|+ α(G[Inf(v, R, R′)]) (9)

holds for all local maps (v, R, R′) ∈ R(G).

Proof. Let S be a maximum independent set of G[Inf(v, R, R′)]. Then R ∪ R′ is an
independent set by definition of a local map, and R ∪ R′ ∪ S is an independent set by
Equation (8). Hence {v}∪R∪R′∪S ∈ K(v, R, R′) and we conclude start(v, R, R′) �
1 + |R ∪R′|+ α(G[Inf(v, R, R′)]).

On the other hand we have {v} ∪R∪R′ ⊆ K by Definition 2 and |K \ ({v} ∪R∪
R′)| � |S| for any K ∈ K(v, R, R′) by Definition 2 again and our choice of the set S.
This implies start(v, R, R′) � 1 + |R ∪R′|+ α(G[Inf(v, R, R′)]). ��

4.4 Computing branch

Lemma 7. Let K induce a forest in an AT-free graph G. Consider a vertex v ∈ K and
a block (v, C) such that K ∩ C �= ∅. Then there is a vertex w ∈ K ∩ C such that
K ∩B = ∅ for the interval (v, B, w).

Proof. Let w be any vertex in K ∩C and assume u ∈ K ∩B. By an inductive argument
it suffices to show A ∪ N [u] ⊆ B ∪ N [w] and w /∈ A ∪ N [v] where (v, A, u) is an
interval. The inclusion follows from u ∈ B and w ∈ A ∪ N [u] would imply that u, v
and w form an AT of G. ��

Lemma 8. For every block (v, C) of an AT-free graph G and all (v, R, R′) ∈ R(G) we
have

branch(v, R, R′, C)

= max
w∈C and

{v,w}∪R∪R′∪Q∪Q′∈
K(v,R,R′)∩K(w,Q,Q′)

(
start(w, Q, Q′)− |R′ ∩ S′|+ accum({v}, w, Q, Q′)

)
(10)

where (w, Q, Q′) ∈ R(G) and branch(v, R, R′, C) = 0 if there is no suitable local
map (w, Q, Q′) exists for any vertex w ∈ C.

Proof. Let K induce a forest in G that is compatible with (v, R, R′). By Lemma 7
there is a vertex w ∈ C such that the interval between v and w does not contain
vertices in K. Let (w, Q, Q′) be the corresponding local map of K. For each component
G[D] of G −N [v] we have |K ∩D| � branch(w, Q, Q′) by Equation (5). Summing
these values up for all D �	 v we obtain |K ∩ ⋃D ��v D| � accum({v}, w, Q, Q′).
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Moreover Equation (4) implies |K ∩N [w]\N [v]| � start(w, Q, Q′)−|R′∩S′|. Since
the interval between v and w does not contain vertices in K it follows |K ∩ C| �
max

(
start(w, Q, Q′)− |R′ ∩ S′|+ accum({v}, w, Q, Q′)

)
.

The other way around, let the max in Equation (10) be attained for w ∈ C and
the local map (w, Q, Q′). For each block (w, D) with v /∈ D let KD ∈ K(w, Q, Q′)
be a subset of D such that |KD| = branch(w, Q, Q′, D), Kw ∈ K(w, Q, Q′) be a
subset of N [w] with |Kw| = start(w, Q, Q′) and Kv ∈ K(v, R, R′) be a subset of
N [v] with |Kv| = start(v, R, R′). Then by Lemmas 4 and 5 the set Kv ∪ Kw is
compatible with (v, R, R′) and (w, Q, Q′) and hence K = Kv ∪ Kw ∪

⋃
D ��v KD is

compatible with (v, R, R′) and fulfils |K ∩ C| = max
(
start(w, Q, Q′)− |R′ ∩ S′|+

accum({v}, w, Q, Q′)
)
. ��

4.5 Algorithm

Our algorithm computes fvs(G) for AT-free graphs G as follows:

Step 1 For all (v, R, R′) ∈ R(G) compute start(v, R, R′) using Equation (9)
Step 2 Create a list of all blocks (v, C) of G and sort by |C|
Step 3 For each block (v, C) and each local map (v, R, R′) find branch(v, R, R′, C)

according to Equations (10) and (6) using the values start(w, Q, Q′) computed
in step 1 and values branch(w, Q, Q′, D) computed earlier in this step.

Step 4 Compute fvs(G) by Equations (7) and (6) using the values branch(v, R, R′, C)
computed in step 3

Theorem 2. There is anO(n8m2) algorithm to compute the minimum size of a feedback
vertex set in AT-free graphs.

Proof. The correctness of this algorithm follows from Lemmas 6 and 8. We analyse the
running time for an input G = (V, E) where n = |V |, m = |E| and nv is the degree
dG(v) of v ∈ V .

Step 1 For each (v, R, R′) ∈ R we have |R ∪ R′| � 4, see Condition 4 in Lemma 3.
Hence we haveO(n4

v) local maps for each v ∈ V . This adds up to |R| = O(n3m)
because

∑
v∈V nv = 2m.

We compute α(G[Inf(v, R, R′)]) in time O(n3
v) time because G is AT-free [15].

So the total time for this step is O(n6m).
Step 2 The number of blocks isO(n2) and for fixed v we find all blocks (v, C) in time

O(n + m). Hence this step needs time O(nm + n2).
Step 3 Here we compute O(n4m) values branch(v, R, R′, C). For each one we min-

imise overO(n3m) local maps (w, Q, Q′). Since |Q∪Q′| � 4 we look up a single
value start(w, Q, Q′) or branch(w, Q, Q′, D) in constant time. Consequently
this step takes O(n8m2) time.

Step 4 The last step is similar to step 3 and takes time O(n7m2).

Hence the overall running time can be bounded by O(n8m2). ��
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5 Feedback Vertex Set in Graphs with Bounded Asteroidal
Number

The following definition from [13] generalises asteroidal triples.

Definition 3. An independent set A of G is called asteroidal set if for every vertex a ∈ A
there is a connected component G[C] of G−N [a] such that A\{a} ⊆ C. The asteroidal
number of G, denoted by an(G), is the maximum cardinality of an asteroidal set of G.

It is easy to see that an independent set is asteroidal if and only if each three-element
subset forms an AT. The following Ramsey-type lemma will be used in the proof of
Lemma 10.

Lemma 9. Each graph on more than 2k3 vertices has k + 1 pairwise nonadjacent
vertices or a 2-connected subgraph on k + 1 vertices.

Proof. Let G = (V, E) be any graph on |V | > 2k3 vertices that has no 2-connected
subgraph on k + 1 vertices. By B we denote the set of all subsets B ⊆ V such that
G[B] is a maximal subgraph of G without cut vertex. Two different sets A, B ∈ B
are either disjoint or their intersection contains just one cut vertex of G. Clearly |B| �
�(2k3 + 1)/k� = 2k2 + 1. The set of cut vetices of G is denoted by C. We construct the
forest T = (B, C, F ) with {B, c} ∈ F if c ∈ B [20]. If T contains k + 1 leaves we can
choose a vertex from each leaf. These vertices form an independent set of G.

Otherwise we fix B0 ∈ B and partition B into layers Li = {B : dT (B0, B) = 2i},
i � 0. Since T has at most k leaves we have |Li| � k for all i. Hence there are more
than 2k nonempty layers and T has a path containing at least 2k + 1 nodes in B. Finally
we choose a vertex from every other node in B on this path. This can easily be done such
that these vertices form an independent set of G. ��

Lemma 10. For all vertices v of graph G with an(G) � k every independent set
S ⊆ N(v) has a representation of size at most 2k3.

Proof. Conversely assume that S is an independent set containing more than 2k3 vertices
such that S is its own representation. Then every vertex s ∈ S has a private neighbour
t ∈ N(s) \ (N(v) ∪ ⋃s′∈S\{s} N(s′)). Let T be the set of these private neighbours.
Since |T | = |S| > 2k3 the Lemma 9 ensures that G[T ] contains an independent set T ′

with |T ′| = k + 1 or a 2-connected subgraph G[C] on k + 1 vertices. In the latter case
let S′ ⊆ S be the set of private neighbours of C. In both cases T ′ and S′, respectively,
form an asteroidal set of G contradicting an(G) � k. ��

Here we generalise our approach in Section 4 to graphs of bounded asteroidal number.
First we reconsider Lemma 3. Let G[K] be a forest in G containing the vertex v. We
consider the local map (v, R, R′) of K, i.e. R′ is the set of internal vertices of G[K]
belonging to N(v) and R is a representation of (K ∩N(v)) \R′.

Lemma 11. Let (v, R, R′) be a local map of K 	 v inducing a forest G[K] in G. The
following conditions hold:
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1. R ∪R′ ⊆ N(v);
2. R ∪R′ is an independent set of G;
3. N(x) \N(v) ⊂ N(x′) \N(v) implies x ∈ R and x′ ∈ R′ for all x, x′ ∈ R ∪R′;
4. |R| � 2k3 and |R′| � k where k = an(G).

Proof. Conditions 1–3 are the same as in Lemma 3. |R| � 2k3 follows from Lemma
10. It remains to prove |R′| � k. For each s ∈ R′ we choose a neighbour t in K \N [v].
Let T be the set of these neighbours. Then G[R′ ∪T ] contains exactly |R′| edges, i.e. T
is an independent set of private neighbours. In other words, T is an asteroidal set of G.
Condition 4 follows. ��

Now a local map of G is a triple (v, R, R′) satisfying the conditions of Lemma 11.
The set of all local maps of G is denoted by R(G) again. We retain the concept of
compatibility as introduced in Definition 2.

Lemma 4 holds for all graphs. We extend Lemma 5 as follows. For an asteroidal
set A of G consider the set B(A) =

⋂
a,b∈A,a �=b C(b, a). We say that (A, B(A)) is an

interval of G. Especially every block (v, C) is an interval ({v}, C).

Lemma 12. Let (A, B) be an interval of G = (V, E). Let Ka ⊆ V be compatible
with (a, Ra, R

′
a) ∈ R(G) for all a ∈ A. Then K =

⋃
a∈A(Ka \

⋃
b∈A\{a} C(b, a)) is

compatible with (a, Ra, R
′
a) for all a ∈ A if K0 = A ∪⋃a∈A(Ra ∪R′

a) is compatible
with (a, Ra, R

′
a) for all a ∈ A.

Proof. omitted

We keep the definition of start, branch and accum (Equations (4), (5) and (6)). Since
Lemma 6 holds for all graphs we can compute start(v, R, R′) as before, see Equation
(9). To compute branch(v, R, R′, C) we need the following generalisation of Lemma
7.

Lemma 13. Let (v, C) be a block of G and let G[K] be a forest containing v. There
is an asteroidal set A ⊆ K of G with v ∈ A such that the interval (A, B(A)) satisfies
B(A) ∩K = ∅.

Proof. We start with A = {v} and B(A) = C. While B(A) ∩K �= ∅,

• choose a vertex w ∈ B(A) ∩ K and let S(v, w) = N(w) ∩ N(C(v, w)) be the
unique minimal v, w-separator contained in N(w);

• remove from A all the vertices a such that S(v, w) separates v and a;
• add w to A.

We show that, after each step of the loop, A is an asteroidal set. At the beginning of the
iteration, for any distinct vertices a, a′ ∈ A, there is a a, w-path avoiding N [a′], by the
fact that w ∈ B(A) ⊆ C(a, a′). At the end of the iteration, for any a ∈ A \ {v}, there
is a a, v-path avoiding N [w], otherwise a would be removed from A. Hence A is an
asteroidal set.

At each step of the loop B(Anew) = B(Aold)∩C(v, w) holds. So we iterate at most
n times. ��



320 D. Kratsch, H. Müller, and I. Todinca

Lemma 14. For every block (v, C) of a graph G and all (v, R, R′) ∈ R(G) we have

branch(v, R, R′, C) = max
A⊆C

A∪{v} is asteroidal
A∪{v}∪ ⋃

a∈A∪{v}
(Ra∪R′

a) ∈ ⋂

a∈A∪{v}
K(a,Ra,R

′
a)

(
|
⋃

a∈A
R′
a \R′|+

∑

a∈A

(
start(a, Ra, R

′
a)− |R′

a|+ accum({v}, a, Ra, R
′
a)
))

(11)

where Rv = R, R′
v = R′ and (a, Ra, R

′
a) ∈ R(G) for all a ∈ A.

Proof. omitted

From Lemmas 6 and 14 we derive an algorithm similar to the one given in Subsection
4.5. We claim that it runs in polynomial time whenever the asteroidal number of the input
is bounded by a constant. The tricky point is to bound the size of R(G). Here Lemma
11 can help. Due to its Condition 4 we know |R| � 2k3 and |R′| � k for every local
map (v, R, R′) ∈ R(G) if an(G) � k. Hence |R(G)| < n2k3+k+1 where k = an(G).
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4. A. Brandstädt, V.V. Lozin: On the linear structure and clique width of bipartite permutation
graphs, RRR-29-2001, Rutgers University.

5. H.J. Broersma,A. Huck, T. Kloks, O. Koppius, D. Kratsch, H. Müller and H. Tuinstra: Degree-
preserving trees, Networks 35 (2000), pp. 26–39.

6. H.J. Broersma, T. Kloks, D. Kratsch and H. Müller: Independent sets in asteroidal triple-free
graphs, SIAM Journal on Discrete Mathematics 12 (1999), pp. 276–287.

7. H.J. Broersma, T. Kloks, D. Kratsch and H. Müller: A generalization of AT-free graphs and a
generic algorithm for solving triangulation problems, Algorithmica 32 (2002) pp. 594–610.

8. D.G. Corneil, S. Olariu and L. Stewart:Asteroidal triple-free graphs, SIAM Journal on Discrete
Mathematics 10 (1997), pp. 399–430.

9. B. Courcelle, J.A. Makowsky, U. Rotics: Linear time solvable optimization problems on
graphs of bounded clique-width, Theory of Computing Systems 33 (2000), pp. 125–150.

10. R.G. Downey, M.R. Fellows: Parameterized complexity, Springer, 1997.
11. M.R. Garey and D.S. Johnson: Computers and Intractability: A guide to the Theory of NP-

completeness, Freeman, New York, 1979.
12. F. Gavril: Algorithms for maximum weight induced paths, Information Processing Letters 81

(2002), pp. 203–208
13. K. Kloks, D. Kratsch and H. Müller: Asteroidal sets in graphs, Proceedings WG’97, Lecture

Notes in Computer Science No 1335, 229–241, Springer-Verlag, 1997.
14. J. Kleinberg, A. Kumar: Wavelength conversion in optical networks, Journal of Algorithms

38 (2001) pp. 25–50.



Feedback Vertex Set and Longest Induced Path on AT-Free Graphs 321
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Abstract. For a fixed pattern graph H, let H-CONTRACTIBILITY
denote the problem of deciding whether a given input graph is con-
tractible to H. We continue a line of research that was started in 1987
by Brouwer & Veldman, and we determine the computational complexity
of H-CONTRACTIBILITY for certain classes of pattern graphs. In par-
ticular, we pin-point the complexity for all graphs H with five vertices.
Interestingly, in all cases that are known to be polynomially solvable,
the pattern graph H has a dominating vertex, whereas in all cases that
are known to be NP-complete, the pattern graph H does not have a
dominating vertex.

1 Introduction

All graphs in this paper are undirected, finite, and simple. Let G = (V, E) be a
graph, and let e = [u, v] ∈ E be an arbitrary edge. The edge contraction of edge
e in G removes the two end-vertices u and v from G, and replaces them by a new
vertex that is adjacent to precisely those vertices to which u or v were adjacent.
The edge deletion of edge e removes e from E. The edge subdivision of e removes
e from E, and introduces a new vertex that is adjacent to the two end-vertices u
and v. A graph G is contractible to a graph H (G is H-contractible), if H can be
obtained from G by a sequence of edge contractions. A graph G contains a graph
H as a minor, if H can be obtained from G by a sequence of edge contractions
and edge deletions. A graph G is a subdivision of a graph H, if G can be obtained
from H by a sequence of edge subdivisions.

Now let H = (VH , EH) be some fixed connected graph with vertex set VH =
{h1, . . . , hk}. There is a number of natural and elementary algorithmic problems
that check whether the structure of graph H shows up as a pattern within the
structure of some input graph G:

– PROBLEM: H-MINOR CONTAINMENT
INSTANCE: A graph G = (V, E).
QUESTION: Does G contain H as a minor?

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 322–333, 2003.
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– PROBLEM: H-SUBDIVISION SUBGRAPH
INSTANCE: A graph G = (V, E).
QUESTION: Does G contain a subgraph that is isomorphic to some subdi-
vision of H?

– PROBLEM: ANCHORED H-SUBDIVISION SUBGRAPH
INSTANCE: A graph G = (V, E); k pairwise distinct vertices v1, . . . , vk in
V .
QUESTION: Does G contain a subgraph that is isomorphic to some subdi-
vision of H, such that the isomorphism maps vertex vi of the subgraph of G
into vertex hi of the subdivision of H, for 1 ≤ i ≤ k?

– PROBLEM: H-CONTRACTIBILITY
INSTANCE: A graph G = (V, E).
QUESTION: Is G contractible to H?

1.1 Known Results

A celebrated result by Robertson & Seymour [3] states that H-MINOR CON-
TAINMENT can be solved in polynomial time O(|V |3) for every fixed pattern
graph H. In fact, [3] fully settles the complexity of the first three problems on
our problem list above:

Proposition 1. (Robertson & Seymour [3])
For any fixed pattern graph H, the three problems H-MINOR CONTAINMENT,
H-SUBDIVISION SUBGRAPH, and ANCHORED H-SUBDIVISION SUB-
GRAPH are polynomially solvable in polynomial time.

What about the fourth problem on our list, H-CONTRACTIBILITY? Per-
haps surprisingly, there exist pattern graphs H for which this problem is NP-
complete to decide! For instance, Brouwer & Veldman [1] have shown that P4-
CONTRACTIBILITY is NP-complete. The main result of [1] is the following.

Proposition 2. (Brouwer & Veldman [1])
If H is a connected triangle-free graph other than a star, then H-CONTRACTI-
BILITY is NP-complete. If H is a star, then H-CONTRACTIBILITY is poly-
nomially solvable.

Note that an equivalent way of stating Proposition 2 would be the following:
H-CONTRACTIBILITY is NP-complete for every connected triangle-free graph
H without a dominating vertex. H-CONTRACTIBILITY is polynomially for
every connected triangle-free graph H with a dominating vertex. (A dominating
vertex is a vertex that is adjacent to all other vertices.) Moreover, the paper [1]
determines the complexity of H-CONTRACTIBILITY for all ‘small’ connected
pattern graphs H: For H = P4 and H = C4, the problem is NP-complete (as
implied by Proposition 2). For every other pattern graph H on at most four
vertices, the problem is polynomially solvable.

The exact separating line between polynomially solvable cases and NP-
complete cases of this problem (under P�=NP) is unknown and unclear.
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Brouwer & Veldman [1] write at the end of their paper that they expect the
class of polynomially solvable cases to be very limited.

Watanabe, Ae & Nakamura [4] consider remotely related edge contraction
problems where the goal is to find the minimum number of edge contractions
that transform a given input graph G into a pattern from a certain given pattern
class.

1.2 New Results

We follow the line of research that has been initiated by Brouwer & Veldman [1],
and we classify the complexity of H-CONTRACTIBILITY for certain classes of
pattern graphs that – in particular – contain all ‘small’ pattern graphs H with
at most five vertices. Our results can be summarized as follows:

Theorem 1. (Main result of the paper)
Let H be a connected graph on at most five vertices. If H has a dominating
vertex, then H-CONTRACTIBILITY is polynomially solvable. If H does not
have a dominating vertex, then H-CONTRACTIBILITY is NP-complete.

It is difficult for us not to conjecture that the presence of a dominating vertex
in the pattern graph H precisely separates the easy cases from the hard cases.
However, we have no evidence for such a conjecture.
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Fig. 1. The graphs H1 = H∗
1 (2, 1, 0); H2 = H∗

1 (0, 2, 0); and H3 = H∗
1 (1, 0, 1).

There are fifteen graphs H on five vertices that are not covered by Proposi-
tion 2; these are exactly the connected graphs on five vertices that do contain a
triangle; see Figures 1–6 for pictures of all these graphs. It turned out that ten of
these fifteen graphs yield polynomially solvable H-CONTRACTIBILITY prob-
lems, whereas the other five of them yield NP-complete problems. Many of our
results are actually more general: They do not only provide a specialized result
for one particular five-vertex graph, but they do provide a result for an infinite
family of pattern graphs, from which the result on the five-vertex graph falls out
as a special case. Our main contributions may be summarized as follows:
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Fig. 2. The graphs H4 = H∗
2 (1, 1); and H5 = H∗

2 (3, 0).
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Fig. 3. The graphs H6 = H∗
3 (2); H7 = K5; and H8 = P+(4) = K1 � P4.

(1) We analyze a class of cases where H contains one, two, or three dominat-
ing vertices, and where the set of non-dominating vertices induce a set of
isolated vertices, isolated edges, and paths on three vertices. In Section 3,
we prove that three subfamilies of this class yield polynomially solvable H-
CONTRACTIBILITY problems. These classes contain the eight graphs H1
thru H8 on five vertices as depicted in Figures 1– 3.
Our structural results show that in case some H-contraction exists, then
there also exists an H-contraction of a fairly primitive form. In our algo-
rithmic results, we then enumerate all possibilities for these primitive pieces,
and settle the remaining problems by applying the results of Robertson &
Seymour [3].

(2) For the two five-vertex graphs H9 and H10 as shown in Figure 4, we were not
able to find ‘straightforward’ polynomial time algorithms. Our algorithms are
based on lengthy (!) combinatorial investigations of potential contractions
of an input graph to H9 and H10. They are not included in this extended
abstract.

(3) In Section 4 we present a number of NP-completeness results. The NP-
completeness proofs for the four (five-vertex) graphs H#

1 , H#
2 , H#

3 , and H#
4

in Figure 5 are omitted in this extended abstract. They are done by reduc-
tion from HYPERGRAPH 2-COLORABILITY and they are inspired by a
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similar NP-completeness argument of Brouwer & Veldman [1]. Theorem 5
and Theorem 6 present two generic NP-completeness constructions. As a
special case, this yields NP-completeness of H#

5 -CONTRACTIBILITY for
the graph H#

5 in Figure 6.

The rest of this extended abstract contains the exact statements and some of
the proofs for the above results.
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Fig. 4. The graphs H9 and H10.

2 Notations, Definitions, and Preliminaries

We denote by Pn the path on n vertices, by Cn the cycle on n vertices, and by
Kn the complete graph on n vertices. For a subset U ⊂ V we denote by G[U ]
the induced subgraph of G over U ; hence G[U ] = (U, E ∩ U × U).

For two graphs G1 = (V1, E1) and G2 = (V2, E2) with V1∩V2 = ∅, we denote
their join by G1 � G2 = (V1∪V2, E1∪E2∪V1×V2), and their disjoint union by
G1 ∪G2 = (V1 ∪ V2, E1 ∪E2). For the disjoint union G∪G∪ · · · ∪G of k copies
of the graph G, we write shortly kG1; for k = 0 this yields the empty graph.

Consider a graph G = (V, E) that is contractible to a graph H = (VH , EH).
An equivalent (and for our purposes more convenient) way of stating this fact is
that

– for every vertex h in VH , there is a corresponding connected subset W (h) ⊆
V of vertices in G; we will sometimes say that W (h) is the witness for vertex
h.

– for every edge e = [h1, h2] ∈ EH , there is a corresponding edge W (e) in
G that connects the vertex set W (h1) to the vertex set W (h2); we will
sometimes say that this edge W (e) in G is a witness for [h1, h2].

– for every two vertices h1, h2 in H that are not connected by an edge in EH ,
there are no edges between W (h1) and W (h2).

If for every h ∈ VH , we contract the vertices in W (h) to a single vertex, then
we end up with the graph H. Note that in general, these witness sets W (h)
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and witness edges W (e) are not uniquely defined (since there may be many
different sequences of contractions that lead from G to H). In our polynomial
time algorithms, we will explore the structure of the witnesses, and often prove
that there exists at least one witness with certain ‘strong’ and ‘nice’ properties.

Proposition 3. For any fixed integer k, the following problem can be solved in
polynomial time: Given a graph G = (V, E) with up to k vertices that are colored
by � ≤ k colors, can this coloring be extended to an �-coloring of the whole vertex
set V such that every color class induces a connected subgraph?

Proof. Consider some fixed color c, and let Sc ⊆ V be the set of all vertices that
are pre-colored by color c. Any solution to the problem must contain a mono-
chromatic tree T in color c whose leaf-set coincides with Sc. Such a tree T has
at most k branch-vertices (that is, vertices of degree three or higher), and there
is only a fixed number of different topologies for connecting the branch-vertices
and the leaves in Sc to each other.

The strategy is as follows: For every color c, we guess the branch-vertices
for a mono-chromatic tree with leaf-set Sc, and we also guess the topology of
this tree. Since k is a fixed constant, this altogether only yields a polynomial
number of guesses for all trees for all colors (where the degree of the polynomial
depends on k). Then we are left with a special case of the ANCHORED H-
SUBDIVISION SUBGRAPH problem that can be solved in polynomial time
according to Proposition 1.

3 Some Simple Polynomially Solvable Cases

Consider a connected graph G = (V, E) with a cut-vertex v, and let C1, . . . , Ck
denote the connected components of G−v. For 1 ≤ i ≤ k we say that the vertex
subset V − Ci is induced by the cut-vertex v,

For non-negative integers a, b, c, we let H∗
1 (a, b, c) be the graph K1 � (aK1 ∪

bK2 ∪ cP3), H∗
2 (a, b) be the graph K2 � (aK1 ∪ bK2), and H∗

3 (a) be the graph
K3 � aK1.

Lemma 1. Let u be the dominating vertex in H∗
1 (a, b, c). If a graph G = (V, E)

is contractible to H∗
1 (a, b, c), then there exists a witness structure with the fol-

lowing property: For every vertex h �= u in H∗
1 (a, b, c), the witness set W (h) is

either induced by some cut-vertex, or it consists of a single vertex.

Proof. Consider a witness structure W for G with respect to H∗
1 (a, b, c) that

maximizes the cardinality of W (u). Let x, y, z be three vertices in H∗
1 (a, b, c)−u

that induce a P3 with edges [x, y] and [y, z]. We will only show that the desired
property holds for W (x), W (y), and W (z). The arguments for the other cases
are similar, but simpler.

Suppose for the sake of contradiction that there are two distinct vertices
x1, x2 ∈ W (x) that both have neighbors in W (y). Let [u1, x3] ∈ E be a witness
edge for [u, x] ∈ EH . Consider a tree T within W (x) with the minimum number
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of edges that connects x1, x2, x3 to each other. Then we could move vertex x3
(and part of this tree T , and possibly some other vertices) from W (x) to W (u)
while keeping the witness structure intact. This would increase the cardinality of
W (u). This contradiction shows that W (x) contains exactly one vertex x1 with
neighbors in W (y). Next, suppose that there is some vertex x4 ∈ W (x) with
x4 �= x1, such that x4 has an edge to W (u). Then we could move x4 (and part of
a path from x4 to x1 within W (x), and perhaps some other vertices) from W (x)
to W (u). This second contradiction shows that x1 is the unique vertex in W (x)
with neighbors outside W (x). A symmetric argument shows that W (z) contains
a unique vertex z1 with neighbors outside W (z). Hence, W (x) and W (z) both
are of the desired form.

Let us turn to W (y). Consider a vertex y1 ∈ W (y) that has a neighbor in
W (u). First we discuss the case where y1 is a cut-vertex of the subgraph induced
by W (y). Let C1, . . . , Ck denote the connected components induced by W (y)−y1.
If some component, say C1, is adjacent to both x1 and z1, then we could redefine
W (y) := C1 and merge all the other components together with y1 into W (u);
a contradiction. Hence, we may assume that every component is adjacent to at
most one of the two vertices x1 and z1. If x1 has a neighbor y2 ∈ W (y) with
y2 �= y1, then we could redefine W (x) := {y2} and merge x1 (and the rest of
W (x)) into W (u); a contradiction to the choice of W (u). A symmetric argument
shows that the only neighbor of z1 in W (y) is y1. But now we are done: If W (u)
has a neighbor y3 ∈W (y) with y3 �= y1, then we may merge y3 (and maybe some
other vertices in W (y)) into W (u). If W (u) does not have any other neighbor
but y1 in W (y), then all the edges between W (x) ∪ W (u) ∪ W (z) and W (y)
are incident to vertex y1. Hence, the witness set W (y) is either induced by the
cut-vertex y1, or it consists of the single vertex y1.

In the remaining case, vertex y1 is not a cut-vertex of the subgraph induced
by W (y). If x1 and z1 both have neighbors other than y1 in W (y), then we could
simply move y1 into W (u), and arrive at a contradiction. If y1 is the unique
neighbor of x1 in W (y) and if z1 also has another neighbor y4 ∈W (y), then we
could redefine W (z) := {y4} and merge the old W (z) into W (u). A symmetric
arguments settles the case where y1 is the unique neighbor of z1, but not the
unique neighbor of x1. Finally, the sub-case where y1 is the unique neighbor of
both x1 and z1 in W (y) can be handled similarly as in the previous paragraph.

Lemma 2. Let u1 and u2 be the two dominating vertices in H∗
2 (a, b). If a graph

G = (V, E) is contractible to H∗
2 (a, b), then there exists a witness structure with

the following property:

1. For every vertex x in H∗
2 (a, b) − {u1, u2} that is only connected to u1 and

u2, the witness set W (x) is either induced by some cut-vertex or it consists
of a single vertex.

2. For any pair y and z of adjacent vertices in H∗
2 (a, b)− {u1, u2}, there exist

two vertices y1 ∈ W (y) and z1 ∈ W (z), such that: W (y) contains y1 and
(in case y1 is a cut-vertex) a vertex subset induced by y1. W (z) contains
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z1 and (in case z1 is a cut-vertex) a vertex subset induced by z1. Moreover
if {y1, z1} forms a cut-set of G, then with one exception, all components of
G− {y1, z1} that are adjacent to y1 and z1 belong to W (y) ∪W (z).

Proof. Omitted in this extended abstract.

Lemma 3. Let u1, u2, u3 be the three dominating vertices in H∗
3 (a). If a graph

G = (V, E) is contractible to H∗
3 (a), then there exists a witness structure with

the following property: For every vertex h in H∗
3 (a) − {u1, u2, u3}, the witness

set W (h) is either induced by some cut-vertex, or it consists of a single vertex.

Proof. Omitted in this extended abstract.

Theorem 2. For any fixed non-negative integers a, b, c, contractibility to
H∗

1 (a, b, c), to H∗
2 (a, b), and to H∗

3 (a) can be decided in polynomial time.

Proof. The proof combines the statements in Lemmas 1–3 with a lot of guessing
and with an application of Proposition 3. In the following, we will use the same
notation as in the statements of these lemmas.

For H∗
1 (a, b, c), we may guess for each of the a + b + c witness sets W (h) its

unique element or its crucial cut-vertex. There are only O(na+b+c) possibilities
for that. This fully defines the witness sets W (h) with h �= u. All remaining
vertices are put into W (u). It is easy to check in polynomial time, whether the
guessed structure yields a feasible witness structure.

For H∗
2 (a, b), we guess for every vertex x (that has u1 and u2 as its only

neighbors) the unique element or the crucial cut-vertex for W (x). For every pair
y and z (of adjacent vertices in H∗

2 (a, b)−{u1, u2}), we guess the crucial vertices
y1 and y2, and we also guess the component of G−{y1, z1} that contains W (u1)∪
W (u2). Finally, we guess two neighbors of y1 in W (u1) and in W (u2), and two
neighbors of z1 in W (u1) and in W (u2). There are O(na+3b+1) possibilities for all
these guesses. The guesses fully specify the witness sets for the non-dominating
vertices in H∗

2 (a, b). They also specify W (u1)∪W (u2), and they specify a (fixed
constant) number of vertices in W (u1) respectively W (u2) that result from the
above neighbor guesses. Checking feasibility of this witness structure boils down
to checking whether there exists a partition (= 2-coloring) of the vertex set
W (u1) ∪ W (u2) into two connected sets W (u1) and W (u2) that respects the
assignment of the guessed vertices. But that’s just a special case of the problem
in Proposition 3 with two colors.

For H∗
3 (a), we guess for every non-dominating vertex h the crucial vertex h1

in G that specifies W (h). Moreover, we guess three neighbors of h1 in W (u1),
W (u2), and W (u3). There are O(n4a) possibilities for all these guesses. It remains
to check whether W (u1) ∪W (u2) ∪W (u3) can be divided into three connected
sets W (u1), W (u2), W (u3) that contain the appropriate guessed vertices. This
is a special case of the problem in Proposition 3 with three colors.
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Proposition 4. (Robertson & Seymour [3])
For any fixed integer a ≥ 1, contractibility to the complete graph Ka can be
decided in polynomial time.

Proof. A trivial consequence of Proposition 1, since Ka-MINOR CONTAIN-
MENT and Ka–CONTRACTIBILITY are the same problem.

Theorem 3. For any fixed integer a ≥ 2, contractibility to P+(a) := K1 � Pa
can be decided in polynomial time.

Proof. Omitted in this extended abstract.

Now let us apply the results of this section to the five-vertex graphs depicted
in Figures 1– 3. The first three graphs H1, H2, and H3 have a single dominating
vertex and fall into the classes H∗

1 (∗, ∗, ∗). The graphs H4 and H5 have two
dominating vertices, and fall into the classes H∗

2 (∗, ∗). The graph H6 has a
dominating triangle and falls into one of the classes H∗

3 (∗). Hence, contractibility
to these six graphs can be decided in polynomial time according to Theorem 2.

Graph H7 is the clique on five vertices, and hence by Proposition 4 also
contractibility to H7 can be decided in polynomial time. Finally, graph H8 equals
K1 � P4, and hence contractibility to H8 is polynomial by Theorem 3.

4 The NP-Complete Cases

Let H# be the graph on 5 vertices v, w, x, y, z with edges [w, x], [x, y], [y, z], and
[v, x]. Let H#

1 be the graph H# with the edge [v, w], H#
2 be the graph H# with

the edge [v, y], H#
3 be the graph H# with edges [v, w], [v, y], and H#

4 be the
graph H# with edges [v, w], [v, y], [w, z]. See Figure 5 for some pictures.

Theorem 4. H-CONTRACTIBILITY is NP-complete if H is H#
1 , H#

2 , H#
3 ,

or H#
4 .

Proof. Omitted in this extended abstract.

We now will now describe two families of pattern graphs for which the cor-
responding contractibility problem is NP-complete. The (five-vertex) graph H#

5
in Figure 6 belongs to the family that is analyzed in Theorem 6; H#

5 is the last
one of the fifteen five-vertex graphs that are not covered by Proposition 2.

For a graph G = (V, E) with x ∈ V and e = [x, z] ∈ E let Gxy denote the
graph G with a new vertex y and edge [x, y], and let Gey denote the graph G
with a new vertex y and edges [x, y] and [y, z].

Theorem 5. Let H be a 2-connected graph. If H-CONTRACTIBILITY is NP-
complete, then Hxy-CONTRACTIBILITY is NP-complete for all x ∈ VH .
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Fig. 5. The graphs H#
1 , H#

2 , H#
3 , and H#

4 that yield NP-complete contractibility prob-
lems.

Proof. Given an instance graph G of H-CONTRACTIBILITY we construct a
graph G′ as follows. Let VG = {r1, . . . , rm}. First we make m disjoint copies Gi

of G. We insert an extra vertex s, and for 1 ≤ i ≤ m we connect the vertex ri of
the i-th copy to s by an edge.

Our claim is that G is contractible to H if and only if G′ is contractible to
Hxy for x ∈ VH .

If G is contractible to H, then we define WG′(y) := VG′\Gj , where Gj is
chosen such that rj is a vertex in WGj (x). Clearly, WG′(y) is connected, and G′

is contractible to Hxy.
Conversely, suppose G′ is contractible to Hxy. Suppose s is in WG′(v) for

some v ∈ VH ∪ y. First assume that v �= x. If vertices of more than one copy
Gj of G are contained in other witness sets than WG′(v), then clearly v �= y but
v �= x would be a cutvertex of H.

Hence, only vertices of Gj are in VG′\WG′(v). Now we remove all other copies
Gi (i �= j) from G′. It is straightforward to see that the remaining part of WG′(v)
still induces a connected subgraph.

Suppose v = y. Since the degree of y in Hxy is exactly one, we remove s and
move the remaining vertices of WG′(y) to WG′(x). This way we can contract
G = Gj to H.

If v �= y, then besides s also rj is in WG′(v). Otherwise WG′(v) would be equal
to {s}, and v would have degree one implying that H is not 2-connected. Then
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we can remove s from WG′(v) and the remaining set WG′(v) induces a connected
subgraph. By moving WG′(y) to WG′(x) the graph G = Gj is contractible to H.

The case v = x can be solved using similar arguments as above.

�
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�

��
��

�
��

H#
5

w

v

z

x

y

Fig. 6. The graph H#
5 .

Theorem 6. Let H be a 2-connected graph that does not have any ver-
tex v with exactly two neighbors w1, w2 such that [w1, w2] ∈ EH . If H-
CONTRACTIBILITY is NP-complete, then Hey-CONTRACTIBILITY is NP-
complete for all e ∈ EH .

Proof. Given an instance graph G of H-CONTRACTIBILITY we construct a
graph G′ as follows. Let EG = {e1, . . . , en}. First we make n disjoint copies Gi

of G. We insert an extra vertex s, and for 1 ≤ i ≤ n we connect the end points
of ei of the i-th copy to s by an edge.

Our claim is that G is contractible to H if and only if G′ is contractible to
Hey for e = [x, z] ∈ VE .

If G is contractible to H, then an edge ej ∈ EG exists that has one of its end
points in WGj (x) and the other one in WGj (z). We define WG′(y) := VG′\Gj .
Clearly, WG′(y) is connected, and G′ is contractible to Hey.

Conversely, suppose G′ is contractible to Hey. Suppose s is in WG′(v) for some
v ∈ VH ∪y. Because H is 2-connected, also Hey does not have any cutvertices. If
vertices of more than one copy Gj of G are contained in other witness sets than
WG′(v), then v would be a cutvertex of Hey.

Hence, only vertices of Gj are in VG′\WG′(v). Now we remove all other copies
Gi (i �= j) from G′. It is straightforward to see that the remaining part of WG′(v)
still induces a connected subgraph.

Suppose v = y. We remove s and move the remaining vertices of WG′(y) to
WG′(x). We can contract G = Gj to H this way, because the only neighbors of
y in Hey are x and z and [x, z] is an edge in H.

If v �= y, then besides s at least one end point of ej is in WG′(v). Otherwise
WG′(v) would be equal to {s}, and v would have degree one in H or exactly two
neighbors w1 and w2 with [w1, w2] ∈ EH . Then we can remove s from WG′(v)
and the remaining set WG′(v) induces a connected subgraph. By moving WG′(y)
to WG′(x), we see that the graph G = Gj is contractible to H.
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Abstract. In line with symmetrical graphs such as Cayley graphs and vertex
transitive graphs, we introduce a new class of symmetrical graphs called
diametrically uniform graphs. The class of diametrically uniform graphs
includes vertex transitive graphs and hence Cayley graphs. A tree t-spanner of
graph G is a spanning tree T in which the distance between every pair of
vertices is at most t times their distance in G. The minimum tree spanner
problem of a graph G is to find a tree t-spanner with t as small as possible. In
this paper, the minimum tree spanner problem is exhaustively studied for
diametrically uniform graphs, which also include 3-regular mesh of trees and
generalized Petersen graphs.

1   Introduction

For a given graph G(V, E) and a spanning subgraph H of G, dG(u, v) and dH(u, v)
denote the shortest distance between the vertices u and v in G and H respectively. A
spanning subgraph H of a graph G is a t-spanner of G if dH(u, v) � t dG(u, v) for every
pair of vertices u and v of G. When the spanning subgraph H is a spanning tree, it is
called a tree t-spanner. The spanner concept has a number of applications. Much
effort has been made in recent years to study this concept due to its immense
applications in communication networks, distributed systems, motion planning,
network design and parallel architectures [3, 4, 6].

1.1   The Tree t-Spanner Admissible Problem

A graph G is a tree t-spanner admissible graph if it admits a tree t-spanner. The tree
t-spanner admissible problem is to determine the existence of a tree t-spanner in a
given graph [4, 5].
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In [4], Cai showed that for t = 2 it can be determined in linear time whether or not a
given graph has a tree t-spanner. He also showed that the problem is NP-complete for
t ≥ 4. Cai conjectured that when t = 3 the problem may be NP-complete on general
graphs. The exact complexity status of this problem is still unresolved and it is a
challenging open problem.

1.2   The Minimum Tree Spanner Problem

A spanner (T,G) of a spanning tree T of G is defined as (T,G) = max{dT(u, v) : (u,
v) is an edge in E(G)}, where dT(u, v) denotes the distance between u and v in T. A
minimum spanner (G) of G is defined as (G) = min{ (T,G) : T is a spanning tree of
G}. A spanning tree T is called a minimum tree spanner, if (T,G) = (G).
Equivalently T is a minimum tree spanner if (T,G) �� (T ��), for all spanning trees T
of G. In other words, the minimum tree spanner problem of a graph G is to find a
minimum tree spanner of G [4]. A polynomial time algorithm is available to solve
this problem for digraphs [4] and directed path graphs [13]. All the NP-complete
results on the tree t-spanner admissible problem [4, 5, 14] hold good for the
minimum tree spanner problem. It is also shown that the minimum tree spanner
problem is NP-complete for planar graphs [7].

1.3   Diametrically Uniform Graphs

For each vertex u of a graph G, the maximum distance d(u, v) to any other vertex v of
G is called its eccentricity and is denoted by ecc(u). In a graph G, the maximum
value of eccentricity of vertices of G is called the diameter of G and is denoted by 
and the minimum value of eccentricity of vertices of G is called the radius of G and
is denoted by . The set of vertices of a graph G with eccentricity equal to the radius
 is called the center of G and is denoted by Z(G).

Let G be a graph with diameter . A vertex v of G is said to be diametrically
opposite to a vertex u of G, if dG(u, v) = . A graph G is said to be a diametrically
uniform graph if every vertex of G has at least one diametrically opposite vertex.
The set of diametrically opposite vertices of a vertex x in G is denoted by D(x).

2   Overview of the Paper

Symmetry is a fundamental virtue in all engineering designs, particularly in the
domain of parallel architectures. One of the parameters of being a “good” parallel
architecture is symmetry. Analysis of different types of symmetry and development
of various hierarchies of symmetry in graphs has been the subject of intense study in
the recent years. The symmetrical property is something conceptual and does not
have a proper mathematical definition. There are a few measures of symmetry such
as vertex transitivity, edge transitivity, distance transitivity and distance regularity [8,
10, 11]. Cayley graphs, edge transitive graphs, vertex transitive graphs, distance
transitive graphs and distance regular graphs [8, 10, 11] are a few classes of graphs
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following these measures of symmetry. Here we characterize the symmetrical
property of a graph in terms of its diameter. This leads to the introduction of the
diametrically uniform graphs. The concept of diametrically uniform graphs is an
extension of Cayley graphs and vertex transitive graphs. More precisely, the set
inclusion will be as follows.

Cayley graphs ⊂ Vertex transitive graphs ⊂ Diametrically uniform graphs

In this paper, BFS(u) of a graph G denotes a breadth first search (bfs) tree of G
rooted at the vertex u [1]. We observe a close relationship between breadth first
search (bfs) trees and these classes of graphs. Given two vertices u and v of a vertex
transitive graph, for every bfs tree BFS(u), there exists a bfs tree BFS(v) such that
BFS(u) and BFS(v) are isomorphic. Moreover, any two bfs trees of a diametrically
uniform graph are of equal height.

We establish sufficient conditions for diametrically uniform graphs to have the
minimum spanner at least 2 –1. We identify several examples of diametrically
uniform graphs and we study the properties of those graphs. We also derive
conditions under which the minimum spanner of diametrically uniform graphs is 2 –
1 or 2 .

We solve the minimum tree spanner problem for the generalized Petersen graphs
and some Cayley graphs such as hypercubes, CCC, torus, wrapped butterfly etc.
Another interesting family of diametrically uniform graphs is a 3-regular mesh of
trees. We show how to add a minimum number of edges to convert a mesh of trees
into a diametrically uniform graph. Then we determine the minimum spanner of 3-
regular mesh of trees. It is interesting to see that a 3-regular mesh of trees is a
diametrically uniform graph but not a vertex transitive graph.

3   A Study of Diametrically Uniform Graphs

Most of the well-known parallel architectures are diametrically uniform graphs. For
example, hypercube, wrapped butterfly, torus and cycle are diametrically uniform
graphs. An even Petersen graph P(2n, 2) is a diametrically uniform graph whereas an
odd Petersen graph P(2n+1, 2) is not a diametrically uniform graph. See Figures 4(a)
and 4(b). Here we list a few characterizations of diametrically uniform graphs.

Theorem 1. A graph G is diametrically uniform if and only if  = . 

Theorem 2. A graph G is diametrically uniform if and only if Z(G) = G. 

3.1   A Class of Tree (2 –1) - Spanner Admissible Graphs

We begin with a necessary condition for tree (2 –1) - spanner admissible graphs.

Theorem 3. Let � be the diameter of a graph G. If (G) �� � –1, then G is
diametrically uniform.
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Proof: Suppose that G is not diametrically uniform. Then there exists at least one
vertex u0, which has no diametrically opposite vertex. Consider the bfs tree BFS(u0)
rooted at u0. Then the distance, in BFS(u0), of every vertex from u0  is at most –1.
Thus (BFS(u0), G) ��� –2 and hence (G) ��� –2, a contradiction. 

The next question is: Which diametrically uniform graphs have spanner at least 2 –1?

Theorem 4. Let G be a diametrically uniform graph with diameter  > 1. Given an
edge (x, y) in E(G), if for every vertex x* of D(x) there exists a vertex y* of D(y) such
that (x*, y*) is an edge of G, then (G) ��� –1.

Proof: Suppose there exists a spanning tree T such that

dT(x, y) < 2 –1, for every edge (x, y) in E(G) (1)

Let us assume that T is a rooted tree. Given a vertex  and a member * of D( ) such
that * is a descendent of  in T, we claim that the vertex  has a child  such that the
subtree rooted at  contains * as well as a member * of D( ). Let  be a child of 
such that the subtree rooted at  contains *. This is possible since  > 1. Since ( �� )
is in E(G), by the hypothesis of the theorem, there exists a vertex * of D( ) such that
( *, *) is in E(G). Now it is enough to prove that * and * are in the same subtree
rooted at  (that is, * and * are descendents of ). Suppose that this is false. Then

* and * lie in two different components of ����  and dT( *, *) ��� –1. See Figure
1. This is a contradiction to (1), since ( *, *) is in E(G). This means that given  and
a member * of D( ) such that * is a descendent of  in T, there exists a child  of 
such that the subtree rooted at  contains * as well as a member � of D( ).

a*

ß*

a

ß

Fig.1. These ������ * will contradict (1) since ( �	� �) is in E(G).

We start at the root of T and traverse over T in a DFS order. Let  denote the root of T.
Once a vertex x of T is visited, a child y of x is identified and visited inductively. Now
let us start from the root� �of T. Let  * ∈  D( ). A member of D( ) exists since G is
diametrically uniform.

Now given  and a member  * of D( ) in the subtree rooted at , as discussed

���

���
������
�������
��� ���� �������������
������

�����
����� ������
���  * as well
������
��
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�� ����
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����� ���������
�DFS traversal starts at 
������
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���
�
��� 	�����
������ �

Inductively let x be the last visited vertex and x* be a member of D(x) which is a
descendent of x. As we have shown above, there exists a child y of x such that the
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subtree rooted at y contains x* as well as a member y* of D(y). Hence the DFS
traversal never reaches a leaf and does not terminate, which is not possible in a finite
tree T. Hence (1) is not true. 

Remark 1. The conditions of Theorem 4 are not enough to determine (G). That is, a
graph satisfying the conditions of Theorem 4 may have the minimum spanner either
2 –1 or 2 . For example, the graphs in Figure 2 satisfy conditions of Theorem 4. But
the graphs in Figures 2(a) and 2(b) have minimum spanner 2 –1 whereas the graph in
Figure 2(c) has minimum spanner 2 �

The proof of the following theorem is analogous to that of Theorem 4.
Theorem 5. Let G be a diametrically uniform graph with diameter ���1. If D(x) U
D(y) is connected for every edge (x, y) of E(G), then (G) ��� –1. 

Remark 2. The conditions of Theorem 5 are not enough to determine (G). Both even
and odd cycles satisfy Theorem 5. The minimum spanner of an even cycle is 2 –1
whereas the minimum spanner of an odd cycle is 2 .

3.2   Upper Bound for the Minimum Spanner of Diametrically Uniform Graphs

Now we identify a few conditions under which the minimum spanner of a
diametrically uniform graph is at most 2 –1. A subgraph H of a bipartite graph G
would be a 2k-spanner of G if and only if it is a (2k–1) - spanner of G [15]. Thus we
have the following result.

Theorem 6. If G is a bipartite graph then (G ) is odd. In particular (G) ��� –1. 

The following result is fairly straightforward.

Theorem 7. Let G be a diametrically uniform graph. If there exists a vertex x of G
and a bfs tree BFS(x) rooted at x such that all the vertices of D(x) are in a subtree
rooted at some vertex y (y 	�
) in BFS(x), then (G) ��� –1. 

The following corollaries are direct applications of Theorem 7.

Corollary 1. Let G be a diametrically uniform graph. If for some vertex x of G, D(x)
is an independent set, then (G) ��� –1.

Corollary 2. Let G be a diametrically uniform graph. If D(x) is a singleton for some
vertex x of G, then (G) ��� –1. 

Theorem 8. Let G be a diametrically uniform graph. The following statements are
equivalent:

1. There exists a vertex x of G and a bfs tree BFS(x) rooted at x such that all the
vertices of D(x) are in a subtree rooted at some vertex y (y 	�
) in BFS(x).
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2. There exists a vertex x of G such that for every member x* of D(x), a shortest
path P(x, x*) between x and x* traverses some fixed vertex y (y � x). 

Theorems 7 and 8 yield the following result.

Theorem 9. Let G be a diametrically uniform graph. If there exists a vertex x of G
such that for every member x* of D(x), a shortest path P(x, x*) between x and x*
traverses some fixed vertex y (y � x), then (G) ��� –1. 

3.3   A Class of Tree 2  - Spanner Admissible Graphs

Here we begin with a necessary condition for a diametrically uniform graph G with
minimum spanner exactly 2 .

Theorem 10. Let G be a diametrically uniform graph. If  (G) = 2 , then for each
vertex x of G, D(x) has at least two vertices y and z such that (y, z) is an edge of G. 

The next theorem provides a sufficient condition for tree 2  - spanner admissible
graphs.

Theorem 11. Let G be a diametrically uniform graph with diameter  > 1. Suppose
that (i) D(x) is connected for every x of V(G) and  (ii) D(x) ��(y) is non-empty for
every edge (x, y) of E(G). Then (G) = 2 . 

Corollary 3. The minimum spanner of a complete graph and an odd cycle is 2 . 

4   Classes of Graphs with Minimum Spanner 2 –1 or 2

4.1   Cayley Graphs

The study of Cayley graphs has gained importance in recent times [2, 13, 10]. We
look at Cayley graphs as diametrically uniform graphs. The following theorem
motivates us to investigate whether vertex transitive graphs are diametrically
uniform.

Proposition 1 [8, 11]. Cayley graphs are vertex transitive graphs. 

Theorem 12. Vertex transitive graphs are diametrically uniform graphs.
Proof: Let u and v be two vertices of a vertex transitive graph G such that d(u, v) = .
Let x be any arbitrary vertex of G. We claim that D(x), the set of diametrically
opposite vertices of x, is non-empty. Let f be an automorphism of G such that f(u) =
x. Then d(u, v) = d(f(u), f(v)) [8, 11]. That is, d(x, f(v)) = . Thus f(v) belongs to D(x)
and hence D(x) is non-empty. 
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Fig.2.

Theorem 13. A graph G is diametrically uniform if and only if any two bfs trees of G
are of equal height.
Proof: Let G be diametrically uniform. Then each vertex u of G has at least one
diametrically opposite vertex and the height of a bfs tree BFS(u) is equal to the
diameter of G. Conversely if any two bfs trees of G are of the same height say h, then
G is diametrically uniform with diameter h. 

Corollary 4. Any two bfs trees of a vertex transitive graph are of equal height.

Lemma 1. Let u and v be two vertices of a vertex transitive graph G. Then for each
bfs tree BFS(u), there exists some bfs tree BFS(v) such that BFS(u) and BFS(v) are
isomorphic. 

The above lemma leads to the following conclusion.
Theorem 14. If G is a vertex transitive graph, then D(u) and D(v) have the same
cardinality for any two vertices u and v of G. 

Remark 3. The above theorem is useful in identifying non-vertex transitive graphs.
For example, a 3-regular mesh of trees is not a vertex transitive graph. Refer to
Theorem 15.

4.1.1   Wrapped Butterflies

We consider the class of wrapped butterflies WB(k, kr) [8, 11, 12].

Observation 1. A wrapped butterfly G is diametrically uniform. 

Observation 2. Let G be WB(2, 2r), where r is odd. Then
1. For every edge (x, y) of G, D(x) U D(y) is connected.
2. There exists a vertex x of G such that for every member x* of D(x), a shortest

path P(x, x*) between x and x* traverses some fixed vertex y (y � x). 

Observation 3. Let G be WB(2, 2r), where r is even. Then
1. For every edge (x, y) of G, D(x) U D(y) is connected.
2. For every vertex x of G, D(x) is a singleton. 
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Proposition 2. Let G be WB(2, 2r). Then (G) = 2 –1.
Proof: If r is odd the proof follows from the observations 1, 2, Theorems 5 and 9. If,
on the other hand r is even, the proof follows from the observations 1, 3, Theorem 5
and Corollary 2. 

4.1.2   Torus

Proposition 3. [9]. The diameter of TR(n, m, ) is n/2  + m/2 + /2 .

Observation 4. [9]. A torus TR(n, m, ) is a diametrically uniform graph. The

diametrically opposite vertices of vertex (1,1,1) of the torus are ( n/2 , m/2 , /2 );

( n/2 , m/2 , /2 );( n/2 , m/2 , /2 ); n/2 , m/2 , /2 );( n/2 , m/2 , /2 );

( n/2 , m/2 , /2 ); ( n/2 , m/2 , /2 ); ( n/2 , m/2 , /2 ).

Observation 5. Let G be TR(2n, 2m, 2 ). Then (i) D(x) U D(y) is connected for every
edge (x, y) of G and (ii) D(x) is a singleton set for every vertex x of G.

The observations 4, 5, Theorem 5 and Corollary 2 yield the following result.
Proposition 4. The minimum spanner of TR(2n, 2m, 2 ) is 2 –1. 

Observation 6. Let G be TR(2n+1, 2m+1, 2 +1).Then (i) D(x) is connected for every
vertex x of G and (ii) D(x)  D(y) is non-empty for every edge (x, y) of G. 

The observations 4, 6 and Theorem 11 give rise to the following result.
Proposition 5. The minimum spanner of TR(2n+1, 2m+1, 2 +1) is 2 . 

Observation 7. Let G be TR(2n, 2m+1, 2 ). Then (i) D(x) U D(y) is connected for
every edge (x, y) of G and (ii) there exists a vertex x of G such that for every member
x* of D(x), a shortest path P(x, x*) between x and x* traverses some fixed vertex y (y
� x). 

The observations 4, 7, Theorems 5 and 9 give rise to the following result.
Proposition 6. The minimum spanner of TR(2n, 2m+1, 2 ) is 2 –1. 

4.1.3   Hypercubes

A hypercube Qn [8, 11, 12] is an n- regular graph on 2n vertices and its diameter is n.

Observation 8. A hypercube Qn is a diametrically uniform graph. Moreover, if G is
Qn, then

1. D(x) U D(y) is connected, for every edge (x, y) of G.
2. D(x) is a singleton set, for every vertex x of G. 

Notice that an even cycle also satisfies observation 8. Hence observation 8, Theorem
5 and Corollary 2 imply the following result.
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Proposition 7. The minimum spanner of the hypercube Qn and even cycle is 2 –1. 

4.1.4   Cube-Connected Cycles

A cube-connected cycle CCC(n) is a graph obtained from a hypercube Qn on 2n

vertices by replacing each vertex by an n-cycle [8, 11, 12].

Observation 9. A cube-connected cycle CCC(n) is a diametrically uniform graph and
the diameter of CCC(n) is 2n. Moreover, if G is CCC(n), then

1. D(x) U D(y) is connected, for every edge (x, y) of G.
2. D(x) is an independent set, for every vertex x of G. 

The following result is a consequence of observation 9, Theorem 5 and Corollary 1.
Proposition 8. The minimum spanner of the cube connected cycle CCC(n) is 2 –1. 

4.2   The 3-Regular Mesh of Trees

Let G be a 2n x 2n mesh of trees [12]. See Figure 3(a). We modify G by adding new
edges to G, depicted by dotted lines in Figure 3(b), so that the modified graph is 3-
regular. We denote the modified graph by MT(n). The diameter of a 3-regular MT(n)
is 4n and it has 2n( 2n+1 + 2n – 2 ) vertices, for n ����

The graph in Figure 3(b) is a 3-regular 4 x 4 mesh of trees. Its diameter is 8 and
D(1) = D(2) = D(5) = D(6) = {11,12,15,16}, D(3) = D(4) = D(7) = D(8) =
{9,10,13,14}, D(17) = D(19) = {22,24}, D(22) = D(24) ={17,19}.
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(a)  Mesh of Trees (b)  3-regular Mesh of Trees

Fig. 3. A Mesh of trees

Observation 10. Let G be a 3-regular MT(n). Then G is a diametrically uniform
graph. Moreover, (i) given an edge (x, y) of G, for every vertex x* of D(x) there exists
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a vertex y* of D(y) such that (x*, y*) is an edge of G and (ii) there exists some vertex
x, for which D(x) is an independent set. 

The following result is derived from observation 10, Theorem 4 and Corollary 1.
Proposition 9. The minimum spanner of a 3-regular MT(n) is 2 –1. 

Here we demonstrate a simple application of Theorem 14.
Theorem 15. A 3-regular mesh of trees MT(n) is not vertex transitive.
Proof: By the structure of a 3-regular mesh of trees there are vertices u and v such
that |D(u)| ���D(v)|. Then the conclusion follows from Theorem 14. 

4.3   Petersen Graphs

A generalized Petersen graph P(n, m), n �� 	�!���m � (n-1)/2  consists of an outer n-
cycle u1, u2 … un , a set of n spokes (ui, vi), 1 ��i ��n and n inner edges (vi, vi+m) with
indices taken modulo n. For convenience, u1, u2 … un are represented by 1, 2 … n and
v1, v2 … vn by n+1, n+2 … 2n respectively. In this paper we consider Petersen graphs
with m = 2 and call a generalized Petersen graph P(n, 2) simply a Petersen graph.

Observation 11. A Petersen graph P(2n, 2) is a diametrically uniform graph whereas
P(2n+1, 2) is not diametrically uniform and the diameter of P(n, 2) is given by  =

(n-6)/4  +  4, n ��"��

Observation 12.  Let G be P(4n, 2), n � 2. Then
1. For every edge (x, y) of G, D(x) U D(y) is connected.
2. There exists a vertex x of G such that for every member x* of D(x), a shortest

path P(x, x*) between x and x* traverses some fixed vertex y (y � x). 

For the graph in Figure 4(a), D(1) = {6,7,8}, D(2) = {7,8,9}, D(13) = {18,20}, D(14)
= {19,13} and the shortest paths P(13, 20) = (13, 1, 12, 24, 22, 20) and P(13, 18) =
(13, 1, 2, 14, 16, 18) traverse a fixed vertex 1. For the graph in Figure 4(b), D(1) =
{6,7} but D(12) = , justifying that odd Petersen graphs are not diametrically
uniform.

Observation 13. Let G be P(4n+2, 2), n � 2. Then
1. For every edge (x, y) of G, D(x) U D(y) is connected.
2. For every vertex x of G, D(x) is a singleton. 

The observations 11, 12, Theorems 5 and 9 yield the following result.
Proposition 10. If G = P(4n, 2), n ���	���
�� (G) = 2 –1. 

The next theorem follows from observations 11, 13, Theorem 5 and Corollary 2.
Proposition 11. If G = P(4n+2, 2), n ���	���
�� (G) = 2 –1. 
As in the case of 3-regular mesh of trees MT(n), we prove that Petersen graphs P(4n,
2) are not vertex transitive.
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Theorem 16. The Petersen graphs P(4n, 2), n ��2, are not vertex transitive.
Proof: If u and v are outer and inner cycle vertices, respectively, of G, we have |D(u)|
��|D(v)|. Then we have the desired conclusion from Theorem 14. 

Graph theorists agree that Petersen graphs are known for their versatility to stand as
counter examples. Petersen graphs never cease to amaze the researchers for their
unpredictable behaviors. Here we would like to share some of its interesting structural
behaviors. The Petersen graphs P(2n+1, 2), n � 3, are not diametrically uniform
whereas the Petersen graphs P(2n, 2), n � 4, are diametrically uniform. Petersen graph
P(5, 2) is vertex transitive but not Cayley [8, 19]. We just proved that P(4n, 2) ), n �
2, is not vertex transitive. Here is the most interesting behavior of Petersen graphs.
The minimum spanner of Petersen graphs P(2n, 2), n � 4, is exactly 2 –1 and the
minimum spanner of Petersen graphs P(2n+1, 2) is strictly less than 2 –1. At this
point we recall a similar property between odd and even Petersen graphs. That is, an
even Petersen graph is planar (see Figure 4(c)) whereas an odd Petersen graph is non-
planar. The reader may wonder whether there is any relationship between the
planarity, minimum spanner property and the diametrically uniform property. This
requires further investigation and is an open problem.

5   Conclusion

We have found a unified way to solve the minimum tree spanner problem for
Petersen graphs, 3-regular mesh of trees, Cayley graphs such as wrapped butterfly,
torus, hypercube, CCC etc. The properties of these graphs have been listed as
observations. Most of the observations of these graphs need mathematical proof.
There are too many observations to prove one by one mathematically. Since this will
shift the focus from the main objective of the paper, we leave it to the reader to verify
the observations mentioned in this paper.
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The Probabilistic Minimum Coloring Problem
(Extended Abstract)
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75775 Paris Cedex 16, France,

{murat,paschos}@lamsade.dauphine.fr

Abstract. We study the probabilistic coloring problem (pcolor) un-
der a modification strategy consisting, given an a priori solution C, of
removing the absent vertices from C. We compute the objective function
associated with this strategy, we give bounds on its value, we charac-
terize the complexity of computing it and the one of computing the
optimal solution associated with. We show that pcolor is NP-hard and
design a polynomial time approximation algorithm achieving non-trivial
approximation ratio. We then show that probabilistic coloring remains
NP-hard even in bipartite graphs and that the unique 2-coloring in such
graphs is a constant ratio approximation. We finally prove that pcolor

is polynomial when dealing with complements of bipartite graphs.

1 Introduction

Consider a graph G(V, E) of order n. In minimum coloring problem, we wish
to color V with as few colors as possible so that no two adjacent vertices re-
ceive the same color. The chromatic number of a graph, denoted by χ(G), is
the smallest number of colors that can feasibly color its vertices. A graph G is
called k-colorable if its vertices can be legally colored by k colors, in other words
if its chromatic number is at most k; it will be called k-chromatic if k is its
chromatic number. Minimum coloring was shown to be NP-hard in Karp’s orig-
inal paper ([1]), and remains NP-complete even restricted to graphs of constant
(independent on n) chromatic number at least 3 ([2]). Since adjacent vertices are
forbidden to be colored with the same color, a feasible coloring can be seen as
a partition of V into vertex-sets such that, for each one of these sets, no two of
its vertices are mutually adjacent. Such sets are usually called independent sets.
So, the optimal solution of minimum coloring is a minimum-cardinality partition
into independent sets.

In this paper we deal with a probabilistic version of minimum coloring, de-
noted by pcolor in what follows. Consider any set V ′ ⊆ V and set G′ = G[V ′],
the subgraph of G induced by V ′. In pcolor we are given: (i) a graph G(V, E),
and an n-vector Pr = (p1, . . . , pn) of vertex-probabilities; in other words, an
instance of pcolor is a pair (G,Pr); (ii) a coloring C = (S1, . . . , Sk) for V ;
(iii) a modification strategy M, i.e., an algorithm receiving C and G′ as inputs

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 346–357, 2003.
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and modifying C in order to produce a coloring C ′ for G′. The objective is to de-
termine a coloring C∗ of G minimizing the quantity (commonly called functional)
E(G, C, M) =

∑
V ′⊆V Pr[V ′]|C(V ′, M)| where C(V ′, M) is the solution computed

by M(C, V ′) (i.e., by M when executed with inputs the a priori solution C and
the subgraph of G induced by V ′) and Pr[V ′] =

∏
i∈V ′ pi

∏
i∈V \V ′(1−pi) (there

exist 2n distinct sets V ′; therefore, explicit computation of E(G, C, M) is, a priori,
not polynomial). The complexity of pcolor is the complexity of computing C∗.
Using the terminology introduced in [3,4], we will call solution C (in which the
modification strategy is applied) an a priori solution; C∗ is then the optimal a
priori solution.

The fact that strategy M intervenes in the formulation of the functional seems
somewhat unusual with respect to standard complexity theory where no algo-
rithm intervenes in the definition of the objective function of a problem. But M is
absolutely not an algorithm for pcolor, in the sense that it does not compute a
coloring for G; it simply fits C (no matter how it has been computed) to G[V ′].
This also implies that changing M one changes the definition of pcolor itself.
Strictly speaking, the pcolor-variants induced by pcolor(M1) and pcolor(M2)
(parameterized by two distinct modification strategies M1 and M2) are two distinct
probabilistic combinatorial optimization problems.

A priori optimization, i.e., searching for optimal a priori solutions of proba-
bilistic combinatorial optimization problems, has been studied in restricted ver-
sions of routing and network-design probabilistic minimization problems ([5,6,
7,3,4,8,9,10]), defined on complete graphs. Also, in [11] the minimum vertex
covering problem in general and in bipartite graphs is studied. Finally, a pri-
ori optimization has been used in [12,13] to study probabilistic maximization
problems, the longest path and the maximum independent set, respectively.

In what follows, we study pcolor(M) under the following simple but in-
tuitive modification strategy M: given an a priori solution C, take C ∩ V′

as solution for G[V′]. In what follows, since M is fixed for the rest of the paper,
we simplify notations using pcolor instead of pcolor(M).

In [14], we motivate the study of this problem by two real-world applications
dealing with timetabling (the first one) and with satellite shots planning un-
der meteorological uncertainty (the second one), showing that it is not simply
a toy (even nice and pleasant) problem. Then, we are managed to compute the
functional, to give bounds on its value, to characterize the complexity of com-
puting it and the one of computing the optimal a priori solution associated with.
We show that pcolor is NP-hard, so we try to face it with polynomial time
approximation algorithms achieving non-trivial approximation ratios. We then
restrict ourselves to bipartite graphs and show that pcolor is always NP-hard;
we also prove that the unique 2-coloring in bipartite graphs achieves approxi-
mation ratio 2.773 when used as a priori solution. We finally show that pcolor

is polynomial in bipartite complements of perfect matchings, under identical
vertex-probabilities, and in complements of bipartite graphs, without restric-
tion on vertex-probabilities. Complete proofs of all these results are given in
appendix.
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Let A be a polynomial time approximation algorithm for an NP-hard graph-
problem Π, let A(G) be the value of the solution provided by A on a graph G
instance of Π, and OPT(G) be the value of the optimal solution for G (fol-
lowing our notation for pcolor, OPT(G) = E(G, C∗, M)). The approximation
ratio ρA(G) of the algorithm A on graph G is defined as ρA(G) = A(G)/OPT(G).
An approximation algorithm achieving ratio, at most, ρ on any instance of Π
will be called ρ-approximation algorithm.

Since the modification strategy M is fixed for the rest of the paper we will
simplify notations by using E(G, C∗) instead of E(G, C∗, M) and C(V ′) instead
of C(V ′, M). Moreover, we shall denote by pmax (resp., pmin), the maximum (resp.,
minimum) vertex-probability of V .

2 The Probabilistic Coloring in General Graphs

2.1 The Complexity of Probabilistic Coloring

In this section, we first analytically express the functional for pcolor; then,
based upon it, we show that it can be computed in polynomial time1 . Moreover,
always based upon the analytical expression obtained for the functional, we give
a combinatorial characterization of the optimal a priori solution.

Recall that given an a priori solution C = (S1, S2, . . . , Sk) of cardinality k
and a subgraph G′ of G induced by a subset V ′ of V , the modification strat-
egy adopted in the paper consists of removing the vertices in C \ V ′. Denote
by C(V ′) the coloring of G′ so-obtained and set k′ = |C(V ′)|. Denote also by 1F,
the indicator function of a fact F . Then, E(G, C) =

∑
V ′⊆V Pr[V ′]|C(V ′)| =∑

V ′⊆V Pr[V ′]k′. Consider the facts Fj: color Sj has at least a vertex and F̄j: there

is no vertex in color Sj; then k′ can be written as k′ =
∑k
j=1 1Fj =

∑k
j=1(1−1F̄j

).

Therefore, E(G, C) =
∑
V ′⊆V Pr[V ′]

∑k
j=1 1 −∑V ′⊆V Pr[V ′]

∑k
j=1 1Sj∩V′=∅ =

k −∑k
j=1

∏
vi∈Sj

(1− pi) =
∑k
j=1(1−∏vi∈Sj

(1− pi)).
It is easy to see that computation of E(G, C) takes at most O(n) steps,

consequently, pcolor ∈ NP. On the other hand, from the final expression
for E(G, C), we can easily characterize the optimal a priori solution C∗ for
pcolor: if the value of an independent set Sj of G is 1−∏vi∈Sj

(1− pi), then
the optimal a priori coloring for G is the partition into independent sets for
which the sum of their values is the smallest over all such partitions. We finally
note that if we assume pi = 1, i = 1, . . . , n, then pcolor becomes the classical
coloring problem. This observation immediately deduces the NP-hardness of
pcolor.

Proposition 1. pcolor is NP-hard.

We are here faced to a graph-problem completely different from the ones studied
in [13,11]. There, when strategies as M were used, i.e., strategies consisting of
1 Recall that, as we have already mentioned in section 1, the functional is not a priori

polynomially computable for any problem and for any modification strategy.
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dropping absent vertices out of the a priori solution, the optimal a priori solutions
were a maximum weight independent set, or a minimum weight vertex-covering,
of the input graph, considering that its vertices receive their probabilities as
weights; here, the weight of an independent set is not an additive function. Let
us mention that there exist also weighted versions of the minimum coloring. For
example, one can consider that the weight of a color is the maximum (or the
minimum, or even, the average) weight of the vertices in the independent set
representing it, and the objective is to find a coloring minimizing the sum of the
weights of the colors (see, for example, [15,16] for a version of weighted coloring,
where the weight of a color is the maximum over the weights of its vertices). The
valued coloring dealt here is closer to the so-called chromatic sum problem ([17,
18,19]) than to the weighted coloring in [15,16].

2.2 Bounds on E(G, C)

This section gives some bounds for E(G, C) that are used for the achievement of
the approximation results presented later. Consider a coloring C = (S1, . . . , Sk),
fix a j ∈ {1, . . . , k}, assume, for simplicity, |Sj | = � and arbitrarily denote vertices
in Sj by v1, . . . , v�. Then, by induction in � the following holds:

�∑

i=1

pi −
�∑

i=1

�∑

j=i+1

pipj � 1−
�∏

i=1

(1− pi) �
�∑

i=1

pi (1)

Take the sums of members of (1) for m = 1 to k. It can be proved that

n∑

i=1

pi −
n∑

i=1

n∑

j=i+1

pipj � E(G, C) �
n∑

i=1

pi (2)

Finally, (3) gives additional bounds for E(G, C).

max






k∑

j=1



1− exp




−
∑

vi∈Sj

pi








 , kpmin




 � E(G, C) � min {k, npmax}

(3)

2.3 An Approximation Algorithm for pcolor in General Graphs

We have already mentioned that, in the problem we deal with, the weight of an
independent set is not an additive function. This makes it harder to be faced
by approximation algorithms than the probabilistic problems dealt in [13,11].
In this section, we devise and analyze an approximation algorithm for general
pcolor.

Let us, in a first time, deal with fixed vertex-probabilities, i.e., with proba-
bilities such that pmin � t, for some t. Then, the following lemma, that will be
used later, holds.
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Lemma 1. Assume a graph of order n and with vertex-probability vector Pr. If
pmin � t, then pcolor is approximable within ratio O(n log2 log n/(t log3 n)).

Consider the graph G and two vertex-probabilities p0 and p′, p0 < p′. The main
idea of the algorithm for pcolor is to partition the vertices of G into three
subsets: the first, Vsp including the vertices with “small” probabilities, i.e., at
most p0; the second, Vip, including the ones with “intermediate” probabilities,
i.e., greater than p0 and at most p′; and the third, Vlp, including the vertices
with “large” probabilities, i.e., greater than p′. Then, it separately colors the
vertices of G[Vsp], G[Vip] and G[Vlp] by using a proper set of colors for any
subgraph, and it finally takes the union of the colors used as solution for G.
For G[Vsp], and G[Vip], we can use, as we will see just below, any polynomial
feasible-coloring algorithm; for G[Vlp] we will use the algorithm of [20]. For sim-
plicity in the analysis of the algorithm that follows, we fix p0 = 1/n. This has no
important impact in the approximation ratio concluded; p′ will be fixed later.
The following lemma deals with the approximation ratios of the algorithm just
sketched in G[Vsp], G[Vip].

Lemma 2. (The ratios in G[Vsp], G[Vip] and G[Vlp])

1. Any feasible polynomial time approximation algorithm for pcolor achieves
in G[Vsp] approximation ratio bounded above by 2.

2. Any feasible polynomial time approximation algorithm for pcolor achieves
in G[Vip] approximation ratio O(np′).

3. By lemma 1, the algorithm of [20], used for pcolor, achieves in G[Vlp] ap-
proximation ratio O(nlp log2 log nlp/p′ log3 nlp) � O(n log2 log n/p′ log3 n).

In what follows, denote by C∗ an optimal a priori coloring for pcolor in G,
by C∗[Vsp], C∗[Vip] and C∗[Vlp] the solutions induced by C∗ in G[Vsp], G[Vip]
and G[Vlp], respectively, and by C∗

sp, C∗
ip and C∗

lp, Ĉsp, Ĉip and Ĉlp the optimal
and approximated a priori solutions in G[Vsp], G[Vip] and G[Vlp], respectively.

Theorem 1. pcolor is approximable within ratio O(n log log n/ log3/2 n) in
polynomial time.

Proof (Sketch). We prove that, ∀x ∈ {sp, ip, lp}, E(G, C∗) � E(G[Vx], C∗[Vx]) �
E(G[Vx], C∗

x). Remark first that C∗[Vx] is a particular feasible solution for G[Vx];
hence, E(G[Vx], C∗[Vx]) � E(G[Vx], C∗

x). In order to prove the first inequality,
fix an x, consider a color, say S∗

j of C∗ and set |S∗
j | = �. Then, the contribution

of S∗
j in C∗[Vx] is 1 − ∏vi∈S∗

j ∩Vx
(1 − pi) � 1 − ∏vi∈S∗

j
(1 − pi), which is its

contribution in C∗. Iterating this argument for all the colors in C∗[Vx], the claim
follows. Recall finally, that the algorithm sketched before theorem’s statement,
colors the vertices of any G[Vx], x ∈ {sp, ip, lp} with a distinct set of colors and
the a priori solution Ĉ finally provided is the union of these sets. Consequently,
E(G, Ĉ) = E(G[Vsp], Ĉsp) + E(G[Vip], Ĉip) + E(G[Vip], Ĉlp). So, using the fact
that E(G, C∗) is at least as large as any of E(G[Vx], C∗

x), x ∈ {sp, ip, lp}, shown
above, one immediately deduces that the overall ratio of the algorithm in G is at
most the sum of the ratios provided by items 1, 2 and 3 of lemma 2, i.e., at most
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O(2 + np′ + (n log2 log n/p′ log3 n)). Remark that the ratio claimed in item 2
is increasing with p′, while the one in item 3 is decreasing with p′. Equality of
expressions np′ and n log2 log n/p′ log3 n holds for p′ = log log n/ log3/2 n. In this
case the value of the ratio obtained is O(n log log n/ log3/2 n).

3 The Restriction of Probabilistic Coloring in Bipartite
Graphs

3.1 The Complexity of pcolor

In what follows we denote by B(V, U, E) a bipartite graph with bipartition V
and U and edge-set E. We first do the following emphasized preliminary observa-
tion: in any bipartite graph, the bipartition (bicoloring) of its vertices is unique.
Another observation is that the unique 2-coloring is not always the best a priori
solution pcolor in bipartite graphs ([14]).

We prove that pcolor is NP-hard even in bipartite graphs. For doing this,
we first need to introduce a variant of pcolor and to prove an initial com-
pleteness result that will serve as a basis. We consider the following problem
denoting by pcolor(B,Pr, 3). It is a variant of pcolor where, given a proba-
bilistic bipartite graph B, we are looking for the best 3-coloring, i.e., the three
coloring C∗ for which the functional E(B, C∗) associated is the best over the
ones of any other 3-coloring of B. The decision version of pcolor(B,Pr, 3),
denoted by pcolor(B,Pr, 3, K), is the one where we look for a 3-coloring of
functional’s value at most K.

Proposition 2. pcolor(B,Pr, 3, K) is NP-complete.

Proof (Sketch). The completeness is proved by reduction from the following
problem, called 1-PrExt: “given a bipartite graph B(V, U, E) with |V ∪ U | �
3 and three vertices v1, v2, v3, does there exist a 3-coloring (S1, S2, S3) of B
such that vi ∈ Si for i = 1, 2, 3?”, which is NP-complete ([21]). Consider an
instance B′(V, U ′, E′, v1, v2, v3) of 1-PrExt and remark that we can assume
that v1, v2, v3 belong all either to V , or to U ′; in the opposite case 1-PrExt

is polynomial. Suppose {v1, v2, v3} ∈ V . We transform B′(V, U ′, E′, v1, v2, v3)
into an instance of pcolor(B,Pr, 3, K) in the following way: add in U ′ three
new vertices u1, u2, u3 and set U = U ′ ∪ {u1, u2, u3}; add in E′ the edge-set
E′′ = {viuj : i, j = 1, 2, 3, i �= j} and take E = E′ ∪ E′′; set B = B(V, U, E);
the probability vector Pr is as follows: p(u1) = p(v1) = ε, p(u2) = p(v2) = ε2,
p(u3) = p(v3) = ε3, for ε � 1/10, p(vi) = 0, vi ∈ (V ∪ U) \ {vi, ui : i = 1, 2, 3};
finally, set K = 2ε + ε2 + 2ε3 − ε4 − ε6. We claim that (B,Pr, 3, K) has a
3-coloring with functional at most 2ε + ε2 + 2ε3 − ε4 − ε6 iff we can 3-color
B′(V, U ′, E′, v1, v2, v3) by assigning any of v1, v2, v3 with a distinct color.

It is easy to see that the contribution of any vertex in (V ∪ U) \ {vi, ui :
i = 1, 2, 3} in any coloring of B is null. Denote by M̄3,3 the graph B[{vi, ui :
i = 1, 2, 3}] (this graph is a kind of bipartite complement of a perfect matching
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on 3 edges, in our case on edges viui, i = 1, 2, 3), and observe that the (non-
zero) value of any coloring of B is value of some coloring of M̄3,3. Observe also
that the value of K, introduced in the third item just above, corresponds to
a 3-coloring C∗ of B taking {vi, ui}, i = 1, 2, 3 in the same color, say Si; this
coloring has functional equal to

∑3
i=1(1 − (1 − εi)2) = 2ε + ε2 + 2ε3 − ε4 − ε6.

By a simple inspection of any other 3-coloring C of B (there exist 7 distinct
functional-value such colorings), one can easily see that the functional of C is,
for ε � 1/10, greater than the functional K of C∗.

So, if a 3-coloring C∗ of B is polynomially computed with functional K =
2ε+ε2 +2ε3−ε4−ε6, then C∗ restricted to M̄3,3 is of the form {vi, ui}, i = 1, 2, 3
(recall that the contribution of the vertices of (V ∪U)\{vi, ui : i = 1, 2, 3} in any
coloring of B is 0). Consequently, C∗ 3-colors the vertices of B′ by assigning a
distinct color to each of v1, v2, v3. Conversely, if a 3-coloring assigning a distinct
color, say S1, S2 and S3 to each of v1, v2, v3, respectively, is computed for B′,
then (S1 ∪ {u1}, S2 ∪ {u2}, S3 ∪ {u3}) is a coloring for B with functional K =
2ε + ε2 + 2ε3 − ε4 − ε6.

Remark that the functional of the (unique) 2-coloring of B[{vi, ui : i =
1, 2, 3}] has value 2(ε + ε2 − ε4 − ε5 + ε6) > 2ε + ε2 + 2ε3 − ε4 − ε6 for ε � 1/10.

We now consider problem pcolor(B,Pr, k), where we look for the best k-
coloring for any k ∈ {4, . . . , n} and its decision version pcolor(B,Pr, k, K).
We will establish that pcolor(B,Pr, k, K) is NP-complete for any such k.

Consider the bipartite complement M̄k,k of a perfect matching with k edges
(i.e., a bipartite graph B(V, U, E) with |V | = |U | = k and with E = E(Bk,k) \
{viui, vi ∈ V, ui ∈ U, i = 1, . . . , k}), where by Bk,k we denote the complete
bipartite graph with |V | = |U | = k. Call a color horizontal if it is a proper subset
either of V , or of U ; a coloring will be called horizontal if it is composed only of
horizontal colors. On the other hand, call a color vertical if it contains vertices
from both V and U ; a coloring of M̄k,k will be called vertical if all its colors are
vertical; otherwise, it will be called non-vertical. The following properties hold
for the colorings of M̄k,k:

1. any vertical color of M̄k,k is exclusively of the form {vi, ui}, i = 1, . . . , k; this
is easily deduced from the particular form of M̄k,k implying that independent
sets {vi, ui}, i = 1, . . . , k are all maximal for the inclusion;

2. the non-vertical colors of any non-vertical coloring of M̄k,k are horizontal,
i.e., there is no coloring of M̄k,k with other than horizontal or vertical colors;

3. for any i = 1, . . . , k, if vi and ui belong to two different colors, these colors
are horizontal; this is concluded by the fact that vi excludes any vertex of U
(other than ui), while ui excludes any vertex of V (other than vi).

Proposition 3. Consider M̄k,k and assume that there exists a vertex-probability
system Pr with p(vi) = p(ui) = pi, i = 1, . . . , k, such that: (i) for any i, 3 �
i < k, the functional of a vertical coloring of any subgraph M̄i,i of M̄k,k is
smaller than the functional of the 2-coloring of M̄i,i, and (ii) for any induced
subgraph B′ of M̄k,k, the functional-value of any horizontal coloring is greater
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than the one of the 2-coloring of B′. Consider a k-coloring C of M̄k,k with value
equal to

∑k
i=1(1 − (1 − pi)2). Then this coloring is vertical, i.e., of the form

{{vi, ui} : i = 1, . . . , k}, and the functional associated with it is the smallest over
the functional of any feasible coloring of M̄k,k.

Proof (Sketch). Set C = (S1, . . . , Sk), and remove vertices vk and uk from M̄k,k

together with their incident edges, in order to obtain graph M̄k−1,k−1. Then, the
following three cases can appear: (a) M̄k−1,k−1 remains colored with k colors;
(b) M̄k−1,k−1 is colored with k − 1 colors, i.e., one color is removed from C;
(c) M̄k−1,k−1 is colored with k − 2 colors, i.e., two colors are removed from C.
We can prove that only a subcase of case (b), namely the one where both vk
and uk belong to Sk can hold with respect to assumptions (i) and (ii). An easy
backwards induction shows finally that the claims of the proposition remain valid
for any k � 3.

The following lemma shows that a vertex-probability system satisfying as-
sumptions (i) and (ii) in the statement of proposition 3 really exists.

Lemma 3. (The feasibility of assumptions (i) and (ii) of proposi-
tion 3)

1. Consider a bipartite graph M̄n,n, set V = {v1, . . . , vn} and U = {u1, . . . , un},
both sets ranged in decreasing vertex probability. Set p(vi) = p(ui) = εi,
for ε � 1/3. Then, this vertex-probability system verifies assumption (i) of
proposition 3.

2. Let B(V, U, E) be a bipartite graph and C = (S1, . . . , Sk) a horizontal k-
coloring of B. Then, E(B, C) � E(B, (V, U)). This holds for any vertex-
probability system and for any bipartite graph B(V, U, E).

We are well prepared now to introduce the main complexity result of this section,
namely that pcolor(B,Pr, k) is NP-hard, for any k > 3.

Theorem 2. pcolor(B,Pr, k, K) is NP-complete.

Proof (Sketch). In fact, pcolor(B,Pr, 3, K) is NP-complete even for bipartite
graphs B′ having the following four additional characteristics: (a) only six ver-
tices vi, ui, i = 1, 2, 3 of B′ have non-zero probabilities; (b) the subgraph of B′ in-
duced by these six vertices is a M̄3,3; (c) pi = p(vi) = p(ui) = εi, i = 1, 2, 3, for a
suitable ε, for example ε < 1/10. We reduce pcolor(B′,Pr, 3, K ′), where B′ fits
characteristics (a) to (c) and K ′ =

∑3
i=1(1− (1−pi)2), to pcolor(B,Pr, k, K).

We consider an instance of pcolor(B′,Pr, 3, K ′) and construct B as follows:
we put B′ together with a M̄k−3,k−3; we link the vertices of V (B′) with the ones
of U(M̄k−3,k−3) in such a way that the graph induced by V (B′)∪U(M̄k−3,k−3)
is a complete bipartite graph; we do so with U(B′) and V (M̄k−3,k−3). Setting
V (M̄k−3,k−3) = {v4, . . . vk} and U(M̄k−3,k−3) = {u4, . . . uk}, we set pi = p(vi) =
p(ui) = εi, i = 4, . . . , k. Finally, we set K =

∑k
i=1(1 − (1 − pi)2). By what has

been discussed previously, around proposition 3 and property 1 (a vertical color
on vi and ui cannot have vertices other than these two ones) and by the fact
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that the contribution of any other vertex of B′ is the functional of any coloring
is 0, one can immediately deduce that B has a k-coloring with functional at most
K =

∑k
i=1(1 − (1 − pi)2), if and only if B′ has a 3-coloring with functional at

most K ′ =
∑3
i=1(1− (1− pi)2), q.e.d.

3.2 On the Approximation of pcolor in Bipartite Graphs

Consider a bipartite graph B(V, U, E) of order n and the 2-coloring C = (V, U).
Fix an optimal-functional coloring C∗ = (S∗

1 , . . . , S∗
k∗) of B and an ε ∈ [0, 2].

Assume that the first k̂∗ colors are such that, for any S∗
j ∈ (S∗

1 , . . . S∗
k̂∗),

∑
vi∈S∗

j
pi � ε, while for the k∗ − k̂∗ remaining ones, the sum of the proba-

bilities of the vertices in any color is greater than ε. Set Ĉ∗ = (S∗
1 , . . . S∗

k̂∗) and
denote by n̂ the order of the subgraph of B induced by ∪S∗

j ∈Ĉ∗S∗
j .

Theorem 3. In any bipartite graph, its unique 2-coloring achieves approxima-
tion ratio bounded above by 2.773 for pcolor.

Proof (Sketch). We study the ratio E(B, C∗)/E(B, C), i.e., the inverse of the
approximation ratio of the solution C. Set |S∗

j | = �∗
j ; using (1) and (3), we can

obtain

E (B, C∗)
E(B, C)

� min





n̂∑
i=1

pi − ∑
S∗

j ∈Ĉ∗

∑
vi∈S∗

j

�∗
j∑

k=i+1
pipk

n̂∑
i=1

pi

,

∑
S∗

j ∈C∗\Ĉ∗

(
1− exp

{
− ∑

vi∈S∗
j

pi

})

2





� min
{

2− ε

2
,

1− exp{−ε}
2

}

In other words, the approximation ratio of the 2-coloring (V, U) for pcolor

in any bipartite graph B(V, U, E) is bounded above by max{2/(2 − ε), 2/(1 −
exp{−ε})}. Equality for these terms implies ε ≈ 1.278 and then, the value of
both of them is smaller than 2.773.

3.3 The Graphs M̄n,n under Identical Vertex-Probabilities

Let us focus ourselves on the case of identical vertex-probabilities and consider
a M̄n,n. Using the notations of section 3.1, any coloring here is either a vertical
one, or an horizontal one, or finally, a mixed one with some vertical and some
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horizontal independent sets. Recall that item 2 of lemma 3 holds for any vertex-
probability system. Consequently, a 2-coloring of M̄n,n always dominates any
other horizontal coloring. On the other hand, since probabilities are all identi-
cal, the values of any mixed coloring with a precise number of vertical colors and
a 2-coloring for the graph induced by the rest of the vertices are all identical
too (depending on the number of the vertical colors). Consequently, an algo-
rithm consisting of: (a) evaluating the functional associated with the 2-coloring
of M̄n,n; (b) for i = 1 to n evaluating the functional associated with a mixed
coloring consisting of i vertical colors and a 2-coloring on the subgraph of M̄n,n

induced by its non-colored vertices; (c) evaluating the value of a vertical coloring;
(d) retaining the solution associated with the best of the functionals computed
in steps (a) to (c); constitutes an optimal polynomial algorithm for pcolor

in M̄n,n, for the case where vertex-probabilities are all identical.

Proposition 4. pcolor is polynomial in M̄n,n, in the case where vertex-pro-
babilities are all equal.

3.4 The Complements of Bipartite Graphs

Given a bipartite graph B(V, U, E), its complement B̄(V, U, Ē) is a loop-less
graph consisting of two cliques, one on V and one on U , plus the set of edges
Ē′ = {vivj /∈ E : vi ∈ V, uj ∈ U}; in other words the edges of Ē are the edges
of the cliques K|V | and K|U |, and the edges between V and U missing from E.
These graphs have the property that any independent set is of cardinality at
most 2, in other words, any coloring is a collection of independent sets of size 2
and of singletons. The following lemma characterizes the functional’s value of
such a coloring.

Lemma 4. Let B̄ be the complement of bipartite graph B, let n be the order
of B̄ and B, let C be a coloring of B̄, and let S = {{vik , vjk} : k = 1, . . . , |S|}
be the collection of independent sets of size 2 in C. Then, E(B̄, C) =

∑n
i=1 pi −∑|S|

k=1 pikpjk .

It is easy to see from lemma 4 that the first term of the functional is constant;
so, E(B̄, C) is minimized when its second term is maximized. Consider the bi-
partite graph B′(V, U, E(B′)) with E(B′) = (V × U) \ Ē′, and assign to any
edge vivj ∈ E(B′) weight pipj . Then, collection S becomes a matching of B′

and the term
∑|S|
k=1 pikpjk the total weight of this matching. Recall finally that

a maximum weight matching can be polynomially computed in any graph ([22]).
Then consider the following algorithm: given B̄, transform it into B′ and weight
any of its edges with the product of the probabilities of its endpoints; compute a
maximum weight matching M in B′; color endpoints of any edge of M with an
unused color (the same for both endpoints); color the remaining vertices of B′

with an unused color by such vertex. From what has been discussed, the coloring
so produced is optimal and the following result concludes the section.

Theorem 4. pcolor is polynomial in complements of bipartite graphs.
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4 Concluding Remarks

There exists a lot of interesting open problems dealing with the results of this
paper. For example, the complexity of pcolor remains open, notably for natural
classes of bipartite graphs as chains, or trees, or even for classes of graphs “close”
to bipartite ones, for example the split graphs. In another order of ideas, an
interesting approximation strategy for solving hard minimization problem, called
“master-slave” approximation, consists of solving a minimization problem, the
master problem, by repeatedly solving a maximization problem, the slave one (for
more details on this technique, see [23]). This kind of technique has a very natural
application in the case of minimum coloring where the slave problem is the
maximum independent set. It consists of iteratively computing an independent
set in the graph, of coloring its vertices with the same unused color, of removing
it from the graph, and of repeating these stages in the subsequent surviving
subgraphs until all vertices are colored. The slave independent set problem for
pcolor is the one of determining the independent set S∗ maximizing quantity
|S|/(1−∏vi∈S(1− pi)) over any independent set of the input graph. Obviously,
this problem is NP-hard in general graphs, since for pi = 1 for any vertex of
the input graph, we recover the classical maximum independent set problem.
However, approximation of it in general graphs and complexity, and eventually,
approximation results in graph-families as the ones dealt in this paper seem to
us interesting to be studied.
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Abstract. Hoàng and Reed defined the classes of Raspail (also known
as Bipolarizable) and P4-simplicial graphs, both of which are perfectly
orderable, and proved that they admit polynomial-time recognition algo-
rithms [16]. In this paper, we consider the recognition problem on these
classes of graphs and present algorithms that solve it in O(nm) time,
where n and m are the numbers of vertices and of edges of the input
graph. In particular, we prove properties and show that we can produce
bipolarizable and P4-simplicial orderings on the vertices of a graph G,
if such orderings exist, working only on P3s that participate in P4s of
G. The proposed recognition algorithms are simple, use simple data
structures and require O(n + m) space. Moreover, we present a diagram
on class inclusions and the currently best recognition time complexities
for a number of perfectly orderable classes of graphs and some prelim-
inary results on forbidden subgraphs for the class of P4-simplicial graphs.

Keywords: Bipolarizable (Raspail) graph, P4-simplicial graph, perfectly
orderable graph, recognition, algorithm, complexity, forbidden subgraph.

1 Introduction

A linear order ≺ on the vertices of a graph G is perfect if the ordered graph
(G,≺) contains no induced P4 abcd with a ≺ b and d ≺ c (such a P4 is called an
obstruction). In the early 1980s, Chvátal [4] defined the class of graphs that admit
a perfect order and called them perfectly orderable graphs. Chvátal proved that if
a graph G admits a perfect order ≺, then the greedy coloring algorithm applied
to (G,≺) produces an optimal coloring using only ω(G) colors, where ω(G) is
the clique number of G. This implies that the perfectly orderable graphs are
perfect; a graph G is perfect if for each induced subgraph H of G, the chromatic
number χ(H) equals the clique number ω(H) of the subgraph H. The class of
perfect graphs was introduced and studied by Berge [1], who also conjectured
that a graph is perfect if and only if it has no induced subgraph isomorphic to
an odd cycle of length at least five, or to the complement of such an odd cycle.
This conjecture, known as the strong perfect graph conjecture, has been recently
established due to the work of Chudnovsky et al. [3].
� Research partially funded by the European Commission and the Hellenic Ministry
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It is well-known that many interesting problems in graph theory, which are
NP-complete in general graphs, have polynomial solutions in graphs that ad-
mit a perfect order [2,8]; unfortunately, it is NP-complete to decide whether a
graph admits a perfect order [22]. Since the recognition of perfectly orderable
graphs is NP-complete, we are interested in characterizing graphs which form
polynomially recognizable subclasses of perfectly orderable graphs. Many such
classes of graphs, with very interesting structural and algorithmic properties,
have been defined so far and shown to admit polynomial-time recognitions (see
[2,8]); note however that not all subclasses of perfectly orderable graphs admit
polynomial-time recognitions [13].

Hoàng and Reed [16] introduced four subclasses of perfectly orderable graphs,
namely, the Raspail (also known as Bipolarizable), P4-simplicial, P4-indifference,
and P4-comparability graphs, and provided polynomial-time recognition algo-
rithms for these four classes of graphs. A graph G is bipolarizable if it admits a
linear order ≺ on its vertices such that every P4 abcd has either (b ≺ a, b ≺ c,
c ≺ d) or (b ≺ a, c ≺ b, c ≺ d). A graph G is P4-simplicial if it admits a lin-
ear order ≺ such that every P4 has either a P4-indifference ordering (i.e., every
P4 abcd has either (a ≺ b, b ≺ c, c ≺ d) or (d ≺ c, c ≺ b, b ≺ a)) or a bipo-
larizable ordering. Note that every linear order ≺ on the vertices of a graph G
yields an acyclic orientation of the edges, where each edge ab is oriented from
a to b if and only if a ≺ b. On the other hand, every acyclic orientation gives
at least one linear order (for example, the order taken by a topological sorting).
Hence, bipolarizable and P4-simplicial graphs can also be defined in terms of
orientations.

As mentioned in the previous paragraph, the recognition problem on both
bipolarizable and P4-simplicial graphs has been addressed by Hoàng and Reed
[16]; for a graph on n vertices, their algorithms run in O(n4) and O(n5) time re-
spectively. Recently, Eschen et al. [7] described recognition algorithms for several
classes of perfectly orderable graphs, among which O(n3.376)-time algorithms for
both bipolarizable and P4-simplicial graphs. We note that Hoàng and Reed also
presented algorithms which solve the recognition problem for P4-indifference
and P4-comparability graphs which run in O(n6) and O(n4) time [16,17]; recent
results on these problems include O(n + m)-time and O(nm)-time algorithms
respectively [10,23], where m is the number of edges of the input graph.

In this paper, we consider the recognition problems for bipolarizable and
P4-simplicial graphs and present O(nm)-time algorithms for their solution. Our
algorithms rely on properties that we establish and which allow us to work
only with P3s which participate in P4s of the input graph G; such P3s can
be computed in O(nm) time by means of the BFS-trees of the complement of
G rooted at each of its vertices [23]. The proposed recognition algorithms are
simple, use simple data structures and require O(n+m) space. Furthermore, we
give class inclusion results for a number of perfectly orderable classes of graphs
and show the currently best time complexities to recognize members of these
classes, and finally we also present results on forbidden subgraphs for the class
of P4-simplicial graphs.
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2 Preliminaries

We consider finite undirected graphs with no loops or multiple edges. Let G
be such a graph; then, V (G) and E(G) denote the set of vertices and of edges
of G respectively. The subgraph of G induced by a subset S of G’s vertices is
denoted by G[S]. The neighborhood N(x) of a vertex x ∈ V (G) is the set of all
the vertices of G which are adjacent to x. The closed neighborhood of x is defined
as N [x] := {x} ∪N(x).

A path in a graph G is a sequence of vertices v0v1 . . . vk such that vi−1vi ∈
E(G) for i = 1, 2, . . . , k; we say that this is a path from v0 to vk and that its
length is k. A path is called simple if none of its vertices occurs more than once;
it is called trivial if its length is equal to 0. A path (simple path) v0v1 . . . vk is
called a cycle (simple cycle) of length k+1 if v0vk ∈ E(G). A simple path (cycle)
v0v1 . . . vk is chordless if vivj /∈ E(G) for any two non-consecutive vertices vi,
vj in the path (cycle). The chordless path (chordless cycle, respectively) on n
vertices is commonly denoted by Pn (Cn, respectively). In particular, a chordless
path on 4 vertices is denoted by P4.

Let abcd be a P4 of a graph. The vertices b and c are called midpoints and the
vertices a and d endpoints of the P4 abcd. The edge connecting the midpoints of
a P4 is called the rib; the other two edges (which are incident on the endpoints)
are called the wings. For the P4 abcd, the edge bc is its rib and the edges ab and
cd are its wings.

Computing all the P3s participating in P4s of a graph G: In [23], it has
been shown that all the P3s participating in P4s of a graph G on n vertices and
m edges can be computed in O(nm) time and O(n+m) space as follows: for each
vertex v, the BFS-tree TG(v) of the complement of G rooted at v is constructed
and the vertices in the 2nd level of the tree are partitioned into sets S1, . . . , Skv

,
where two vertices belong to the same Si iff they have the same neighbors in the
1st level of TG(v); the root v of TG(v) is assumed to be located in the 0th level.
Then, avb is a P3 participating in a P4 of G iff ab /∈ E(G) and either exactly one
of a, b belongs to the 2nd level and the other to the 3rd level of TG(v), or both
a and b belong to the 2nd level but they are in different sets of the partition
S1, . . . , Skv .

Since the vertices in the 2nd and 3rd level of TG(v) form a subset of the
neighborhood of v, we can give a more unified criterion for deciding whether a
P3 avb participates in a P4 of G by defining the following partition of N(v):

Definition 2.1. For each vertex v of a graph G, we consider the following par-
tition of the neighborhood N(v) of v:

� the partition of the vertices in the 2nd level of TG(v) into S1, . . . , Skv as
described above;

� all the vertices in the 3rd level of TG(v) are placed in a set Skv+1;
� all remaining vertices in N(v) are placed in a set S0 (no such vertex a forms

a P3 avb participating in P4s of G for any vertex b of G).
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Then, for any a, b ∈ N(v), avb is a P3 participating in a P4 of G iff ab /∈ E(G),
and if a ∈ Si and b ∈ Sj then i �= 0, j �= 0, and i �= j.

Convention: Throughout the paper, we assume that the input graph G has n
vertices and m edges and is given in adjacency list representation.

3 Recognition of Bipolarizable Graphs

The definition of bipolarizable graphs implies that they can be efficiently rec-
ognized as soon as the wings of all the P4s have been computed. The method
described in [23] for computing all the P3s participating in P4s of a given graph
does not seem to extend to produce within the same time complexity which
edge of the P3 is the rib and which is the wing of the P4. However, in the case of
bipolarizable graphs, we establish a property that can be used for their efficient
recognition. First, we need the following lemma:

Lemma 3.1. Let G be a graph that contains no induced subgraph isomorphic to
a house graph or the graphs F1 and F2 of Figure 2. Then, G contains a C4 abcd
such that abc and bcd are P3s participating in P4s of G.

Proof: Suppose for contradiction that G contains a C4 abcd meeting the con-
ditions in the statement of the lemma. We distinguish cases. Suppose first that
the P3 abc participates in the P4 abcx and that the P3 bcd participates in the
P4 bcdy. Then, xd /∈ E(G), otherwise the vertices a, b, c, d, x would induce a
house in G. In a similar fashion, ya /∈ E(G) either. But then, if xy /∈ E(G), then
the subgraph induced by a, b, c, d, x, y is isomorphic to F1 whereas if xy ∈ E(G),
it is isomorphic to F2; a contradiction in either case. The remaining three cases
(depending on whether abc participates in a P4 xabc or abcx and on whether bcd
participates in a P4 ybcd or bcdy) are handled similarly.

Since the bipolarizable graphs do not contain the house graph, F1, or F2 (and
also some other subgraphs [12,16]), Lemma 3.1 implies the following corollary.

Corollary 3.1. Let G be a bipolarizable graph and let abc be a P3 participating
in a P4 of G. If bcd is another such P3, then G contains the P4 abcd.

Proof: If the path abcd is not a P4 then G must contain the edge ad. But this
creates a C4 meeting the conditions of Lemma 3.1; a contradiction.

(We note that Corollary 3.1 in fact holds for the class of weak bipolarizable
graphs [25], a superclass of the bipolarizable graphs.) Corollary 3.1 implies the
following result.

Corollary 3.2. Let G be a bipolarizable graph and let F be the orientation of G
that results from the bipolarizable ordering of the vertices of G (i.e., the wings
of each P4 are oriented towards the P4’s endpoints). Then, for each edge bc of
G for which there exist P3s abc and bcd participating in P4s of G, the edges ab
and cd (for all such a and d) get oriented towards a and d respectively.
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The algorithm for the recognition of bipolarizable graphs applies Corol-
lary 3.2. The algorithm uses two arrays, an array M [ ] and an array S[ ], of
size 2m each. The array M [ ] has entries M [xy] and M [yx], for each edge xy of
G; the entry M [xy] is equal to 1 if there exist P3s xyz participating in P4s of G,
and is equal to 0 otherwise. As a result, for an edge xy, both M [xy] and M [yx]
are equal to 1 iff there exist P3s xyz and txy participating in P4s of G. The
array S[ ] too has entries S[xy] and S[yx], for each edge xy of G; the entry S[xy]
is equal to the index number of the partition set of N(y) to which x belongs
(see Definition 2.1). As a result, a path xyz is a P3 participating in P4s of G iff
S[xy] �= 0, S[zy] �= 0, and S[xy] �= S[zy]. In more detail, the algorithm works as
follows.

Bipolarizable Graph Recognition Algorithm

1. Initialize the entries of the arrays M [ ] and S[ ] to 0; for each vertex v, sort
the records of the neighbors of v in v’s adjacency list in increasing vertex
index number;

2. Find all the P3s participating in P4s of G; for each such P3 abc, set the
entries M [ab] and M [cb] equal to 1, and update appropriately the entries
S[ab] and S[cb];

3. For each edge uv of G such that M [uv] = 1 and M [vu] = 1 do
3.1 traverse the adjacency lists of u and v in lockstep fashion in order to

locate the non-common neighbors of u and v;
3.2 for each neighbor w of v which is not adjacent to u do

if S[uv] �= 0 and S[wv] �= 0 and S[uv] �= S[wv]
then {uvw is a P3 in a P4 of G}

if the edge vw has not received an orientation
then orient it towards w;
else if it is oriented towards v

then print that G is not a bipolarizable graph; exit.
3.3 work similarly as in case 3.2 for each neighbor w of u which is not

adjacent to v;
4. Check if the directed subgraph induced by the oriented edges contains a

directed cycle; if it does not, print that G is a bipolarizable graph; otherwise,
print that it is not.

The correctness of the algorithm follows directly from Corollary 3.2. Observe
that for any P4 abcd of G, the edge bc will be considered in Step 3 of the
algorithm, and then the edges ab and cd will be oriented correctly.

Time and Space Complexity. Step 1 takes O(n + m) time since the sorted
adjacency lists can be obtained through radix sorting an array of all the ordered
pairs of adjacent vertices, while Step 2 takes O(nm) time [23]. Steps 3.2 and 3.3
take constant time per such vertex w; it is assumed that the orientation of an
edge is stored in an array of size m for constant-time access and update. For an
edge uv, Steps 3.2 and 3.3 is executed O(deg(u) + deg(v)) times, where deg(u)
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denotes the degree of vertex u. Since Step 3.1 also takes O(deg(u) + deg(v))
time, Step 3 takes O

(∑
uv∈E(G)(deg(u) + deg(v))

)
= O(nm) time. Step 4 can

be executed by constructing the resulting directed graph and then applying
topological sorting on it; if the topological sorting succeeds then no directed
cycle exists, otherwise there exists a directed cycle. From this description, it
is clear that Step 4 can be completed in O(n + m) time and space. Since the
computation of the P3s participating in P4s takes linear space, the total space
needed by the recognition algorithm is clearly linear in the size of the input
graph G.

Summarizing, we obtain the following theorem.

Theorem 3.1. Let G be an undirected graph on n vertices and m edges. Then,
it can be determined whether G is a bipolarizable graph in O(nm) time and
O(n + m) space.

The recognition algorithm can be used to produce a bipolarizable ordering
of the vertices of a bipolarizable graph G. The bipolarizable ordering coincides
with the topological ordering of the vertices of the directed graph in Step 4,
possibly extended by an arbitrary ordering of any vertices of G which do not
participate in the directed graph.

4 Recognition of P4-Simplicial Graphs

Our P4-simplicial graph recognition algorithm relies on the corresponding al-
gorithm of Hoàng and Reed [16]; our contribution is that we restate the main
condition on which their algorithm is based in terms of P3s participating in P4s
of the input graph, and we show how to efficiently take advantage of it in order
to achieve an O(nm) time complexity. In particular, their algorithm works as
follows: it initially sets H = V (G) and then it iteratively identifies a vertex x
in H such that G does not contain a P4 of the form abxc with b, c ∈ H, and
removes it from H; the graph G is P4-simplicial iff the above process continues
until H becomes the empty set.

It is not difficult to see that the property a vertex x has to have in order to
be removed from H can be equivalently stated as follows:

Property 4.1. Let H be the current set of vertices of a given graph G. Then,
a vertex x can be removed from H if and only if there does not exist any P3 bxc
participating in a P4 of G with b, c ∈ H.

In light of Property 4.1, we can obtain an algorithm for deciding whether a
given graph G is P4-simplicial by keeping count, for each vertex v ∈ H, of the
number of P3s bvc with b, c ∈ H which participate in P4s of G, and by removing a
vertex from H whenever the number of such P3s associated with that vertex is 0.
The proposed algorithm implements precisely this strategy; it takes advantage
of the computation of the P3s in P4s of G in O(nm) time, and maintains an
array NumP3[ ] of size n, which stores for each vertex v in H the number of
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P3s bvc which participate in P4s of G and have b, c ∈ H. In more detail, the
algorithm works as follows.

P4-simplicial Graph Recognition Algorithm

1. Collect all the vertices of G into a set H;
make a copy A[v] of the adjacency list of each vertex v of G while attaching
at each record of the list an additional field set ;

2. For each vertex v of G do
2.1 compute the partition of the vertices in N(v) into sets S0, . . . , Skv , Skv+1

as described in Definition 2.1, and update appropriately the fields set of
the records in the adjacency list A[v] of v;

2.2 compute the number of P3s avb participating in P4s of G and assign this
number to NumP3[v];

3. Collect in a list L the vertices v for which NumP3[v] = 0;
4. While the list L is not empty do

4.1 remove a vertex, say, x, from L;
4.2 for each vertex u adjacent to x in G do

if u belongs to H
traverse the adjacency list A[u] of u and let sx be the value of
the field set for the vertex x;
if sx �= 0
then {there may exist P3s xuw participating in P4s of G}

for each vertex w in the adjacency list A[u] of u do
sw ← value of the field set for the vertex w;
if w ∈ H and sw �= 0 and sw �= sx
then {xuw is such a P3 with x, u, w ∈ H}

NumP3[u]← NumP3[u]− 1;
if NumP3[u] = 0
then insert u in the list L;

4.3 remove x from the set H;
5. if the set H is empty, then print that G is a P4-simplicial graph; otherwise,

print that it is not.

To ensure correct execution, the algorithm maintains the following invariant
throughout the execution of Step 4 (the proof can be found in [24]).

Invariant 4.1. At the beginning of every iteration of the while loop in Step 4
of the algorithm, for each vertex v in H, NumP3[v] is equal to the number of
P3s bvc participating in P4s of G with b, c ∈ H.

Sketch of the Proof: The proof relies on the fact that NumP3[v] will be decre-
mented precisely once for each P3 avb participating in a P4 of G: if a is removed
from H before b, then NumP3[v] will be decremented during the removal of a;
when b is removed, the P3 avb will not be considered, even if v ∈ H, because
a /∈ H.
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Then, the correctness of the algorithm follows from the correctness of the
algorithm of Hoàng and Reed, Property 4.1, and the fact that at any given
time the list L contains precisely those vertices that can be removed from H (a
vertex x is inserted in L if and only if NumP3[x] = 0, i.e., there does not exist
any P3 bxc participating in a P4 of G with b, c ∈ H).

Time and Space Complexity. The set H can be implemented by means of
an array M [ ] of size n, where M [v] = 1 if v ∈ H and 0 otherwise; in this way,
insertion, deletion, and membership queries for any vertex of G can be answered
in constant time, while the emptiness of H can be checked in O(n) time. Then,
Step 1 takes O(n + m) time, Step 4.3 takes O(1) time per vertex removed, and
Step 5 O(n) time. Step 2 takes O(nm) time [23], while Step 3 takes O(n) time.
As a vertex is inserted at most once in the list L, the time complexity of Step 4

is O

(∑
x

(
1 +

∑
u∈N(x) deg(u)

))
, where deg(u) denotes the degree of u in

G. Since
∑
u∈N(x) deg(u) = O(m), the time complexity of Step 4 is O(nm).

Since the computation of the P3s participating in P4s takes linear space, the
total space needed by the recognition algorithm is clearly linear in the size of
the input graph G.

Summarizing, we obtain the following theorem.

Theorem 4.1. Let G be an undirected graph on n vertices and m edges. Then,
it can be determined whether G is a P4-simplicial graph in O(nm) time and
O(n + m) space.

5 Class Inclusions and Recognition Time Complexities

Figure 1 shows a diagram of class inclusions for a number of perfectly orderable
classes of graphs and the currently best time complexities to recognize members
of these classes. For definitions of the classes shown, see [2,8]; note that the P4-
free and the chordal graphs are also known as co-graphs and triangulated graphs
respectively. In the diagram, there exists an arc from a class A to a class B if
and only if B is a proper subset of A. Hence, if any two classes are not connected
by an arc, then each of these classes contains graphs not belonging to the other
class (there are such sample graphs for each pair of non-linked classes).

Most of these class inclusions can be found in [2] where a similar diagram
with many more graph classes appears; Figure 1 comes from a portion of the
diagram in [2] augmented with the introduction of the inclusion relations for the
classes of P4-simplicial, bipolarizable, and P4-indifference graphs, as described
in the following lemmata (the complete proofs have been omitted due to lack of
space but can be found in [24]):

Lemma 5.1. The class of P4-simplicial graphs is a proper subset of the class of
brittle graphs and a proper superset of the class of weak bipolarizable1 graphs.
1 A graph is weak bipolarizable if it has no induced subgraph isomorphic to Ck (k ≥ 5),

the house graph, or to any of the graphs F1 and F2 of Figure 2 [25].
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Perfectly Orderable 

P4-comparability 

Brittle 

P4-simplicial 

HHD-free 

Weak Bipolarizable 

Bipolarizable 

Chordal 

Split 

P4-sparse 

P4-reducible 

P4-free 

P4-indifference 

O(n m) 

O(n+m) 

NP-complete 

Co-chordal 

O(min{n3 log2n, m2})

O(min{n3, m2}) 

Fig. 1. Class inclusions and recognition time complexities.

Sketch of the Proof: The fact that P4-simplicial ⊆ Brittle has been shown in
[16]; the subset relation is proper since the graph F1 of Figure 2 is brittle but
not P4-simplicial. To show that Weak Bipolarizable ⊆ P4-simplicial, we apply
induction on the size of the graph by taking advantage of Theorem 1 of [25] which
states that a graph G is weak bipolarizable if and only if every induced subgraph
of G is chordal or contains a homogeneous set; the proper inclusion follows from
the fact that the house graph is P4-simplicial but not weak bipolarizable.

Lemma 5.2. The class of bipolarizable graphs is a proper subset of the class of
weak bipolarizable graphs and a proper superset of the classes of P4-sparse and
split graphs.

Lemma 5.3. The class of P4-indifference graphs is a proper subset of the class
of weak bipolarizable graphs and a proper superset of the class of P4-reducible
graphs.

Regarding the relation of P4-simplicial and the HHD-free and co-chordal
graphs, we note that the graph F1 of Figure 2 is both HHD-free and co-chordal
but is not P4-simplicial whereas the house graph and P5 are P4-simplicial but not
HHD-free and not co-chordal respectively. The non-inclusion relation between
bipolarizable and co-chordal graphs follows from the counterexamples for the
non-inclusion relation of the P4-simplicial and co-chordal graphs. A non-inclusion
relation also holds for the bipolarizable and the chordal graphs (consider a C4
and the forbidden subgraph D of [12]) and for the bipolarizable and the P4-
indifference graphs (consider the forbidden subgraphs F5 of [15] and D of [12]).
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Figure 1 also shows the depicted classes of graphs partitioned based on the
time complexities of the currently best recognition algorithms: see [7,27] for the
O(min{n3 log2 n, m2})-time complexity range, [14,18] for the O(min{n3, m2})-
time complexity range, [23,25] for the O(nm)-time complexity range, and [10,
19,20,5,26,9,11] for the O(n + m)-time range. We note that the algorithm of [14]
for the recognition of HHD-free graphs has a stated time complexity of O(n4);
this can be easily seen to be O(m2) if the number m of edges of the graph is
taken into account. Similarly, the algorithm of [25] for the recognition of weak
bipolarizable graphs has a stated time complexity of O(n3); since O(n+m) time
suffices to determine whether a graph is chordal and to compute a homogeneous
set (by means of modular decomposition [21,6]), if one exists, the stated time
complexity can be seen to be O(nm).

6 On Forbidden Subgraphs for P4-Simplicial Graphs

The minimal set of forbidden subgraphs for the class of bipolarizable graphs
has been established in [12,16]. For the class of P4-simplicial graphs, however,
no work on forbidden subgraphs is available in the literature to the best of our
knowledge; in this section, we give a number of forbidden subgraphs for this
class, and attempt to give a first characterization of them.

Fig. 2. Some forbidden subgraphs for the class of P4-simplicial graphs

Clearly, a hole, the graph F1 (sometimes also called “A”), and the graph F2
(also known as domino graph or D6) in Figure 2 are all forbidden subgraphs
for P4-simplicial graphs. On the other hand, the house graph (i.e., P 5) is P4-
simplicial. Figure 2 shows all forbidden subgraphs on up to 7 vertices; note that
F3 is F 2, F4 is C6, and F5 is P 6. Additionally, even if the holes are excluded, one
can easily generate a number of arbitrarily large forbidden subgraphs. Figure 3
gives two such examples.

In any case, Lemma 5.1 implies the following property for all forbidden sub-
graphs other than a hole, and the graphs F1 and F2 of Figure 2:
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Lemma 6.1. Any forbidden subgraph for the class of P4-simplicial graphs, other
than a hole, F1, and F2, contains at least one house graph as induced subgraph.
Following up on Lemma 6.1, we believe that any minimal forbidden subgraph
for the class of P4-simplicial graphs, other than a hole, F1, and F2, has at least
two houses as induced subgraphs. In fact, we conjecture that the set of such
forbidden subgraphs includes a number of graphs containing at least two vertex-
sharing houses (see Figure 2) and a small number of graphs that have exactly
two vertex-disjoint houses as induced subgraphs (as in Figure 3).

Fig. 3.

7 Concluding Remarks

We have presented recognition algorithms for the classes of bipolarizable (also
known as Raspail) and P4-simplicial graphs running in O(nm) time. Our pro-
posed algorithms are simple, use simple data structures and require O(n + m)
space. We have also presented results on class inclusions and recognition time
complexities for a number of perfectly orderable classes of graphs, and also some
results on forbidden subgraphs for the class of P4-simplicial graphs.

We leave as an open problem the designing of o(nm)-time algorithms for
recognizing bipolarizable and/or P4-simplicial graphs. In light of the linear-
time recognition of P4-indifference graphs [10], it would be worth investigat-
ing whether the recognition of P4-comparability, P4-simplicial, and bipolarizable
graphs is inherently more difficult; it must be noted that the approach used in
[10] is different from those used for the recognition of the remaining classes as
it reduces in part the problem to the linear-time recognition of interval graphs.
Finally, another interesting open problem is that of completing the characteri-
zation of the P4-simplicial graphs by forbidden subgraphs.
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18. C.T. Hoàng and R. Sritharan, Finding houses and holes in graphs, Theoret. Com-

put. Sci. 259, 233–244, 2001.
19. B. Jamison and S. Olariu, A linear-time recognition algorithm for P4-sparse graphs,

SIAM J. Comput. 21, 381–407, 1992.
20. B. Jamison and S. Olariu, A linear-time algorithm to recognize P4-reducible graphs,

Theoret. Comput. Sci. 145, 329–344, 1995.
21. R.M. McConnell and J. Spinrad, Linear-time modular decomposition and efficient

transitive orientation, Proc. 5th Annual ACM-SIAM Symp. on Discrete Algorithms
(SODA’94), 536–545, 1994.

22. M. Middendorf and F. Pfeiffer, On the complexity of recognizing perfectly orderable
graphs, Discrete Math. 80, 327–333, 1990.

23. S.D. Nikolopoulos and L. Palios, On the recognition of P4-comparability graphs,
Proc. 28th Workshop on Graph Theoretic Concepts in Computer Science (WG’02),
LNCS 2573, 355–366, 2002.

24. S.D. Nikolopoulos and L. Palios, Recognizing bipolarizable and P4-simplicial
graphs, Technical Report 7-03, Dept of Computer Science, Univ. of Ioannina, 2003.

25. S. Olariu, Weak bipolarizable graphs, Discrete Math. 74, 159–171, 1989.
26. D.J. Rose, R.E. Tarjan, and G.S. Lueker, Algorithmic aspects of vertex elimination

on graphs, SIAM J. Comput. 5, 266–283, 1976.
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Abstract. Given a graph G, the graph Gl has the same vertex set and
two vertices are adjacent in Gl if and only if they are at distance at
most l in G. The l-coloring problem consists in finding an optimal vertex
coloring of the graph Gl, where G the input graph. We show that, for
any fixed value of l, the l-coloring problem is polynomial when restricted
to graphs of bounded clique-width, if an expression of the graph is also
part of the input.

1 Introduction

Many generalizations of the coloring problem of graphs were proposed as models
for real-life applications. One of them is the radio-coloring problem (also called
λ-coloring or L(2, 1)-coloring), in which the vertices of the graph represent trans-
mitters, and two vertices are adjacent if the two transmitters are very close. Each
vertex must receive an integer frequency, such that adjacent vertices (very close
transmitters) get frequencies differing by at least two units, and vertices at dis-
tance two in the graph (close transmitters) get different frequencies. The aim is
to minimize the range of the used frequencies, i.e. we search for the minimum
λ such that G admits a radio-coloring with frequencies between 0 and λ. Let
us call λ2,1(G) this minimum. Another generalization of the classical coloring is
the l-coloring problem, i. e. the coloring of Gl, where G is the input graph. Here
Gl = (V, El) denotes the lth power of G: two vertices are adjacent in Gl if and
only if they are at distance at most l in G. The radio-coloring and the l-coloring
problems are related. The number λ1,1 of colors necessary for a 2-coloring of G
is at least λ2,1(G) + 1, and conversely from an optimal 2-coloring of G we can
easily obtain a radio-coloring of G with frequencies between 0 and 2λ1,1 − 1.
Hence, an algorithm solving the 2-coloring problem for a class of graphs also
provides a 2-approximation for the radio-coloring problem.

Both problems are NP-hard for general graphs [4,5]. The l-coloring problem
is polynomial for partial k-trees, for any fixed k and l [8].

In this paper we study the l-coloring problem on graphs of bounded clique-
width. The clique-width of a graph G, denoted by cwd(G), is the minimum
number of labels needed to construct the graph G, using four operators: •, ⊕,
ρ and η. The operation •i creates a graph with a single vertex labeled i. The
binary operator ⊕ constructs the union of two disjoint graphs. The operation

H.L. Bodlaender (Ed.): WG 2003, LNCS 2880, pp. 370–382, 2003.
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ρi→j renames all vertices labeled i with label j. The operation ηi,j , with i �= j,
adds all the edges between every vertex of label i and every vertex of label j.
Many NP-hard problems become polynomially solvable for graphs of bounded
clique-width, if an expression of the graph is part of the input. The classical
coloring problem is one of them [3,6]. Let us note that the partial k-trees are a
particular case of graphs of bounded clique-width, more precisely if G is a partial
k-tree than cwd(G) ≤ 2k+1 + 1 [2]. Several other classes of graphs (distance-
hereditary graphs, P4-sparse and P4-tidy graphs, ...) are known to have bounded
clique-width.

The initial motivation for this work was the radio-coloring problem for graphs
of bounded clique-width, but it turns out that the problem is NP-complete even
for graphs of clique-width at most 3 [1]. We show in this article that the l-coloring
problem is polynomial when restricted to graphs with bounded clique-width, if
an expression of the graph is part of the input. As mentioned above, this provides
a 2-approximation for the radio-coloring problem on this class of graphs.

After introducing the basic notions in Section 2, we show in Section 3 that,
for any graph G of clique-width k, the clique-width of G2 is at most k2k+1.
We also state that the clique-width of Gl is at most 2klk. Using the coloring
algorithm for graphs of bounded cliquewidth proposed in [6], this result directly

implies that, for fixed k and l, the l-coloring problem is solvable in O(n22klk+1
)

time, when restricted to graphs of clique-width at most k if an expression of G
is part of the input. In Section 4 we give an algorithm for the l-coloring problem
with a O(n22kl+2kl+1+1) time bound. Although the complexity remains extremely
huge it is significantly better than the previous one. Moreover, this time bound
is to be compared with the existing time bound for classical coloring problem on
graphs with clique-width at most k (O(n22k+1

), see [6]) or with the time-bound
of the l-coloring problem on partial k-trees (O(n22(k+1)(l+2)+1

), see [8]).

2 Basic Definitions

Throughout this paper we consider simple, finite, undirected graphs. Given a
graph G = (V, E), we denote by n the number of vertices of G. An edge {x, y}
will be simply denoted by xy. A path µ = [x1, . . . , xl] is a sequence of vertices
such that xixi+1 ∈ E, ∀i, 1 ≤ i < l. The length |µ| of this path is l − 1. The
distance between two vertices x and y of G, denoted by dG(x, y), is the length
of the shortest path from x to y. We define by Gl = (V, El) the lth power of G,
i.e. El = {xy | dG(x, y) ≤ l}.

Let [k] = {1, . . . , k} be the set of integers from 1 to k. A k-labeled graph
G = (V, E, lab) is a graph (V, E) whose vertices are labeled by some mapping
lab : V → [k]. Given a labeled graph G = (V, E, lab), we denote by unlab(G)
the unlabeled graph (V, E).

Definition 1 (Clique-width [2]). Let k be a positive integer. The class CWk

of k-labeled graphs is defined as follows.
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1. For any i ∈ [k], the graph •i with a single vertex labeled i is in CWk.
2. Given two disjoint graphs G = (VG, EG, labG) and H = (VH , EH , labH) in

CWk, their disjoint union G⊕H = (V ′, E′, lab′) defined by V ′ = VG ∪ VH ,
E′ = EG ∪ EH , and

lab′(x) =
{

labG(x) if x ∈ VG
labH(x) if x ∈ VH

,∀x ∈ V ′

is in CWk.
3. Given a labeled graph G = (V, E, lab) ∈ CWk and two distinct integers

i, j ∈ [k], the graphs ρi→j(G) and ηi,j(G) are in CWk, where

a) ρi→j(G) = (V, E, lab′), where lab′(x) =
{

lab(x) if lab(x) �= i
j if lab(x) = i

b) ηi,j(G) = (V, E′, lab), where E′ = E ∪{xy | x, y ∈ V, lab(x)=i, lab(y)=j}

An unlabeled graph G = (V, E) is in CWk if there is a labeling lab of G
such that (V, E, lab) ∈ CWk. The clique-width of a graph G = (V, E), denoted
cwd(G), is the smallest positive integer k such that G ∈ CWk.

To any graph G ∈ CWk we can associate an expression tree T using the
operators •i,⊕, ρi→j and ηi,j , with distinct integers i, j ∈ [k]. We say that T is
a CWk-expression tree and that G is the value val(T ) of T .

3 Clique-Width and Powers of Graphs

We show in this section that, for any a graph G ∈ CWk, the clique-width of
G2 is at most k2k+1. At the end of the section we discuss a similar bound for
cwd(Gl).

Notice that, in the definition of the class CWk, the operator ηi,j uses distinct
integers i and j. For technical reasons, we want to allow the operator ηi,i. Let
CW ′

k the class of k-labeled graphs defined like CWk, but allowing the operation
ηi,i for i ∈ [k]. Clearly CWk ⊆ CW ′

k, but these classes are not equal: a clique
with n ≥ 2 vertices is in CW ′

1 and in CW2, but not in CW1. Nevertheless, we
have the following proposition, whose proof is given in the full paper [7]:

Proposition 1. For any positive integer k, CW ′
k ⊆ CW2k.

Theorem 1. Consider a labeled graph G ∈ CWk and let T be a CWk-expression
tree of G. We can construct a CW ′-expression tree f(T ) with labels in [k] ×
{0, 1}k such that unlab(val(f(T ))) = (unlab(G))2 and, for each x ∈ V , the label
(i, b1, b2, . . . , bk) of x in val(f(T )) has the following properties:

1. i is the label of x in G;
2. for any j ∈ [k], bj = 1 if and only if x has a neighbor with label j in G.
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Proof. The tree f(T ) is obtained by parsing the tree T , from bottom to top. In
the construction of f(T ), we distinguish four cases, depending whether the root
of T is a • node, a ρ node, a η node or a ⊕ node.

If T has a unique node •i, then f(T ) = •(i,0,0,...,0). If the root of T is a ⊕
node, let T = T1 ⊕ T2, then f(T ) = f(T1)⊕ f(T2).

Suppose the root of T is a ρi→j node, let T = ρi→j(T1). In order to obtain
f(T ) from f(T1), we transform each label L = (p, b1, . . . , bk) of f(T1) into a label
L′ = (p′, b′

1, . . . , b
′
q) such that:

1. p′ =
{

j if p = i
p otherwise

2. b′
i = 0, b′

j = max(bi, bj) and b′
q = bq, ∀q ∈ [k]− {i, j}

The second condition expresses the fact that, for any vertex x of G, x has no
neighbor with label i, and x has a neighbor with label j if and only if, before
the ρi→j operation, x had a neighbor labeled i or a neighbor labeled j. Let
(L1, L

′
1), (L2, L

′
2), . . . , (Lq, L′

q) be the couple of distinct labels of f(T1) satisfying
the two conditions above. Then

f(T ) = ρL1→L′
1
(ρL2→L′

2
(. . . (ρLq→L′

q
(f(T1))))).

It remains to consider the case when the root of T is a ηi,j node, so T =
ηi,j(T1), and again we construct f(T ) from f(T1). Let G1 = val(T1). Let Vi
be the set of vertices labeled i in G1 and let Ni be the set of vertices of G1
having at least one neighbor in Vi (the neighborhood is taken in the graph G1).
We define Vj and Nj in a similar way. If Vi or Vj are empty, then G = G1, so
f(T ) = f(T1). Suppose now that Vi and Vj are not empty. Consider an edge xy
of G2 which is not an edge of G2

1. If distG(x, y) = 1, then (x, y) is contained
in Vi × Vj or Vj × Vi. If distG(x, y) = 2, there is a path [x, z, y] of length 2 in
G which does not exist in G1, so z ∈ Vi ∪ Vj . Hence (x, y) or (y, x) is in one
of the following sets: Vi × Nj , Vj × Ni, Vi × Vi or Vj × Vj . Conversely, since
Vi and Vj are not empty, for any couple (x, y) in one of these four sets, we
observe that x and y are at distance at most 2 in G. We take all the couples
of labels (L, L′) of f(T1), L = (p, b1, . . . , bk), L′ = (p′, b′

1, . . . , b
′
k) satisfying one

of the following conditions: (p, p′) ∈ {(i, j), (i, i), (j, j)} or (p = i and b′
j = 1) or

(p = j and b′
i = 1). Let (L1, L

′
1), . . . (Lq, L′

q) be these couples, we take

T ′
1 = ηL1,L′

1
(ηL2,L′

2
(. . . (ηLp,L′

p
(f(T1))))).

Then the unlabeled graph corresponding to the expression tree T ′
1 is exactly G2.

Observe that T ′
1 may contain nodes of type ηL,L′ with L = L′ – and this is the

reason why f(T ) is a CW ′-expression tree, but not necessarily a CW -expression
tree.

It remains to update the labels of T ′
1, in order to satisfy the conditions 1

and 2 of our proposition. Each vertex labeled i (resp. j) in G has at least
one neighbor labeled j (resp. i). Thus, each label L = (i, b1, b2, . . . , bk) (resp.
L = (j, b1, b2, . . . , bk)) is transformed into L′ = (i, b1, . . . , bj−1, 1, bj+1, . . . , bk)
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(resp. L′ = (j, b1, . . . , bi−1, 1, bi+1, . . . , bk)) and all the other labels remain un-
changed. We denote by (L1, L

′
1), . . . , (Lq, L′

q) the couples of distinct labels of
f(T1) satisfying the conditions above. Then

f(T ) = ρL1→L′
1
(ρL2→L′

2
(. . . (ρLq→L′

q
(T ′

1)))).


�
From Theorem 1 and Proposition 1 we deduce:

Theorem 2. For any graph G, cwd(G2) ≤ cwd(G)× 2cwd(G)+1.

The result of Theorem 1 can be extended to arbitrary powers of G, For any
graph G and any integer l ≥ 2, cwd(Gl) ≤ 2cwd(G)× lcwd(G). We omit the proof
of this statement. The technique is similar with the one used in the next section
for the l-coloring problem.

4 The l-Coloring Problem for Graphs of Bounded
Clique-Width

Given a graph G ∈ CWk and a k-expression of G, one can compute a coloring
of G in polynomial time [3,6]. We can conclude that, for graphs of bounded
clique-width and for bounded l, the chromatic number of Gl can be computed
in O(n22klk+1+1) time, if the CWk-expression tree of G is part of the input.

In this section, we give an algorithm for the l-coloring problem, with a
O(n22kl+2kl+1+1) time bound. The technique used here generalizes the coloring
algorithm for graphs of bounded clique-width proposed by Kobler and Rotics.
The data structures and the general framework of the algorithm for the l-coloring
problem (Subsections 4.1 to 4.3) are very similar to [6], but the treatment of the
⊕ operation (Subsections 4.5 and 4.6) is completely different in our case.

4.1 A Sketch of the Algorithm

For computing a l-coloring of G, we parse the expression tree T of G from bottom
to top. We may assume that T has at most k2n nodes (see [6]). For each node u of
T , let T [u] denote the subtree of T rooted in u and let G[u] = (V [u], E[u], labu) be
the graph val(T [u]). We compute for each node u an information F (u), represent-
ing some colorings of G[u]. A coloring c of G[u] is simply a mapping c : V [u]→ N.
Let us say that a coloring c of G[u] is admissible with respect to G if, for any
x, y ∈ V [u] such that distG(x, y) ≤ l, the vertices x and y have different colors.
We point out the that the distance between x and y is taken in G and not in
G[u]. The information F (u) kept in the node u represents all the admissible col-
orings of G[u]. In particular, the root r of T will contain in F (r) the information
about the optimal l-colorings of G.

Subsection 4.2 gives a complete description of F (u) and shows that F (u) has
polynomial size. In Subsection 4.3, we show how to compute this information in
polynomial time.
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4.2 Encoding of F(u)

We denote by 〈l〉 the set of integers {0, 1, . . . , l− 1}. Given a label i ∈ [k] and a
number d ∈ 〈l〉, let

Vi,d[u] = {x ∈ V [u] | ∃y ∈ V [u] such that labu(y) = i and distG(x, y) ≤ d}

So Vi,0[u] = Vi[u] denotes the set of vertices having label i in G[u], and Vi,d[u] is
the set of vertices at distance at most d from Vi[u], where the distance is taken
in the graph G and not G[u].

Consider a graph H and a coloring c of H. Let K be a finite set. For each
a ∈ K let Xa be a subset of V (H) and let X be the family of not necessarily
distinct sets {Xa | a ∈ K}. We suppose that the family covers V (H), i.e. each
vertex of V (H) is in some set Xa of X . Consider a subset B of K, we denote
by CcX (B) the set of colors appearing in c(Xa) for each a ∈ B and not appearing
in c(Xb) for each b �∈ B. We associate to c an array N c

X with 2|K| elements,
defined by N c

X (B) = |CcX (B)| for all subsets B of K. Observe that the sets
CcX (B) form a partition of the colors of c. Indeed, for any color col used by c,
there is a unique subset Bcol of K such that col ∈ CcX (Bcol). More precisely,
Bcol = {a ∈ K | col ∈ c(Xa)}. Therefore, the number of colors used by c is∑

B⊆K
N c

X (B).

Given a node u of the tree T , we use the above definitions with H = G[u]
and K = [k]× 〈l〉. For each (i, d) ∈ [k]× 〈l〉, X(i,d) = Vi,d[u], so the family X [u]
is the family of sets {Vi,d | (i, d) ∈ [k]× 〈l〉}. Clearly, this family covers V [u]. To
simplify the notation, for any coloring c of G[u] and any B ⊆ [k]× 〈l〉 we denote
by Ccu(B) the set CcX [u][B]. Let N c

u(B) be the cardinality of Ccu(B). A matrix N

represents a coloring c of G[u] in the node u if N = N c
u. A matrix may represent

several colorings, but all these colorings use the same number of colors. If c is an
admissible coloring with respect to G, then we say that N = N c

u is admissible.
We will see later that, given a matrix N representing some colorings in the node
u, either all these colorings are admissible, or they are all non admissible w.r.t.
G.

The information F (u) related to the node u is precisely the set of all the
admissible matrices w.r.t. u. Since each admissible matrix is an array with 2kl

elements in {0, . . . , |V [u]|}, the size of F (u) is O((|V [u]|+ 1)2
kl

).

4.3 Computation of F (u)

First Case: u Is a • Node. When u is a leaf node •i, let B0 = {(i, d) | 0 ≤ d ≤
l− 1}. Clearly, the only admissible matrix N satisfies N(B0) = 1 and N(B) = 0
for all subsets B �= B0 of [k]× 〈l〉.

Second Case: u Is a ρ Node. Let v be the son of u in T . The proof of the following
lemma is straightforward.
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Lemma 1. Suppose that the node u is labeled ρi→j and let v be the son of u in
T . Then, for each d ∈ 〈l〉, we have that Vi,d[u] = ∅, Vj,d[u] = Vj,d[v]∪Vi,d[v] and
Vq,d[u] = Vq,d[v], ∀q ∈ [k]− {i, j}.

For computing the admissible matrices of F (u) from the admissible matrices
of N(v) we use the following lemma – which is also stated, in different terms,
in [6]. See [6,7] for a proof.

Lemma 2 (See also [6]). Let H be a graph, c a coloring of H and X = {Xq |
q ∈ K} a family of subsets of V (H), covering V (H). Consider two distinct
elements a, b ∈ K and a new family Y = {Yq | q ∈ K} defined by Ya = ∅,
Yb = Xa ∪Xb and Yq = Xq for any q ∈ K − {a, b}.

Then, for any B ⊆ K,

1. N c
Y(B) = N c

X (B) if a and b are not in B.
2. N c

Y(B) = 0 if a ∈ B.
3. N c

Y(B) = N c
X (B) + N c

X (B ∪ {a}) + N c
X (B − {b} ∪ {a}) if a �∈ B and b ∈ B.

Clearly, unlab(G[u]) = unlab(G[v]), so a coloring c of G[u] is admissible with
respect to u if and only if the same coloring is admissible with respect to v.
Given an admissible coloring c of G[v], we have to compute the matrix N c

u from
N c
v . We consider the family X = {Vi′,d′ [v] | (i′, d′) ∈ [k] × 〈l〉}, so N c

X = N c
v .

For each d ∈ 〈l〉 we replace in X the set Vi,d[v] by Vi,d[u] = ∅ and the set Vj,d[v]
by Vj,d[v] = Vi,d[v] ∪ Vj,d[v] and we compute the matrix N c

X for this new family
using Lemma 2. According to Lemma 1, at the end of this loop we obtain the
matrix N c

u.

Third Case: u Is a η Node. If v is the son of u in T , clearly V [u] = V [v] and
the labels of any vertex x ∈ V [u] are the same in G[u] and in G[v]. Since the
admissible colorings of G[u] are exactly the admissible colorings of G[v], we have
F (u) = F (v).

Fourth Case: u Is a ⊕ Node. Let v and w be the two children of u in T . The
algorithm for computing F (u) proceeds by considering each pair of matrices
(N1, N2) ∈ F (v)×F (w) and by computing all the matrices N ∈ F (u) such that
N represents an admissible coloring c of G[u] whose restriction to G[v] (resp.
G[w]) is represented by N1 (resp. N2).

Consider a coloring c of G[u] and let e (resp. f) be the restriction of c to
G[v] (resp G[w]). Let N1 = Ne

v (resp. N2 = Nf
w) be the matrices representing e

(resp. f) in the node v (resp. w). We associate to c an array S defined as follows.
For any couple of non-empty sets B1,B2 ∈ [k]×〈l〉, let S(B1,B2) be the number
of colors occuring both in Cev(B1) and Cfw(B2). Let S(B1, ∅) (resp. S(∅,B2)) be
the number of colors appearing in Cev(B1) (resp. Cfw(B2)) and not appearing in
f(G[w]) (resp. e(G[v])). We put S(∅, ∅) = 0. We say that the matrices S, N1 and
N2 represent the coloring c of G[u] in the nodes (v, w). Indeed, in subsection 4.6
we will see that the matrix N c

u only depends on N1, N2 and S and we give an
explicit algorithm for computing this matrix.

The following proposition is given in a slightly different form in [6], for the
proof see also the full version of the paper [7].



Coloring Powers of Graphs of Bounded Clique-Width 377

Proposition 2 (See also [6]). Let c be a coloring of G[u] and let S, N1 and
N2 be the three matrices representing c in the nodes (v, w). Then:

1. S(∅, ∅) = 0.
2. For each non-empty set B1 ⊆ [k]×〈l〉, we have

∑

B⊆[k]×〈l〉
S(B1,B) = N1(B1).

3. For each non-empty set B2 ⊆ [k]×〈l〉, we have
∑

B⊆[k]×〈l〉
S(B,B2) = N2(B2).

Conversely, let N1 be a matrix representing a coloring of G[v] in the node v, N2
be a matrix representing a coloring of G[w] in the node w and S be a matrix
of positive integers satisfying the above conditions. There is a coloring c of G[u]
such that c is represented in the nodes (v, w) by S, N1 and N2.

We want to compute all the matrices of F (u), representing in the node u
the admissible colorings of G[u]. If c is an admissible coloring of G[u], then its
restrictions to G[v] and G[w] are also admissible. Hence, if S, N1 and N2 are the
matrices representing c in the nodes (v, w), we have N1 ∈ F (v) and N2 ∈ F (w).

For computing F (u) we proceed as follows. For each couple of matrices N1 ∈
F (v) and N2 ∈ F (w), we generate all the 2kl × 2kl matrices S with elements in
{0, . . . , n}. For each matrix S, we

1. Check in that S satisfies the conditions of Proposition 2.
2. Check if S, N1 and N2 represent an admissible coloring of G[u], using The-

orem 4 of Subsection 4.5. Indeed, for any coloring c of G[u] represented in
the nodes (v, w) by the three matrices, the admissibility of c only depends
on the matrices.

3. Compute the matrix N(S, N1, N2), representing in the node u the same col-
oring as S, N1 and N2 in the nodes (v, w), using Theorem 5 of Subsection 4.6.
Indeed, for any coloring c of G[u] represented in the nodes (v, w) by the three
matrices, the matrix N c

u is the same.

The second and the third point of the algorithm will be postponed to the
next subsections.

4.4 Complexity of the Algorithm

We deduce that the information F (u) can be computed for each node u of T ,
and in particular we know how to obtain, in the root r of T , the matrix N c

r

representing a l-coloring c of G with minimum number of colors. By keeping the
matrices S used for the merging operations, we can also compute an optimal
l-coloring of G.

Theorem 3. The l-coloring problem can be solved in O(k3l323kln22kl+2kl+1+1)
time on the class of graphs of clique-width at most k, if a CWk-expression of the
input graph is also given.
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Proof. It remains to discuss the complexity of the algorithm, which is given by
the cost of the ⊕ operation. Let u be a ⊕ node and v and w be its descendants.
Then |V [v]| ≤ n − 1 and |V [w]| ≤ n − 1, so F (v) and F (u) have at most n2kl

matrices. We consider each couple of matrices (N1, N2) ∈ F (v) × F (w), we
generate all the n22kl

matrices S of size 2kl× 2kl with elements in {0, . . . , n− 1}
and we use Proposition 2, Theorem 4 and Theorem 5 for computing (or rejecting)
the matrix N(S, N1, N2). Since there are at most n nodes of type ⊕ the theorem
follows. 
�

4.5 Checking if S, N1, and N2 Represent an Admissible Coloring of
G[u]

The aim of this part is to prove the following theorem.

Theorem 4. Given three matrices S, N1 ∈ F (v) and N2 ∈ F (w) representing
a coloring c of G[u] in the nodes (v, w), we can verify if c is admissible in
O(k2l222kl) time.

We denote by distext
G (v, i; w, j) the length of the shortest path µ of G such

that µ goes from a vertex labeled i in G[v] to a vertex labeled j in G[w] and µ
does not intersect V [v] or V [w], except in its extremities. We may suppose that,
for each ⊕ node u of the expression-tree T , the distances distext

G (v, i; w, j) are
calculated, for all couples (i, j) ∈ [k]2, in a preprocessing phase. This calculation
is made, for each ⊕ node, by an all-pairs shortest paths algorithm. There are at
most n nodes of type ⊕, so this preprocessing step costs O(n4) time.

Let us start on an easy remark on distext
G (v, i; w, j).

Lemma 3. Let x ∈ Vi[v] and y ∈ Vj [w]. Then distG(x, y) ≤ distext
G (v, i; w, j).

Proof. Let µ = [x1, x2, . . . , xp] be a shortest path from Vi[v] to Vj [w] in G,
such that the interior of µ does not meet Vi[v] or Vj [w]. Then x1 ∈ Vi[v] and
xp ∈ Vj [w]. The second vertex x2 of µ is not in V [v], and since it is adjacent
to x1 in G it also adjacent to all vertices having the same label as x1 in G[v],
by definition of the class CWk. In particular, x2 is adjacent to x. For similar
reasons, xp−1 is adjacent to y in G. So µ′ = [x′

1 = x, x2, . . . , xp−1, x
′
p = y] is a

path of G. Hence, distG(x, y) ≤ |µ′| = distext
G (v, i; w, j). 
�

Lemma 4. Let x ∈ V [v] and y ∈ V [w]. Then distG(x, y) ≤ l if and only if
there are i, j ∈ [k], d, d′ ∈ 〈l〉 such that x ∈ Vi,d[v], y ∈ Vj,d′ [w] and d + d′ +
distext

G (v, i; w, j) ≤ l.

Proof. Suppose there are i, j, d and d′ such that x ∈ Vi,d[v], y ∈ Vj,d′ [w] and
distG(v, i; w, j) + d + d′ ≤ l, we show that distG(x, y) ≤ l. Since x ∈ Vi,d[v],
there is a vertex x′ ∈ Vi[v] such that distG(x, x′) ≤ d. For similar reasons, there
is a vertex y′ ∈ Vj [w] such that distG(y, y′) ≤ d′. By Lemma 3, distG(x′, y′) ≤
distext

G (v, i; w, j). Hence, distG(x, y) ≤ distG(x, x′)+distG(x′, y′)+distG(y′, y) ≤
d + d′ + distext

G (v, i; w, j) ≤ l.
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Conversely, we show that if distG(x, y) ≤ l, then there are i, j, d and d′

satisfying the conditions of the lemma. Consider a shortest path µ = [x =
x1, . . . , xp = y] from x to y in G. Let s, 1 < s ≤ p be smallest index such
that xs ∈ V [w] and q, 1 ≤ q < s be the highest index such that xq ∈ V [v].
Let i (resp. j) be the label of xq (resp. xs) in G[v] (resp. G[w]). The sub-path
µ′ = [xq, xq+1, . . . , xs] of µ intersects V [v] and V [w] only in its ends. Thus, by
definition of distext

G (v, i; w, j), we have that distext
G (v, i; w, j) ≤ |µ′|. Let d (resp.

d′) be the length of the sub-path from x to xq (resp. from xq to y) of µ. Clearly,
x ∈ Vi,d[v], y ∈ Vj,d′ [w] and the length of µ is d + d′ + |µ′|. We conclude that
d + d′ + distext

G (v, i; w, j) ≤ l. 
�

Proposition 3. Let S, N1 ∈ F (v) and N2 ∈ F (w) be three matrices represent-
ing a coloring c of G[u]. Then c is admissible w.r.t. G if and only if, for all
(i, d), (j, d′) ∈ [k] × 〈l〉 such that d + d′ + distG(v, i; w, j) ≤ l and for all sets
B1,B2 ∈ [k]× 〈l〉 with (i, d) ∈ B1 and (j, d′) ∈ B2 we have that S(B1,B2) = 0.

Proof. Let e (resp. f) be the restrictions of c to G[v] (resp. G[w]).
Suppose that the matrix S does not satisfy the condition of the proposition,

so there are two non-empty sets B1,B2 ⊂ [k] × 〈l〉 with S(B1,B2) > 0 and two
couples (i, d) ∈ B1 and (j, d′) ∈ B2 such that d + d′ + distG(v, i; w, j) ≤ l. Since
S(B1,B2) > 0, there is at least one color of c appearing in Cev(B1) and in Cfw(B2).
In particular, this colors occurs in e(Vi,d[v]) and in f(Vj,d′ [w]). Hence, there are
two vertices x ∈ Vi,d[v] and y ∈ Vj,d′ [w] such that e(x) = f(y). By Lemma 4,
the inequality d + d′ + distG(v, i; w, j) ≤ l implies distG(x, y) ≤ l, and therefore
the coloring c is not an admissible w.r.t. G.

Conversely, suppose that c is not admissible w.r.t. G, we show that S does
not satisfiy the condition of the proposition. The coloring e of G[v] is repre-
sented in the node v by N1 ∈ F (v) so, by construction of F (v), e is admissi-
ble w.r.t. G. For similar reasons, f is also admissible w.r.t. G. Since c is not
admissible, the only possibility is the existence of two vertices x ∈ V [v] and
y ∈ V [w] such that distG(x, y) ≤ l and e(x) = f(y). By Lemma 4, there are
two couples (i, d), (j, d′) ∈ [k] × 〈l〉 such that x ∈ Vi,d[v], y ∈ Vj,d′ [w] and
d + d′ + distext

G (v, i; w, j) ≤ l. Let B1 = {(i′′, d′′) ∈ [k]× 〈l〉 | e(x) ∈ e(Vi′′,d′′ [v])}
and B2 = {(i′′, d′′) ∈ [k] × 〈l〉 | f(x) ∈ f(Vi′′,d′′ [w])}. In particular, (i, d) ∈ B1
and (j, d′) ∈ B2. Hence e(x) = f(y) occurs in Cev(B1) and in Cfw(B2). Therefore
S(B1,B2) > 0, so S does not satisfy the conditions of the proposition. 
�

Given three matrices S, N1 ∈ F (v) and N2 ∈ F (w) representing a coloring
c of F (v), we can check if c is admissible w.r.t. G in O(k2l222kl) time, if we
assume that the distances distG(v, i; w, j) were computed in a preprocessing
step. Indeed, we take all the tuples (i, j, d, d′) ∈ [k]× [k]×〈l〉×〈l〉, and if d+d′ +
distG(v, i; w, j) ≤ l, we can check if S satisfies the conditions of Proposition 3.
There are k2l2 tuples (i, j, d, d′), and for each of tuple we need O(22kl) time for
verifying the matrix S. This achieves the proof of Theorem 4.
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4.6 Computing the Matrix N

We show in Lemma 5 that for any couple (i, d) ∈ [k] × 〈l〉, the set Vi,d[u] is
the union of some sets Vi′,d′ [v] and Vi′′,d′′ [w]. We then use this observation in
Theorem 5, for computing the matrix N from S, N1 and N2.

For any node t of T , we denote by distG(t; i, j) = distG(Vi[t], Vj [t]). Again we
suppose that the distances distG(t; i, j) are computed in a preprocessing step,
which takes O(n4) time.

Lemma 5. Let x ∈ V [v], i ∈ [k] and d ∈ 〈l〉. Then x ∈ Vi,d[u] if and only if one
of the following holds:

1. x ∈ Vi,d[v];
2. there exist j, j′ ∈ [k] and d′ ∈ 〈l〉 such that x ∈ Vj,d′ [v] and

d′ + distext
G (v, j; w, j′) + distG(w; j′, i) ≤ d

Proof. We show that if one of the two conditions holds, then x ∈ Vi,d[u]. Clearly,
if x ∈ Vi,d[v] then x ∈ Vi,d[u]. Suppose now that x satisfies the second condition.
Let x′ ∈ Vj [v] such that distG(x, x′) ≤ d′. Consider y′ ∈ Vj′ [w] and y ∈ Vi[w]
such that distG(y′, y) = distG(w; j′, i) (notice that if d′ = 0 then x = x′, and if
j′ = i then y = y′). According to Lemma 3, distG(x′, y′) ≤ distext

G (v, j; w, j′).
We deduce that distG(x, y) ≤ distG(x, x′)+distG(x′, y′)+distG(y′, y) ≤ d. Since
y has label i in G[u], we conclude that x ∈ Vi,d[u].

Conversely, suppose there is a vertex y labeled i in G[u] s.t. distG(x, y) ≤ d.
We show that one of the two conditions holds. If y ∈ V [v] then the first condition
is true by definition of Vi,d[v]. Otherwise, take y ∈ Vi[w] such that distG(x, y) be
minimum. Let µ = [x = x1, . . . , xp = y] be a shortest path from x to y in G. Let
y′ = xs be the first vertex of µ ∩ V [w]. We denote by x′ = xq the last vertex of
µ∩V [v], encountered before y (so q < s). Then x′ and y′ split µ into three paths:
an x, x′-path µ1, an x′, y′-path µ2 and an y′, y-path µ3. Let j be the label of x′ in
G[v], j′ be the label of y′ in G[w] and d′ be the length of µ1. Observe that µ2 only
intersects V [u] in x′ and y′, so distext

G (v, j; w, j′) ≤ |µ2|. Clearly, distG(w; j′, i) ≤
|µ3|. Then d′ + distext

G (v, j; w, j′) + distG(w; j′, i) ≤ |µ1|+ |µ2|+ |µ3| = |µ| ≤ d.
Therefore, d′, j and j′ satisfy the second condition of our theorem. 
�

The proof of the next lemma is omitted due to space restrictions. See the full
paper [7].

Lemma 6. Let H be a graph, c be a coloring of H and X = {Xq | q ∈ K}
a family of subsets of V (H), covering V (H). Consider two distinct elements
a, b ∈ K and a new family Y = {Yq | q ∈ K} defined by Yb = Xa ∪ Xb and
Yq = Xq for any q ∈ K − {b}.

Then, for any B ⊆ K,

1. N c
Y(B) = N c

X (B) if a and b are not in B.
2. N c

Y(B) = 0 if a ∈ B and b �∈ B.
3. N c

Y(B) = N c
X (B) + N c

X (B − {b}) if a, b ∈ B.
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Theorem 5. Consider three matrices S, N1, N2 representing a coloring c in the
nodes (v, w). The matrix N representing the coloring c in the node u is com-
putable in O(k3l323kl) time.

Proof. Let K = [k]×〈l〉×{v, w, u}. We construct a family X = {Xa | a ∈ K} of
subsets of V [u], covering V [u], as follows: for any element a = (i, d, t) of K, we put
Xa = Vi,d[t] if t ∈ {v, w}, and Xa = ∅ if t = u. We compute first the matrix N c

X .
Let B be a subset of K and, for each t ∈ {v, u, w}, let Bt = {(i, d) | (i, d, t) ∈ K}.
We show that N c

X (B) =
{

0 if Bu �= ∅
S(Bv,Bw) otherwise

If Bu contains a couple (i, d), since X(i,d,u) is empty and (i, d, u) ∈ B, we
have N c

X (B) = 0. If Bu = ∅, then by definition of X the set CcX (B) is formed by
the colors of c

– appearing in c(Vi,d[v]) for each (i, d) ∈ Bv and not appearing in c(Vi′,d′ [v])
for each (i′, d′) �∈ Bv;

– appearing in c(Vi,d[w]) for each (i, d) ∈ Bw and not appearing in c(Vi′,d′ [v])
for each (i′, d′) �∈ Bw;

Hence N c
X (B) = S(Bv,Bw). Thus, computing the matrix N c

X takes O(kl23kl)
time (each of the 23kl elements of N c

X is identified by the sets Bu,Bv and Bw of
size kl, and for a given couple Bv,Bw we access S(Bv, Bw) in O(kl) time).

Let now Y = {Ya | a ∈ K} be defined by Y(i,d,t) = Vi,d[t] for each (i, d, t) ∈
[k]×〈l〉×{v, w, u}. We compute the matrix N c

Y as follows. For each (i, d) ∈ [k]×
〈l〉, replace in X the empty set X(i,d,u) with the set Y(i,d,u) = Vi,d[u]. According to
Lemma 5, Y(i,d,u) is the union of certain elements of X . Indeed, Y(i,d,u) = Vi,d[u] is
the union of some sets Vi′,d′ [v] = X(i′,d′,v) and Vi′′,d′′ [w] = X(i′′,d′′,w). Therefore,
after each replacement we can update the matrix N c

X by applying Lemma 6 at
most 2kl times. This costs O(k2l223kl) time by replacement. At the end of this
loop, X = Y and we have computed N c

Y . This computation takes O(k3l323kl)
time.

It remains to calculate N c
u. Consider three subsets Bv,Bw and Bu of [k]×〈l〉,

and let Bv ⊕ Bw ⊕ Bu = {(i, d, t) ∈ K | (i, d) ∈ Bt}. For any Bu ⊆ [k] × 〈l〉,
N c
u(Bu) =

∑

Bv,Bw⊆[k]×〈l〉
N c

Y(Bv ⊕ Bw ⊕ Bu). The last step costs O(kl23kl) time.

So the matrix N c
u can be computed from N c

Y inO(k3l323kl) time, which concludes
the proof of Theorem 5. 
�
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Erratum: Cycles in Generalized Networks
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Abstract. The paper “Cycles in generalized networks” [2], which ap-
peared in WG 2002, claims that the single source generalized shortest
path problem SGSP can be solved in O(nm log n). This is incorrect. The
fastest known algorithms take O(n2m log n) time. Below we briefly de-
scribe the problem and discuss which of our results hold.

Generalized networks specify two parameters for each arc, a cost and a gain. If
x units enter an arc x · g(a) exit. The gains multiply along a path, and the cost
is the sum of the cost of each arc. The objective is a cheapest path of a unit flow
from the source, SGSP.

SGSP can be solved in O(n2m log n) time by specialized linear programming
techniques or by Oldham’s algorithm [3]. The difficulties of our approach arise
from cheap lossy cycles. The cost and the gain of a cycle γ are defined by
traversing γ once. γ is lossy, if its gain is less than one. If a lossy cycle is
traversed infinitely often, it consumes all flow with the accumulated cost of
c∗(γ) = c(γ)/(1 − g(γ). γ is a cheap cycle, if the cost of entering γ at some
node v and then consuming all flow is less than the cost of the cheapest path
from v to the sink. The algorithm in [2] detects every cheap lossy cycle γ and
finds a representative node v in the cycle. It then assigns a value ccycle(v) to
v. However, ccycle(v) ≥ c∗(γ), and equality is needed for the correctness of the
algorithm. This can be obtained by further runs of the algorithm, but then there
is no known polynomial time bound. This parallels a result of Ahuja et al. [1] who
could not bound the number of iterations of their generalized network simplex
algorithm for the generalized min-cost flow problem.

As stated in [2] SGSP can be solved in O(nm) for lossless networks, and in
O(n log n + m) in a monotonous setting, and the single-pair generalized shortest
path problem is NP-hard.
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